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By CARL LUDWIG SIEGEL. 





I. INTRODUCTION. 


\ 5 ; Teemana ae DF FY 
1. Our present knowledge concerning functions of several complex varia- 
bles #4, * © *,Zm is much less far-reaching and complete than the classical 


' theory in the case m = 1. If we want to proceed further, # seems reasonable 
to investigate, in the first place, a special class of analytic functions of m 
-variables found by the following considerations: 

Let & be the Riemann surface of an analytic function of a single variable. 
On account of the main theorem of uniformization, the universal covering. 
surface U of R can be conformally mapped onto a simple domain F, which is 
either the unit-circle | z | < 1 or the finite z-plane or the complete z-plane. 
The conformal mappings of E onto itself form a group Q.of linear trans- 
formations, and the fundamental group of È is faithfully represented by a sub- 
group A of Q, discontinuous in H. By the introduction of the uniformizing . 
parameter z, the general theory of the analytic single-valued functions on R 
is reduced to the theory of the automorphic functions with the group A. 

The group © is transitive, i. e., there exists for any two points z, and zz | 
of # an element of Q transforming z, into ze. Moreover, there exists for every 
point z, of E an involution in Q with the fixed point 2, i. e., an element of Q 
identical with its inverse and transforming z, into itself. Consequently Æ is a 
symmetric space, in the notation of Elie Cartan. The domain # is bounded, 
if we consider only the first case, the case of the unit-circle | z| < 1; it is well 
known, that this occurs if and only if U has at least two frontier points. 

A generalization of the theory of automorphic functions to the case of an 
- arbitrary number of variables requires the following three steps: 1) To deter- 
mine all bounded simple domains / in the space of m complex variables, which 
are symmetric spaces with respect to a group Q of analytic mappings. 2) To 
. Investigate the invariant geometric properties of Æ, to find the discontinuous 


subgroups A of Q and to construct their fundamental domains. 3) To study .. 


the field of automorphic functions in FẸ with the group A. 
The first step has been made by Cartan; he obtained explicitly 6 different. 
types cf irreducible domains #, such. that all other bounded simple symmetric 
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analytié spaces can be derived from them by analytic mappings and topological.“ 


products. l 

We shall consider more closely the second step. We restrict our researches 
to one of the six possible types, which is the most important for applications 
to other branches of mathematics. In this case, the number m of complex 
dimensions is 72(2-+ 1), with integral n = 1, the m variables form the ele- 
ments 21 = Zw (Sk SIS n) of a symmetric complex matrix 8 == (2x1) 


with n rows and Æ consists of all po:nts 8 for which the hermitian form - 





n n 
D (| us |? — E | Zsu 
kel t=1 


definite. - 

The third step has already been carried out, in a former publication, for. 
the special case of the modular group of aegree n. It is possible to generalize 
most of those results, but we shall not co so in the present paper. | 


2. Notations, definitions, results. All German letters denote matrices 
with complex elements; small Germar letters denote columns. The upper 
indices p and g in APO designate the number p of rows and the number q of 
columns of the matrix M; instead of MOr and a) we write more simply 
A and a). Tf a,--+, a are the diagonal elements of N and if all other 
elements are 0, we write Y—([a1,°--,a@] and call Y a diagonal matrix. 
The letter © denotes a wut matrix, and 0 denotes also a zero matrix. If B 
is any matrix, B is the transposed matrix and G the conjugate complea 
matrix. We use the abbreviations WAB —A[V], WAV = N{V}. The 
inequality X > 0 means that Y — W is the matrix of a positive definite her- 
mitian form, i. e., W{g} > 0 for all y 540; obviously W > 0 means in the case 
of a real M, that 2 = W is the matrix of a positive definite quadratic form, 
i. e. Nfr] > O for all real y540. The trace o(W) of a matrix WP) == (axı) 


` is defined by o(W) == 5 nke. 
k=l 


We denote by 3 = (2x1) a symmetric matrix with n rows and variable com- 
plex elements Zr = Zu (Sk SIS n); 8 =X + iW, where X = 4(8 +3) 
and Y == (1/21) (8—8) are the real and imaginary part of 8. The condition 
€ — QR > 0 defines a bounded domain Æ which is obviously a generalization 
of the unit-circle. On the other hand, the domain H defined by the inequality 
9) > 0 is a generalization of the upper half-plane. ‘It is well-known that the 
transformation w = (az + b)/(cz-+ d) with real a, b,c, d and ad—be=1 
is the most general analytic mapping of the upper half-plane onto itself. In 
order to generalize this theorem, we have to introduce the symplectic group. 
The homogeneous symplectic group Q consists of all real matrices 

| | 


2) im the auxiliary variables w.,---,t%. is positive 
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Mmd Pia) 
m= (Gen a) 


satisfying the condition S[Mt] = with 


0 Gi) 
w= a* . 0 ). 


It is easily proved that the transformation 

(1) | W = (A3 + B)(CZ+D)* 

maps the domain H onto itself. These transformations form the (inhomo- 

geneous) symplectic group Q obtained by identifying M and — M. 
THEOREM 1. Every analytic mapping of H onto itself is symplectie. 


The next four theorems generalize known properties of the Poincaré 
model of non-euclidean geometry. For any two points 8,3, of H we define 


R(3, 81) = (8 — Br) (8 — 81) 7 (8 —8:) (8 — B:)*. 


THEOREM 2. There exists o symplectic transformation mapping a given 
pair 8,3, of H into another given pair W, W, of H, if and only if the two 
matrices R(R, Bı) and (8, W) have the same characteristic roots. 

Let dB == (dı) denote the matrix of the differentials da,;. The quadratic 
differential form 


(2): ds? = o (Y748Y 7d) 
is invariant under Q and defines a Riemann metric in H. 


THEOREM 3. There exists exactly one geodesic arc connecting two arbi- 
trary points 8, 31 of H ; tts length p is gwen by 


"EN 1+ 92 
z= + ( tog" {= a) 





with R= R(B, Bi) and 
ee a(S 
8 er ae (È a) 


THEOREM 4. All geodesics are symplectic images of the curves 
B= t| Pa], where pı,’ >, pn are arbitrary positive . constants 


3 


- 





satisfying $ log? p = 1. 
k=l 


Let ¥ == (a1), YT — (Fur) and dv be the euclidean volume element in 
the space -with the n(m-+-1) rectangular cartesian codrdinates sr Fur 
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(l=kS/S 7). It is easily shown that 2"1)/2dy is the volume elemen 
for the symplectic metric (2). 


en 


THEOREM 5. The Buler characteristic of a closed manifold F with il 
metric (2) is | 





(3) x == Ca(—— a) he f dv, 
JF 
where Ca denotes a positwe rational number depending only upon n; in 
45 
particular cy = $, Ce = #, C3 = ORG * 


The theorems*6 and 7 are concerned with the generalization of th 
Fuchsian groups and their fundamental domains. Let A be a subgroup of the 
symplectic group Q. Two points 8, $ of H are called equivalent under A, if 
(1) holds for a matrix W of A. The group A is discontinuous, if no set of 
equivalent points has a limit point in H. A domain F in H isa fundamental 
domain for A, if the images of F under A cover H without gaps and over- 
lappings. A domain F is called a star, if there exists an inner point B, of 
such that for every point 8 of F the whole geodesic arc between 8 and Bo 


belongs to P. 


THEOREM 6. A fundamental domain F of a discontinuous group A may 
be chosen as a star bounded by analytic surfaces and such that every compact 
domain in H is covered by a finite number of images of F under A. 





A discontinuous group A is called of the first kind, if there exists a normal 
fundamental domain F having the following three properties: 1) Every com- 
pact domain in H is covered by a finite number. of images of F'; 2) only a 
finite number of images of F are neighbors of F; 3) the integral 


V(A) = J: dv 


converges. The space H is called compact relatwe to A, if there exists for 
every infinite sequence of points 8; (k = 1, 2,3,---) in H a compact sequence 
W, such that Wy is equivalent to 8, under A. 


— m an a — 





THEOREM 7. If H is compact relasive to a discontinuous group A, then 
A is of the first kind and has a compact normal fundamental domain. | 


Let us assume that a discontinuous group A has no fixed point in H, 
i.e that no transformation of A except the identical one has a fixed point 
in H. Identifying equivalent frontier points of a fundamental domain F, we 
obtain a closed manifold, if H is compact relative to A. The Euler number oi 





K 


k. 


* 
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this manifold is then given by Theorem 5. If H is not compact relative to A, 
we obtain an open manifold. It is probable that Theorem 5 still holds good 
for this open manifold, provided A is of the first kind; it may easily be proved 
that this is true in the case n = 1. . 

The rest of the paper deals with two special classes of groups A defined 
by arithmetical properties. The simplest and most important example of a 
discontinuous subgroup of Q is given by the modular group T of degree n 
consisting of all symplectic matrices WOC with rational integral elements. 


THEOREM 8. The modular group of degree n is a discontinuous group 
of the first kind. r 

Let K be a totally real algebraic number-field of degree h = 1, K (V —r) 
a totally imaginary quadratic field over K and s a positive number in K such 
that all other conjugates of s are negative. Let ®@C be a skew-symmetric 
matrix and $ a hermitian matrix, both with elements from K (V =r) 
and non-singular. We assume that all conjugates of § except 9 and § are 
positive and that @ and § are connected by the relation S65 == &§, Let 
A(G, Š) denote the group of matrices U with integral elements of K(V— r) 
satisfying the two conditions G@[U] = © and H{U} —§. Then there exists 
a constant matrix © such that ©*UC — Mè is symplectic, and ÇA (©, S)€ 
== A(G,H) is a subgroup of Q. The modular group T is a particular case of 
these groups A(®, G), namely the case A = 1, G=J, $ = ih, r—1. 


THEOREM 9. The group A(G, §) is discontinuous and of the first kind. ' 
In the case h > 1, the space H is compact relative to: A(G, §). 


For every ideal x of K(V— r), we denote by Ax(G, §) the congruence 
subgroup of A(®, Q) defined by the condition U==€ (modx«), and by 
‘Ac ( 6G, H) = CA (G, H)C the corresponding subgroup of A(G, $). 


THEOREM 10. Let p be a prime ideal of K(V —r) and «x the least 
power of p such that p is not dwisible by «P+, where p denotes the rational 
prime number divisible by p. Then Ar (©, 5) has no fixed point in H. 


On account of the theorems 5 and 10, the calculation of the integral . 
V(A) for A= A(G, §) is important. Applying the Gauss-Dirichlet method 
from analytic number theory, we obtain in the case of the modular group of 
degree n a curious connection with Riemann’s ¢-function. Using the abbre- 
viation (t) = m~ @/)T(4/2)£(¢), so that (t) = (1 — t) is the functional 
equation of €(¢), we have 
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THEOREM 11. The symplectic volume of the fundamental domain of the 
modular group is 





V(t) =2 I E(k). 
k=1 





This formula may be written in a different way, suggested by the results 
of the analytic theory of quadratic forms. Consider a domain @ in the space 
of the real skew-symmetric matrices O°") = (9x1), with the rectangular car- 
tesian codrdinates gx. (1 =k < 1S 2n), and denote by L the corresponding 
part of the space of the real matrices 2") defined by the condition X[Q] = 
the codrdinates in E being the 4n? elements of Q. Obviously L is invariant 
under any mapping &—> YR with symplectic Wt. Let Lo be a fundamental 
domain in L with respect to the homogeneous modular group, and let v (Lo), 
v(Q) be the euclidean volumes of Lo and Q. We define | 


v (Lo) ` | 
u(@) ’ 


where Q runs over a sequence of domains tending to the single point %. On 
the other hand, let p be a rational prime number and Ep the number of 
modulo p incongruent integral solutions Yt cf the congruence B[ Mt] = 3 
(mod p). Since there are, modulo p, exactly p*?"") integral skew-symmetric 
matrices Q and p*”” integral, matrices &, the expression 


d(T) ni haa A -t 














(4) d(T) = lim 


may be considered as the p-adic analogue of d(T). As a- consequence of 
Theorem 11, we obtain - 


THEOREM 12. Let p run over all prime numbers, then 
d(T) = I] d(T). 
n 


It is possible to generalize this theorem for the case of an arbitrary group 
A(®, $) instead of T. | 

Two subgroups A and A, of Q are conjugate, if the relation A, == Z-A 
holds for a symplectic matrix %. More generally, A and A, are called a 
mensurable, if they contain conjugate subgroups of finite index. It is impor- 
tant, for the theory of automorphic functions, to know whether two given 
groups A and A, are commensurable or not. Let A = A (©, §), A, = A(G,, $1) 


and let Ki, Tı, Sı have the same meaning for @,, Qı that K, r,s have for G, §. 
i | 
THEOREM 13. The two groups A(®, 6) and A(®,, $,) are commen- 


surable if, and only if, K = K, and the ternary quadratic forms rsz? — ry? + sz? 
and 18,07 — ry" + 5,27 are equivalent in K. 


i pp ere ere 


Y. 


2, 
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In the particular case n = 2, another class of discontinuous subgroups 
of Q is given by the theory of units of quinary quadratic forms. Let K be 
again a totally real field of degree h. We consider a quadratic form Z[z] of 
5 variables. with coefficients from K and assume that |y] has the signature 
2,8, whereas all other conjugates of S[y] are definite. Let A(X) be the group 
of all integral matrices U in K satisfying T[U] = Z, | U | —1. On account 
of the spin representation of the orthogonal group, either A(%) itself or a 
subgroup of index 2 is then isomorphic to a certain subgroup A(X) of Q. 
Concerning these groups A(X), there are analogues of the theorems 9, 10; 
12, 13; in particular, analogous to Theorem 9, we have 


THEOREM 14. The group A(X) is discontinuous and of the first kind. 
In the case h > 1, the space H is compact relate to A(X). 


It would be interesting to seek discontinuous subgroups of Q which are 
not commensurable with any of the groups A(@, §) and A(&). In the case 
n = Í, we may start with an arbitrary polygon satisfying certain conditions, 


and use the reflection method, but this simple geometric principle breaks 


down for n > 1." 
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L- Za 


4. The linear substitution z =i 





maps the unit-circle ZoŽo < 1 


H 


onto the upper half-plane = (z— zZ) >0. We shall prove that there is an 


immediate generalization to the case n > 1. | 


Let Bo be a point of E, i. e., 8o = 3o, € — RoBo > 0. If risa PE 
of (E — BoE = 0, then T = BoF, t = 2’. and consequently (€ — BoBo) {x} 
= YE — t88 = 0, z= 0. This proves | E— 8o i =Æ 0 and the existence 
of the matrix 


(5) I(E + Bo) (E — Bo) = 8. 





Obviously 8 = 8’ and 


| 
= (8—5) =4(E— Bo) = ( (E + 80) (E€ — 8o) + (E— BED E-o 
ii (E — BoBo) { (E€ — Bo) *} >0; i 

| 


hence 8 isa wees of H. On the other hand, let 8 be an arbitrary point of 


1. e., 8 a aif yi 


BE = %, y8 =— iy and consequently = (8 — 8) {r} = 5 (x’8t —r8T) 


{e 8)>0. If ç is a solution of ab ie thet 


=—YrS0,.r=0. This proves |8 +1E |40 and the existence of a 
matrix 


(6) (8 — 1€) (8 + 1€)* = Bo. 


re i ene cine Se ef RN ere 
. 


di 
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Obviously Bo = 3’ and TR 
E— 3.8, a + i€)*((8 +16) (8-16) —(8 — 1E) (B+ i€)) (ĝ— i6) 
= = (8— 8){(B+i€)*} > 0; 


hence Bo is a point of £E. Moreover (6) follows from (5), and vice versa. 


5. The homogeneous symplectic group Qe consists of all matrices , 


M B 
a t =f 
with real elements satisfying PWYIM = Z. Since Z7 =% Q, we have then 
also MIM — J; hence M is symplectic and 
(7) IW— SY, C=O, WD — VE =F. 


Let 8 be a point of H, i. e., 


Soda, 2s 
selo 3a >o 
The matrices AB + B = P, C3 + D = Q satisfy 
D- -e kak 
poe a sLal-9 gofio 
’ 1 = ry 
WO-OF, z (BH—O'P) >o. 
If xg is a solution of Qr = 0, then Qt=0, Y = 0, z; (WHO) {r} —0, 


whence g = 0, | Q |40. This proves the existence of 
(A3 + B) (CB + D) = PA = 


with B = W, = (B — B) {S} > 0, = (B— B) > 0. Consequently the 
fractional aaa ‘cae tad | 

= (UB + B) (CB + D)“ = (BC + VJ (BW + W) 
maps H into itself. Since 3 (— CB + W) = VW — P and 


LY — BY’ 
-1 — QMS Le 
(8) M- == M (_ g A > 


we obtain | — CH + W| 40 and 8 = (O'R — VW’) (— CB + W); hence 
H is mapped onto itself. 


t 
| 
It is easily seen that two symplectic matrices Mt and WM, define the sanie 
symplectic mapping W = (A8 +B) (E8 +D), if and only if M = + M. 
Hence the inhomogeneous symplectic group Q is the factor group of Q 
obtained by identifying Wè and — M. 
We have 


te -wene aj 0 ) 
0 € i E/T le w+)" 


| 
On tke other hand | « + D | 540, since i€ is a ree of H. This prover 
| 
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j 
l 
| 
| 


| Me] = 1. 


6. The fractional linear transformation (5) maps Æ onto H; its TE is 


ac E | 
e= (o ) 


| 
i 
| 


(—€ 0 | | 
e= a | 


and satisfies 


with 


' Let M be an arbitrary symplectic matrix, i.e, S[M] =Z, B{M} = & 
Then 
Ho Bo 
-i Q = = 
LM = M, ({ ©, =) 


‘fulfills the conditions 3[Mto] = J, R{Mto} =Q, whence S[V] = X, Ra 


a —— m M_a M mann wee 


or more explicitly | 
(9) WoBWo = BA Wo’, — BoB’ — E, Cy —= Bo, Do = Mo. | 
The corresponding transformation | 
(10) By = (oBo + Bo) (BoBo + To) ! 
| 


maps Ẹ onto itself, and all these transformations form the group IQS == Qp. | 
We shall prove that Qg is transitive. Let 8) be any point of F, i.e.,' 
Bo == Bo E — 2,3, > 0. It is sufficient tc prove the existence of a transforma- i 
tion (10) mapping o into 0. We choose W, such that Yo (E— BoB.) MW =€ | 
and defne Bo = — MoBo; then (9) is satisfied and (10) has obviously the . 
required property. Consequently Q is also transitive. 


— 


x 


d 


4 
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A mapping of Qp has the fixed point 0, if and only if Bo == 0; then Wo 
is unitary, by (9). Consequently this mapping has the particular form 
SRE, = wW3U, 
where U denotes an arbitrary unitary matrix, i. e., a matrix satisfying WI = Ẹ. 
Since (5) maps 0 into 1, the formula 


BE 1 8-€ iE 
3 +E B+ 1 


gives all symplectic transformations having i€ as a fixed point. 


u 





o 


7. By the results of the preceding section, the prodi of iieo 1 is 
reduced to the proof of the following statement: Let Bo —> Wo be an analytic 
mapping of E onto itself with the fixed point 0; then W. = WBU with 
unitary constant U. 

-Let Bo = (4:2) be an arbitrary point of E and denote by 1, (k =1,--+; 7) 
the characteristic roots of the hermitian matrix BoBo; then 7, = 0 and also 
Ty < 1, by E — 8,30 > 0; we may assume 0 S r Sr S o S Ta <1. The 
matrix 8 = iĝe is again a point of E, if the complex scalar factor ¢ satisfies 
the condition #,ti < 1. Let W — W(t) be the image of 8 under the analytic 
mapping Bo —> W. The elements of the matrix W are analytic functions .of 
the single complex variable ¢, for given Bo; they are regular in the circle 

ti < 1 and a fortiori in the unit-circle 4? <1. Consequently 


(11) MY =$ y (gti > 1), 


where the coefficients W, are matrices depending only upon Bo. On the other | 
hand, W may be expressed as a power series in the variables ta%:, converging 
for sufficiently small values of tł. Since this expansion is unique, the matrix 
W, is exactly the aggregate of the terms of order k in ‘that power series. 


This proves, in particular, that the power series representation WW = 5 Tz 
k=l 


converges everywheré. i in E, if we do not split up the polynomials 2%, into | 


their single terms. 
Since Bo —> W, maps E onto itself, we have € — MI > 0 for ti—1. 
integrating over that circle we obtain = 


ami J (E— mit) > 0, 


til 
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whence by (11) 


(12) l E — S Ni > 0 | 
k=1 

and ir particular 
= i 

(13) © — WW, > 0. | 


The $n(m-- 1) elements wm, (1 Sk SIS n) of W, == (Wer) are eee 
functions of the independent variables %: (1 Sk S1 n); let D be their 
determinant. Since W, is the linear part oz the power series for We, the — 
functional determinant of the 4n(n-+ 1) independent elements of We with 
respect to the variables zı is also D, at the point 3o —0. If we interchange 
MW, and Bo, the determinant D is replaced by D+, In order to prove Ter 
1, we may therefore assume DD = 1. l 

Consider now the linear mapping 3 )— W, with the determinant D. By 
(13), the domain E is mapped onto a domain F, contained in E. Let v(B) 
and v(#,) be the euclidean volumes of # and Æ, the real and imaginary parts 
of the z: being rectangular cartesian codrdinates. Then v(£,) = DDv(E) 
= v(H), whence DD = 1, F, =F, and the boundary of W is mapped onto 
itself. We take Bo = WHU with unitary U and P = [p,,---, Pa] ; obviously 
Bo is a boundary point of F, if —1 S p 5&1 (k=1,:->,n) and at least 
one pP = + 1. On the other hand, the determinant | E€ — %8,%, | is a poly- 
nomial in Pı,’ °°’, Pn, Of total degree 2n. Since [ee | vanishes on 


| 
the boundary of W, this polynomial is divisible by [i (1 — px”), of p 


degree 2n. Moreover the constant oes in both sia ae have the value 1; 


hence 
(14) -|E 8B, |= | € — 88o | | 
for Bo = UPU, where U is an arbitrary unitary matrix and $ an arbitrary 


' real dagon matrix. We use now the following lemma, the proof of which 


will be given in Section 9. | 


Lemma 1. Let 8 bea complea symmetric matrix and $ the diagonal 


matrix [qi3,+* +, që], where qı, * +, Qn denote the characteristic roots of 88 
There exists a unitary matrix U such that 8 = WHU. 


On account of this lemma, the relationship (14) holds also identically in 
Bo = (2x1). Since W, is linear in all æ: we obtain l 


| AG — WW, | = | AE — BoB | | i 


identically in A. This proves that BoBo and WÜ, have the same characteristic 
roots. Applying again Lemma 1, we find 


ł 
i 
| 
i 
| 


a 


Dx 
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(15) W, = WBU 
with unitary U. 

By (12), the inequality € — WW, — W: Wr > 0 holds for k == 2, 8,--- 
and every o in E. Choose, in particular, Bo == u exp 1 with real sym- 


metric S and 0<u<1. Then, by (15), 


(1 — uw?) E — WW, > 0 (k= 2,8,-- +); 


` hence Wy tends to 0, if u tends to 1, and Wy = 0 for Bo == exp i5 and 


arbitrary real symmetric ©. But Wy is analytic and consequently W; —0 
also for 3o = exp t with complex symmetric ©. This proves that W; 
vanishes identically. ° 


8. In order to complete the proof of Theorem 1, we have to prove that 
the unitary matrix M in (15) cam be chosen as a constant matrix. Let 


(16). . W, = (Bo) = 2, aw Un 

with an matrices Wx and define 

(17) W” = W * (Bo) = X iar 

whence W, = W, * (Bo). Now %,98, = € for 2,30 == © and consequently 
(18) W: (Bo) B.* (Bo) =€ 


- for Bo = exp 16 with arbitrary real symmetric ©. Since W, and W,* are 


analytic, we infer again that (18) is an identity in ĝo. 
Putting ar == % 90 (k=; n); Br = [z n]; Bo = Bo — Bi 
and using the Taylor series in the neighborhood of 3. == 0, we find 


Bo = B (E + Bohs) = Hr? — Br*BaB.* + ° 
(28, (B:) + W: (Be) ) (8# (817) — B: (88:8) +) =G, 


e 


hence in particular 

(19) Bı (81) WB." (8) =E, 

(20) W (Be) BW." (8) = W: (81) W" (B188). 
Iz follows from (16), (17) and (19) that 


n = 
> eer Wa Ny = & 
k, t=1 


with W = W (k =1,°--,), whence 


(21) MA =0 (kl). 
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By (15), the matrix 1,91), has the characteristic roots 1,0,- --,0. Withor 
loss of generality, we may replace ®, by 1,/28,1,, for any constant unita 
matrix U, On account of Lemma 1, we may therefore assume that 
W —=[1,0,---,0]. Then, by (21), the matrices %f.,---,%, have the som 


t 


w 





0 0 ’ . ` 
ate — (4 na] , (k = 2,: "sanj ; 
By induction, applying again Lemma 1 and (21), we may assume 
Wi, = [ekr ex2 * *» Cen | (k=, n) 


with ex: = 0 (k 3&4) and ers = 1; hence 
(22) (Bs) = Br 
Tt follows from (20) and (22) that 
W (Be) = 8 W* (B17 B2B.*) Ba 


? 
with real dy: == di, and des == 1. Since the matrix [+1,+1,--°-,+#1] is 
| 
The expression | %,| | 8o |= is a rational function of the z: and has; 
by (15}, the constant absolute value 1; hence it is identically constant. On 
the other hand, both determinants | W, | and | 8| contain the term 
222°" -%,==2 with the same coefficient 1. This proves -| W, | =| Bo |. 
The term (2:21) “22112 (l= 2,- -+,) has in | W, | the coefficient — a17? 
and in ' 85| the coefficient — 1, hence mı = 1: The term (212421) 22.%112n1 
, (1< k <1) has then in | %, | the coefficient 2axı and in | 8o | the coefficient 2, 
hence arı == 1 and W, = Bo. 


whence 
ant. Ari = Bk Br (k1). 
Consequently | 
W, = (Aurki) i l 
unitary, we may, moreover, assume t: © 0 (1 = 2;- =- n). 





| 

| 
9. It remains to prove Lemma 1. There exists a unitary matrix U| . 4 
` such that 2 4 
33 — P1). | 
Then the matrix 8[11,7] — % is symmetric and TT == V? Let Yı and Fe be! 
the real and imaginary parts of B = Bı + iye Since P is real, we obtain 
V12 = Hei; consequently the two real symmetric matrices 3, and a are j 


permutable. This proves the existence of a real orthogonal matrix © such that | 
FO] and %}2[] are both diagonal matrices. Hence }[O] = R is also a diago- | 





| 
| 
i 


ai, 


be rt 


J 
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nal matrix [71,---, rn] and RR —Y2(O]. The numbers mr, (k —1,-*-, n) 
are therefore a permutation of 91, ` -,qn, and we may obviously assume 
TP i, = Dee 

The diagonal matrix ieee -> Sa] with ser al (k==1,--:, 7) 
ig unitary and P[U:] =R. Defining Me Wed Us; we have PR J= 
= ğ[U] = 8; qed. 


10. Consider the symplectic mappings in the case n = 1, i. e.; 





(23) w = 


with real a, b, c, d and ad—— bc = 1. It is well-known that there exists a trans- ` 
formation (23) mapping two given points z, 2, of the upper half-plane into 
two other given points w, w, of the upper half-plane, if and only if B(z, 21) 
== B(w, w), where R(z, 21) denotes the cross-ratio A i, Theorem 2 
is the generalization to the case of an arbitrary n. 

Let 8, 81 be two points of H and W, %®, their images under the sym- 
plectic mapping W = (AB + B) (C8 + D) with the matrix M. We have 


4) 8 —8—(8:6)3 (3) — Beman (8) 

= (68: + D)’(B,— BW) (C8 + D), 
(25) 8, — 8 = (C8: + D) (Bs — W) (€83 + D). 
Now (8 — 8) exists, since 8 — 3, is a point of H; consequently 


(o== sda (3 — 8.) i 
= (BiG + D’) (B — Bı) (B — BEE + OY. 


eninogucnne the cross-ratio 

 — #(B, B:) = (8—8:) (8 — 81) (8 —B:) (8 — 8) 
and putting N* = R (W, W.), Q = (C8; + DY, we find 
(26) | R = ORO 


Hence the matrices # and ga have the same characteristic roots. 
Choose in particular 8,—i€, 3 =i with T — ty tn] amd 
1 <= fi < ta S nnan. < bes Then N = — Pia: i Tn | with 


h —1\? 
n— (7 ) 7 (k= 1, in), 
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whence OS rn Sr++ XS rn < 1 and 
1+rdé Te 
(27) are 


In this case, the ~— matrix © ig uniquely determined by the character- 
istic roots rı,’ °.°, 7 of R. In order to Gizi the proof of Theorem l 
we have only £5 prove 





Lemma 2, Let 8,81 be two arbitrary points of H. There exists a sym 
plectic transformation mapping 8, Bı inte 12, iE with T= [t < >, tn] and 
1 < i= toss pa em <= tin» 


Since Q is transitive, we may already assume fı = 16. Hf X—[t,,---, tn] 
with 1S#4,<%<S---St,, then (Y — E) (Z + E€)*=—P = [pu pe] 
with pp == (tr — 1) (tp + 1) (k =1,: A n), Spp. : -Sm< 1; 
and vice versa. By (5), (6) and the results of Section 6, we have only to 
prove that there exists for every point 8 of E a unitary matrix U, satisfyin 
WBU, == P = [p +, Pa] withOS pS p S- S pn <1. This follow 
from Lemma 1: We choose U, = U- and py = qè; since qi, °°, Gn are the 
characteristic roots of the hermitian matrix 83 and €— 33 > 0, we may, 





assume 09, S G25: --Sqi.<1, and P,’ © *, Pn have the required 
property. ‘ 
On account of the symplectic invariance of the characteristic root 


Ta © >, Tn of N(B, Bı), the diagonal elements tx of X are given by (27). 
This proves that those characteristic roots are always real numbers of the 
interval OS r< 1. 
| 
| 
| 


III. THE SYMPLECTIC METRIC. 
11. We consider the cross-ratio 
= (8-81) (8— B1)7(3 — 81) (8 — 81) 


as a function of 81, for any given 3 in H. Since the two factors 3 — 3, and 


2 — B- vanish for 3, == B, the second differential of R, at the point 8: = 8, 
has the value i | 


R = 248 (8 = 8) 148 (8 — 8)* = 448974897, 


where 9) denotes the imaginary part of 8 = # + 2¥). -On the other hand, by 
(26), the trace o(R) of R = R(R, 31) is invariant under any cogredient' 


-= — — — me 


—— E i 
- 


a 


an 
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symplectic transformation of the points 8, 8:. Moreover d'e (R) =o (dR), 
and consequently the hermitian differential form 


(28) ds = o (Y> d8Y 48) 
is Invariant under Q. Introducing ¥ = (a1) and Y == (yxı), we obtain 
(29) d? = o (Y ARY AE + YaYYaY) 


and in particular, for 8 = 1G, 


ds? — È (dou? + dya?) +2 D (damn + dyn”). 
; < 


k=l 


Since 2 is transitive in H, the quadratic differential form, ds* is obviously 
positive definite everywhere in H. 

Let us determine the most general quadratic differential invariant Q of the ~ 
symplectic group. On account of the transitivity of Q, we have only to find Q 
at the point 8 = 1 of H or, if we use the variable 8) == (8 —1€) (8 + 1€)* 
already defined in (6), at the point 3o = 0 of E. Then Q becomes a quadratic 
form of the elements of G = d3, and 6 = d8, which is, by the result of 
Section 6, invariant under all transformations G6 > WSU with unitary U. 
By Lemma 1, there exists for any complex symmetric Gia unitary matrix U, 
such that WOU = $ = [pp + +, pa] with real m (k= 1,::,n), where 
the pê are the characteristic roots of GS. This proves that Q is a quadratic 
function of p,,: °°; pn alone. Let k,,-+-,k, be a permutation of the num- 
bers 1, + +, and e« (1=1,---+,n) a fourth root of unity; then the 
matrix U, of the substitution Sk, > ası (= 1,- n) is unitary and UW’, 
= [q +, Gm] with qi = e? Pk, = + Ppr, (I=1,---,2). Hence Q is a sym- 
metric polynomial in p17,° °°, Mn”, > 


Q = AD p =e r1o(SG) 


with constant A. Consequently any quadratic differential invariant of the 
symplectic group is a constant multiple of ds’. 


12. We are now interested in the properties of the geodesics for the 
symplectic metric (28). In order to find the shortest arc connecting two 
arbitrarily given points 8, and 8. of H, we have, by Lemma 2, only to investi- 
gate the special case 8: =1€, Be —=12 = tftn i te], 1 Shi Shs: St; 
moreover, we may obviously assume 815 Bo, 1. €, fn > 1. Let now B= B(u) - 
be any curve connecting. these two points in H and having a piecewise con- 
tinuous tangent, 8(0) = 16, 8(1) = 72. We may put | 


2 


A ea— 
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where Q = [qis ¢ *, Qn] with q» >0 (k= ai and © denotes a re i 
orthogonal matrix ; moreover X, %9, © have neath piecewise continuous deriva 
tives; O = ©, O = Ç, X=—0 for u=0; Q = £, D = Ç, £ = 0 for u=}, 
This arc has the — | 





where the dot denotes differentiation with respect to u. 
By (29), we have s = s,, where s, denotes the length of the curve 


(30) | f 8=iQ[9] ~- 
also connecting’ gı and 8s, and s > s, if both curves do not coincide. 

We use the abbreviation OLY = Ş = (fur). Since OL’ =, we have 
OO’ = — OL, and consequently § is skew-symmetric. ‘Differentiating the 
equation OYO = Q, we obtain | 

OPO’ =A — FO +4 OF | 
OYA = AMA — FO + AFA (Å — FO + OF) 
= % + QF + O7O0-70 — O71 FOF — FO"FO 
— QAZA O7AFO + OOF + FO 


o (9999) = 2W(F?) — A + e(O AOA) | 


ai ipe =r 4 $i)" 


k, l=1 ar l Tk 


On the other hand, the formula 


(32) > Oi? — (6191 = ana bx Cnn) rf 2 È (ad — Qr) 


holds for ¢,? + c +-+ + > -+ Cn? = 1 and in particular with 


Qk 
where 
(33) ae p = (3 log? t)# > 0. 
=] 


By (31) and (32), 


` 


| 

| 

a. Cy == p* log tx (b= 1,2 * =H), | 
| 

| 

s= f (aQ H A enga) du = X or log e= p, 
| 

| 


“i 


Wy 


Í 


av 


2 


w et 
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with the sign’ of inequality, if not pli the three conditions 


(34) fuilte— q) : {0 >o (k,l=1,°-+,2), 
(35) > Qı — 61Qx == 0 : © (k, l==1,+ + +40), 
(36) > Cra, = 0 
A Id l 
are fulfilled. By (85), 
| log tn log qs = log ty log gn (k= 1,+ ++ n), 
whence = a ags x 
(37) qe = te? (b= 1° + ,n) 


with y = y(u), y(0) = 0, y(1) =1. By (36), the function y(u) is mono- 
tone. By (84) and (87), i 
s a Fri (te — tr) = 0 (k, l= 1,- a) 
ONT + TOL = 0 | 
(OTO) = MUO + OTO = 0 

OTO == È; 


conseçuently TO = OF and, by (87), also QO = 90. This proves, by (30), 

that the minimum ¢ of s is attained, if and only TE Bm ift, + +, te], 

where y(u) is a monotone function with y(0) =-0, y(1) == 1. We may replace 

y(u) by u and obtain the curve 8 = ift", + +, ént] as the unique solution. 

Introducing the length of arc r= pu, we have 8 uu a -T| with 
=p log ty (k==1,---,n) and ates + Gy? == I, 


18. Let 8 and 8, be again two arbitrary points of H. By (33) and the | 
results of Section 10, the symplectic distance p = (8, 81) is given by 


(38) s= 3 loge 


k=l nè? 





where 71,°°*, Tn denote the characteristic roots of the cross-ratio R = R (8, 81). 
‘Since | 7 eh | 


, | 
,l te (3 yk 2 oe 


and 


we may write 





1 +i) 
2 een 2 
p o (tog TR 
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4 
with | 
l] 


1+ R o o ONS 
tog ion sad (È art) ' | 


By the results of this and the preceding section, Theorem 3 and Theorem 4 
are completely proved. 





14. In order to calculate the differential equation of the geodesics and 
the tensor of curvature, we determine the first variation ês. We consider any 
curve 8 = 8 (s) (05S s S so), where the parameter s denotes the length of 


arc. Then (9898) = Í and 


8s— 4 J $0 (9898) ds. 


Using the abbreviations 89- 1D a $, N79 — W and denoting by R the 
real part, we find 
òo (#898) — Ro (BAY + (2888) — W898) 
sy = $ D= (33 28) 9" 
= 9897 + DD AD — É D8 4 Dor, 


t 
i 


| 
| 
} 
| 
| 
| 
i 


whence 

bs —=—R | o(9(8 + 1898) 9798) as. 
Consequently ; 
(39) i § = —i§978 


is the differential equation of the geodesic lines. 

It is easy to perform the integration without using Section 12. On account: 
of the symplectic invariance of the geodesics and the transitivity of Q, it is 
sufficient to integrate (89) for the initial point 8 = 1¢ and an arbitrary, 
direction 8 —@ through this point; obviously o(@®) = 1. By Section 6, 
the mapping 


8— iE , 8 —1E 
(40) 2 ie -> U 3 ie u 
is symplectic for arbitrary unitary U. Under this mapping, the direction &: 
through +€ is replaced by WRU. By Lemma 1, we can determine U such that! 


WRU = = tgs +, gn] with 0S giS +S ga; since o(QR) —1, we' 
have gı? --- gn? = 1. It is now sufficient to integrate (39) for the: 


+ 
a m an ne ee 


ea 


(42) 
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initial conditions 3 =i€, 8 =i. Obviously the solution is 8 ‘exp sG. 
Consequently the most general geodesic line is . 


(AB +B) (CB + D) — ier, + +, em], 


where the left-hand side is an arbitrary symplectic transformation of 3 
and am >, In are on real numbers with 0S 9,.S---S gn, 


g? +` o a 


15. We shall now establish directly, without using Section 12, that 
there exists exactly one geodesic through two arbitrarily given points 8, and 
Be 8 of H. We may again assume 8, = i€, B: = 12 = ift - -, tn], 
1=4=---=<4, 


- $ log? t,)4 > 0. 
k=l 
Defining gz; = p™ log iy (k = 1,: -+,n), we obtain the geodesic line 
(41) B = i exp s&. 


Since (40) ig the most general symplectic mapping with the fixed point i, 
any geodesic through this point has an equation 


8 — ic , exp s% — © 


BFE E A 





"with unitary uU and Ka) = [his ee hn |, Shs sS hn, hy? -+ Dae -+ hy? = 
If this curve goes also through the point 3 =i% of (41), we obtain 


u ( z5) = (è — exp oS) u 
CHT E + exp HH 
for a certain s, > 0, whence X == exp OH, sO = pY, so == p, © = G. More- 
over U and (exp 54 — €) (exp so% + ©) are permutable, hence also U and. 
(exp s§ — ©) (exp s% + €)7. Putting s==p in (42), we find WU = Ẹ, 
and consequently the geodesics (41) and (42) coincide. 
This result proves again, by a general theorem from the ener of 


variations, that there exists exactly one shortest arc between two arbitrarily 
yiven points of H. 


16. By the minimum property of the geodesic arc, the symplectic dis- 
tance p(31, 82) satisfies the triangle inequality 


-p (Bi Be )= p(B, Be ) + p( Be, Ba ) 


for three arbitrary points Bı, 32,33 of H, and the sign of equality is true, if 
and only if 8. is a point on the uniquely determined geodesic arc between 3: 
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and Bs- Obviously p(3, 81) is 4 continuous function of 3. If-G is any € com- 
pact point set in H, then p(8,8:) = c Zor all 8 in G, where c is å positive’ 
constant depending only upon 8, and. @. Let us prove that also the converse ' 


statement is true: If ¢ is an arbitrary positive constant and Bı any given, l 


point: of H, then the inequality p(B, B1) = c defines a compact set G of points’ 
8 in H. It is sufficient to prove this in the’ special case- By nee By the 
definition of the cross-ratio, . 

(8, 16) = BoBo l ` 
where Bo = (8 — “4G ) (B + t€)— is the image of 3 under the transformation: 
(6) mapping H opto E. We infer from (38): that the. a Me, roots Ta 
of the hermitian matrix 8,35 satisfy an inequality 


ETET <1 : (k=1, n) 


for all 8 with: p(8, 81) Sc, where è depends only upon c. -Since an arbi- 
trary symmetric matrix Bo is a point of #, if the characteristic roots of Bode, 
are < 1, all limit points of the images Bo of the points 2 in i eres to 
again, and consequently G is compact. 


17. Let i 
: © m 
(43) TE ds? — 2 patents Pie 
be a Riemann metic in an m--dimensional space ‘and let- 


"4 


Tr = = —: > {Pq bik $ K == 1, +, m) 


ey PE Y 


be the differential satona of the Podes, 80 that {pq, k} denotes thel 


Christoffel symbol of the second kind. The Riemann tensor of curvature K is! 
obtained in the following vee Define two covariant differentials 3,ux and} 
bitte by i a ae 


then’ l 


where t, Vr, 8:2, Ò2%q are the components. ot 4 covariant vectors. 
In the case of the symplectic metrie (28), the differential ‘equations. of, 
the geodesics are given by (39). Instead oF (*), we may write now 


ið U — U9*8,8 1829-0 (r—1, 2) 


(45) RS 2 quite (8:8p — S281) 0 = = Baapatiod 8:0 Bata, om p 7 


with complex synimetric U=— (ux), and we obtain 


- 
bo . 
DN » . 
is ns tape, pe ee gh 
* 


“wf 


z 
r we 
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— 43,821 = (UY + 8897) 98:3 + 8.87 (U98 + Be) 


(46) 4 (3:82 — 8:6:) U = SPU + UN, 

where 

(47) ` v= = 889788 — 82.8978,8. 

Introducing — i 
(48) = =u — vy-ii 


with’ re sane V — (vn), we find, by (33), (4) and (46), ie 


T 4R = o (DLS 7Ü + Y-GY-UY"B) 
=o (J 397G) =—o (9-396). 
In order to determine the Gaussian curvature, we have’ to take two arbi- 


a different, directions 6,8 and 823 at the poii 8 and to` choose u = 6,8, 
== 8,2. Then 


—— 4e (93975) <0, 
where the sign of equality is true only for Ẹ = 0. Consequently the curvature 
is negative for & 89188 <4 889 18,8, and 0 otherwise. 





It may easily be seen, that the contracted tensor of curvature i ig a : ds? ,; 


hence we have an Einstein metrie with-cosmological term. 


18. Allendoerfer and Fenchel proved independently the following gèn- 
eralization of the Gauss-Bonnet formula concerning the curvatura integta of 
a closed two-dimensional surface. Let F be a closed manifold with the Riemann 
metric (43) and an even number m of dimensions. For every permutation 





ky,’ + >, km of the numbers 1,-:-,m we define &,...%, ==1, if the permu:' 
tation is even, and == — 1, if the permutation is odd. Let g be the determinant 
| ger | and | 

(50) K = (2m 2gm |) ABr t2 Rrskatsia "| Litman tmertm Bile. .kmaknëlla... Ilmalms 
where ihe summation is extended over all permutations kı,' > `, km and 
bys ba OF 1,° yes moreover let dw be the volume element in the given 
metric. Then the Euler characteristic of F has the value 
(61) nE y= pim (” + Í ) f Kis p 


For practical purposes, the sum. on the right-hand side of (50) may be 
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calculated in the following manner: Determine the single terms of the 
polynomial | 
Ll? = (SR ipqlxv su peg)” 


and replace every product Us Vig’ °° Utena 10 ta © Uimam bY 

Eka.. WmEly. a. Taye . i 
In the case of the symplectic metric, the transitive group Q of isometric: 

mappings exists, and consequently the invariant K is constant in the whole 

space H. In order to find this constant value, we may assume 3 =i. Writing 

11*, BF instead of 8,8, 8.8, we obtain, by (47), (48) and (49), ' 


R = }o(D0*) 
with , 
Q = UR — BU. Q* == UBI — BIU, 


where U, 8, U*, B* are indeterminate symmetric complex matrices. Hence 


(52) R” — 9-2y > Jil; a tae Be Oxy hy ty s. > q  evip (v pun Ls 2, ee *) 
with 
tig : no ees re 
> > (UkrUri a Vuertlrt) g” kl = > (U*x,0 a m A Te ri) 
rzi rah 
where ki, lh’ - +, kv, lv run independently from 1 to x. We choose 
m n(n-+ 1) 
Line a ie TTT . 
Ad 
Let us denote the v elements mw, (ISk Sl n) of U = (ug) in lexico- 
graphic order by u, © ‘uy, their conjugates by Uvs’ * `, Um, and introduce 
the corresponding notation for the elements of %, U*, B*. Replacing every ' 
term Ug Vga` © * UgmaYom ID Git,’ © * Geviv DY €p... om We get the expression 
R nly ... kylv with ; ; 
(53) Mikali.. e yty = ŽE van Ims 
where gı,’ ``, gm run over all permutations of 1,---+,m such that the m, 
conditions | 
l 
Ukyry = Ugana Virran == Vaan (h == lt, v) 


have a solution 71,:--,7. By (52); the sum of the right-hand side of (50) | 
has, for 8 = 1, the positive integral value 


(54) ‘Om = Sin? kl... kyiv. 


Moreover g is the determinant of the quadratic form o(Y-dBY-1d3) of the | 
variables dz,: and d%, (lS k STS n); hence 


g= (— 1 ) ets 


ee 


an 
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for 8 = iÇ, and — 


(55) aol oe ade ar 
On the other hand, 
(56) dw == 2" | 9) MHH (daridyr) = eve IT (dad Yat) 
with (Yur) = J. Since 
mT (v + 4) ron = ("ary LY, 


z yl 
we obtain, by (51), (55) and (58), 


Ne ae f dv, 


where the positive rational number 
eS een 
aT (n® + n)/2! 


Ch = 


is defined in (53), (54)' and 


_ (57) dv = [| (danid Ye) 
KS 


denotes the euclidean volume element in the space of Z, ya. 
We find by direct AS dy = 1, do = 6: 3!, a3 = 90:6! and there- 


‘fore ci = 4, C =, C3 = = 7? but a simple explicit formula for an and Cn 


in the case of an arbitrary n is not known. 
The proof of Theorem 5 is now accomplished. 


IV. DISCONTINUOUS GROUPS. 


19. A group of mappings of H onto itself is called discontinuous (in H), 
if for every 8 of H the set of images of 8 has no limit point in H. Since Æ 
can be covered by a countable number of compact domains, the number of 
elements of a discontinuous group is either finite or countably infinite. We 
shall assume, moreover, that the mappings are analytic. Then, by Theorem 1, 
they form a subgroup A of the symplectic group. 

On the other hand, let us consider the definition of a discrete group. A 
group of matrices Yt with real (or complex) elements is called discrete, if 
every infinite sequence of different M diverges. It is obvious that a discon- 
tinuous group of symplectic matrices is discrete. Let us now prove the con- ` 
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verse of this statement. if A is a non-discontinuous group of symplectic 
mappings 


(58) B= (98 +B) (68 + 9), 
we can find a point 3 of H and a an infinite sequence of different matrices 
E s X Y | 
j d 1 2) m = 


| 
| 
| 
| 
! 


in A, such that the corresponding sequence (58) tends to. a limit §*; in H. | 
Denoting by Y, Y= Y*, the imaginary parts of B, 2x Rž, we have, AY (25); ; 


(59) De =DUEZ HD) 


Now 9)* is bounded, 9 is fixed.and Y > 0. By (89), the sequence of on 
(C8 + D) is bounded; moreover, the square of the absolute value of m 
determinant | €8 +D | tends to the ‘limit: |9 |.|9* |+; hence also 
68 +-® is bounded. Since © is the imaginary part of (€8 + D)¥9° andl 
== (€8 + D) —€8, the matrices @,D are bounded. It follows from! 
a + 8 = 8*(C3 +D) that also Y and B are bounded.’  Conséquently there i 
exists a converging subsequence of matrices W, and A is non-discrete. | 


20. For any point set P in H, we define the diameter 8(P) as the least 
upper. bound .of, the distance. p(8, 8*), where 8 and 8* run independently 
over all points of, P. The diameter is finite, if.P is compact. The distance). 

o(P, P*)' of two point sets P, P* in H is defined as the greatest lower bound! 
of the distance p(8, o>) 8 eee over P and 3* over pH. By the triangle| 
inequality, 


(60) BCP + P*) <p(P, P*) +3(P) +3(P*). | 


Let D,, Do,- + > be the elements of the discontinuous group A and let D, 
be the identity. We denote by Da(P) == Pp the image of the set P uger 
Dy (k =1,2,:::). We assume now that P and another ‘point set Q in H} | 
are compact. We: shall prove that the distance p(Q, Px) tends to infinity | 
with k. Let us first consider the case of two points Q = 8, P = 23. By | 
Section 16, the condition p(8, 8*) Sc defines, for arbitrarily given e>0: 
and variable 8*, a compact point set in H; hence the inequality p(8, 8x) = ci 
holds only for a finite number of indices k so that p(B, Bx) > © for k — œ.. 
Consider now the general case for P and Q. By (60), | 


P(Q, Pe) = 8(Q + Pu) —8(Y) — 8 (Px). 





| 
| 
Choosing a point 8 in g and a point Bı in P, we have a(@ + Px) | 
= p(B, Bi) > © and 8(P;) = 8(P), whence p(Q, P) —> œ. 7 ! 

! 

| 

l 


Pi 


a" 
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A point 8 of H is called a fixed point of A, if De(8) = 8 for at least 
one index k >1. Let P be an arbitrary compact domain in H, e.g., the 
domain p(8,i€) S1. Since p(P, Py) —> œ for k— œ, there exists only a 
finite number of values k, such that the equation Dx(8)-— 8 has a solution. 
8 in P.: But this equation, for any k > 1, defines an algebraic manizolc.in H, 
and consequently we may construct a point of P which is not contained in | 
any of those manifolds; in other words, we may certainly construct a point 
8, of H which is not a fixed point. The images 3, = D} (81) of 8, are then 
all different one from another. . 


21. We denote by Æ the set of all points 8 satisfying all the inequalities 
(61) © * (8, Br) SPBB) (k= 2,8, °°). 


It follows from this definition that F is closed, with respect to M; but BS is 
not necessarily compact. Let G == H — F be the complement of G in H and 
let B tẹ the frontier of F and Fo == /—B the set of inner points of F. 
Obviously, the set Œ consists of all points § satisfying the inequality 
p(B; 81) = e(8, 8x) for at jleast one. value of k; hence -all the points 
Bo, Bat + + belong to G. ` 
Let us now consider a point 8 which fulfills all ion 


(62) ` PBB < p(B, Ba) O =: 2); 


the point 8 =, is an example. The differences (8, 8r) — p (8 8: ) 
(k= 2,3,--+) are all positive and tend to infinity with k and, consequently; 
they. have a aaa minimum w. The points. 8* of the geodesic sphere: 
p(B, 8*) < $4 form a, neighborhood of 8. It follows from 


-(8*, Br) a Bs) > (8; Bx) — gu —p(B, 81) — = 0 
(k = 2; 3, e), 
that all thess points belong to F. ¡Consequently 8 is a point of Fp. 

Consider next the case where all conditions (61) are fulfilled, with the 
sign of equality for at least one index k=l] > 1. Then 8543. Let B* be 
an arbitrary point on the geodesic arc joining 8 and 31, different from. 8.. 
Since p(B, 81) = »(8, Br) and 815481, the point 8* does not lie. at- the 
same time on the geodesic arc between § and 8, so that 


p(B; Bı) < r; 8*) + e(3*, 81). 
On the other hand, | 


P(B, 8:) = (8, 8*) + 08%, 81), | 
and the Inequality p(8*, 81) > p(8*, 8:) is proved. Coneedneny, the whiole 
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geodesic arc between 8 and 8: belongs to G, except the point 8 itself, which 
is a point of F. This proves that 8 is a Bout of B. 'Therefore Fe consists of 
all 8 satisfying (62) and B consists of all & satisfying (61) with at least 
one sign of equality. : 

Let again 8 be a point of B, and choose a point 3* = 8 on the geodesic 


are joining 8 and 31; then . | 
| p(B, 8:1) = (8, 8*) + 0(8*, 81). 


Moreover 


p(B, 81) S p(B, Bx) S p(B, 8*) + 0(8*, Be) (k = 2,3, + +), 


where the sign of equality cannot be true in both places. Hence p(8*, 8: ) 
< p(8*, Bx), ie, 3B* is a point of Fy. This proves that any geodesic ray, 
through 8, either lies completely in F or intersects B in exactly one point, 
The domain F is a star formed by geodesic arcs through Bı 

The boundary B of F consists of parts of the analytic surfaces p (8, 3.) 
== p(B, Br) for certain values of k >1. It is not generally true that the, 
number of these values is finite. However, if we consider a compact domain, 
P in H, the distance p(P, Be) tends to infinity with k; consequently only a: 
finite number of these bounding surfaces enter into P. | 

Let 8 be an arbitrary point of H. Since p(8, Bx) —> œ, there exists a 
positive integer 7, such that 


(63) p(B Br) = e(3; Br) | (k = 1,2, > ). 


Then the point 8* = D,-'(3) satisfies the conditions (61). Consequently 3: 
is equivalent to a point of F. On the other hand, a point 8 cannot satisfy. 
both conditions (62) and (63), for any r >.1 and all k. It follows that no: 
point of F, is equivalent to any point of F, except to itself under the identical ' 
mapping D. 

Our results contain the proof of Theorem 6. ! 

22. If the fundamental domain F is compact, then the boundary By 
consists of a finite number of surfaces (3, 81) = p (8, 8x). Now F depends | 
upon the initial point 8.1; we write more explicitly F—F(3,). We shall ! 
prove that 2’(4§*,) is compact, for an arbitrary initial point 8*,, if #(3:) | 
is compact. ; 

The space H is called compact relative to A, if there exists for every | 
infinite sequence of points 8, (k ~1,2,---), in H at least one compact | 
sequence of images 31, under A. Obviously this condition is satisfied, if 
and only if there exists a compact domain @ in H, such that every point 3 


eet - » 


we 


a 
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of H has at least one image 8; in G. By the minimum property of F, this 
domain is then also compact, and. vice versa. Hence our assertion is proved. 

In the classical case n == 1, the fundamental polygon F is compact, if 
and only if all vertices are elliptic; it is well-known that the uniformization 
of any field of algebraic functions of genus p> 1 leads to a discontinuous 
group with the required property. From the algebraic point of view. the most 
important discontinuous groups A, in the case n = 1, are, more generally, 
those having a fundamental! polygon with a finite number of elliptic or para- 
bolic vertices. They constitute, the Fuchsian groups of the first kind, and the 
corresponding automorphic functions form algebraic function fields of a single 
variable. ) : : 

For arbitrary n, we say that a discontinuous group A is of the first kind, 
if there exists a fundamental domain F with the following three properties: 
1) Every compact domain in H is covered by a finite number of images of F'; 
2) only a finite number of images of F are neighbors of F; 3) the integral 


(64) V(A)= f a 
; 


~ 


converges. In the special case n == 1, it is easily seen that this definition is 
tantamount to the ordinary definition of Fuchsian groups of the first kind. 

It is now clear that A is certainly of the first kind, if H is compact 
relative to A; hence Theorem 7 is proved. 


Let 
1 Y 
m=(¢ >) 


be any symplectic matrix. Under the automorphism 8 — (A3 + 8B) (€3+9)7 
of H, a subgroup A of © is replaced by WtAWt*, i. e., by a conjugate subgroup, 
and a fundamental domain of A is mapped onto a fundamental domain of 
MAN. Obviously all conjugate subgroups MAM- will be of the first kind, 
if A itself is of the first kind. 


23. Let us now assume thaz A has no fixed point in H. Then the images 
Be(k = 1,2,: - +) of an arbitrary point 3, of H are all different from each 
other, and the minimum of the distances p(Bx, 81) (k = 2, 3,:--) is a posi- 
tive number §=8(8,). The images of the geodesic sphere p(8, 3:1) < 48 
with the center 8, do not overlap. 

Identifying equivalent points of H, we obtain a set Ha. We may obviously 
introduce the symplectic metric into H,, defining a neighborhood of 8, by 
p(8, 8:1) < 48. Starting from a fundamental domain F of A, we obtain a 





. 
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model of H A» if we identify equivalent points on the boundary of F. TRA 
now that H is compact relative to A. Then F may be considered: as a closed 
manifold with the Apiece metric, By Theorem 5, this manifold has the 
Euler number . 
(65) x — a(n) HOOT (A), 
i 
where V (A) denotes the symplectic volume (6). of P. 7 7 
Probably the formula (65) is true for all groups A of the first aa 
provided: ‘A has no fixed point in H: This is easily proved in the case n == Í, 
‘The. general proof of our suggestion. would require a careful investigation of 
the geodesics of infinite length in the fundamental domain. 


| 
| 
| 
| 
| 


V. HERMITIAN FORMS. i 
i 
24. In the case n= 1, we know three different methods of constructing 
discontinuous groups of the first kind, namely an analytic, a geometric and 
an arithmetic method. The- analytic method starts with a Riemann surface 
of finite genus and applies the theory of uniformization. The geometric method 
uses the principle of reflection for a circular polygon with a finite number of 
elliptic and parabolic vertices, the angles at the elliptic vertices being aliquot 
parts of x. The arithmetic method depends upon the theory of units of indefi! 
nite binary hermitian forms, in an imaginary quadratic ring over a totally 
real algebraic number field of finite dégree. It is not known, to what extent 
the analytic and the geometric method:may be generalized ; however, we shall 
show in the following sections, that there is a generalization of the a 
method to the case of an arbitrary n.. 


Lemma 3. Let §@*) be a hermitian and ŒG a non-singular skew: 
symmetric matriz with complex elements. If 


(66) 965 — 6, 
then there exists a matric € such that {TC} — iX and Spe] = x, 
Putting. 61g == %, we have $5} = &, by (66), whence . 
(B + AE) (§ + XE) + (§ — üE) (§ — AE) —0 


. for any scalar A of absolute value 1. Choosing this A such that | 3 + ie | z4 o 
we obtain | 


— when eee ee ee 


| 
grae | 
i 


j 
| 
| 
| 
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with real T; ponsequntly € — i= = raS + aE), | E€ — iT | KO, 
, BE Kae 
gapin. 


Let © == (C -+ tÈ), 81 SSE), G, = Gre]; s then , 
G.7G, = CSE, = € ; Š: = G = 1H’, = — 16, = — G13 


hence §, is pure aaa and ©, =—1§, real. There exists a real matrix. 


©, satisfying G.[C.] = X, and © = ©, has the required property. 


25. Let K be a totally real algebraic number field of finite degree h and 
let K@)---, K® be its conjugate fi fields, K —K®). If ris any positive number 
of K, then the field K, = K (V—?), of degree 2h, is imaginary. We consider 
a hermitian matrix § = Q and a non-singular skew-symmetric mairix ©, | 
both with elements in Ko, and we assume that the relationship 


_ (67) HES = sG 


holds with a positive scalar factor s. Obviously s is then a number of K. 
The matrices U with integral elements in Ko, satisfying the two conditions 


G[]=—G, S$} —g, 


constitute a multiplicative group A == A(@,§). Applying Lemma 3 with 
s*§ instead of §, we obtain a complex matrix ©, such that G[C] = and — 
S{C} = ist. Consequently the elements CUC =M of the group CAG 

~Ay= Ao(G, 9) satisfy JIN] =J and Z(M) =J, whence YM] =Y 


‘and M — M. This proves that A, is a subgroup of the homogeneous sym- 


plectic group Qy. Identifying U and —U, i.e W and —Mt, we obtain a 
subgroup à = A (®©, $) of Q. 

The matrix © is not uniquely determined. If also ${C*} == ist and 
G[C*] =X, then 6-1C* = Bis symplectic, and vice versa. Using €* instead 
of ©, we have to replace A by B7A%; hence the claes of conjugate RRO 
BAB in Qis uniquely determined by Œ and §. 

Obviously A (©, a) = A (©, $) for any number a s4 0 of K. Therefore 
we may assume 7 and s to be integers. Henceforth we shall, moreover, assume 
that r is totally positive and that all conjugates of § except: S and § are 
positive. Let r; and the pair §:, S1 be the image of r and the pair $, $ 
under the isomorphism K -> K® (l = Le, h). For any element U of A, 
we have §1{U:} == S1, where Uz Ud; (l=1,--++,h) denote the 2h conjugates 
of =. Since §: is positive for 1>1, the matrices U,- - +, Un are 
bounded. If also U itself is bounded, then all conjugates of U are bounded. 
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On the other hand, there exists only a finite number of integers in Ky with 
bounded conjugates. Consequently A and Ay are discrete groups and, by 
Section 19, the group A(@, §) is discontinuous, . 

It follows from (67) that § = — sG+{@}. Since s is positive, $ = §, 
is necessarily the matrix of an indefinite hermitian form. Since §; is positive 
for l > 1, the conjugates so,- - -,s8, of the positive number s = s, are all 
negative. 

The most important example of a group A(G, $) is E by © == 3, 


§ = 18, T= 1, h= 1. Then we may choose € = ©, and A,(G, $) consists | 


of all symplectic matrices Wt with rational integral elements. We call this 
group the homogeneous modular group of degree n and denote it by Tp. 
Identifying the elements W? and — M of Ip, we obtain une (inhomogeneous) 
modular. group T. 


26. Two subgroups A and A* of Q are called commensurable, if there 
exist a subgroup A, of finite index in A and a subgroup A*, of finite index 
in A*, such that A, and A*, are conjugate subgroups of O. If A is a discon- 
tinuous group of the first kind, then the same holds for A*, and we obtain 

JV (A) == 7" V(A*), where j and j* denote the indices of the subgroups Ay and 
A*,; consequently the quotient V(A)/V(A*) is a rational number. 

It is easily seen that the property of commensurability is symmetric and 
transitive; therefore we may speak of a class of commensurable groups. We 
have now the problem of deciding whether two groups A(&, §) and A(G*, §*) 
are commensurable or not. The complete answer is given by Theorem 13. In 
this section we solve only a particular case of the problem: We assume that 
@* and $* are also matrices of the field Ko and that they fulfill the condition 


SFG S* = 9G 


r 


with the same factor s as in (67). 
| 

LEMMA 4. Let ¢1,' ++, Con be 2n numbers of Ko, not all 0. There eaists. 
a matria CC® = (cx) in Ko, such that ty = œ (bk =1,:'--,2n) and 
SC] =J. If, moreover, c 340, we may choose 1 —=0 (l= 2,: - -, 2n). 


Put i == (¢,° °° Gr) and Cs === (Cna °° * Con). If c = 0, we choose in 
Ky a non-singular matrix Q with the first row ts and define 


Tf c +40, we choose in Ky a non-singular matrix $3‘) with the first row c’ 


and a symmetric matrix © with the first cohumn Pea; then 


ee, 
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“= Gre g) 


has the required property. In the case ¢,5£0, we may obviously choose 
(¢,0- - -0) as the first row of 9”. 


Lemma 5. There exists a matris ©, in Ky such that GTC] = G* and 


H{Co} = H*. 


The equation ©@[X] = 3 has a solution X in Ky; hence we may assume, 
without loss of generality, that © —@* = J. Moreover it is sufficient to 
prove the lemma for the special case 


€ 0 

g= (o —— 9 : 

Since none of the conjugates of — § is positive, it follows from Hasse’s 

generalization of A. Meyer’s theorem, that the diophantine equation {g} —1 

has a solution y in Ko. Applying Lemma 4 with (¢,° - - Cen) == 2", we con- 

struct a matrix ©, in Ko which has the first column r and satisfies $[©.] == 3. 

Then {€} has the first diagonal element 1. On the other hand, the'condition 
(67) means now 


(68) $8GH = — Ñ. 


For the proof of Lemma 5, we may therefore replace ©{€,} again by §. 

By Lemma 4, there exists a matrix ©, in Ky with the following three 
properties: ©, and © have the same first column; €> has the first row 
(10-0); 3[6:] =. Put C =; then also G[G;] =X, and the 
two matrices ©’, and ©, have both the first column (10--- 0)’. Writing 
again & instead of O{€3}, we obtain the decomposition 


o-(F oe) 


6,9 = ¢ F Qi = ($ a] 4 $- aa * = 
By (68), 


919/12 aad $129", $120" = $212, 
$192 as 912912 cial s&, 9:92 as 912912 = — sf, 
whence a = 0, t = — s, b = 0, c = 0. This contains, in particular, the proof 
of the lemma for n = 1. If n > 1, the hermitian matrix 


Or tw 
45 12 a§2 
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fulfills the same conditions as $, with n— 1 instead of n; and we may apply 
induction with respect to n.'` Hence the lemma is proved. 

Let © be the matrix of Lemma 5 and choose a positive rational integer q, 
such that the two matrices g@, and- g&o have integral elements. Since the 
integers of K, belong to a finite number of classes of residues modulo qg?, the 
elements U of A(@, $) satisfying U==Ẹ€ (mod q?) form a subgroup A, of 
finite index. Consider now the subgroup A, consisting of all 11 with integral 
CUE, = U*. Obviously A; is contained in As; consequently A, is a fortiori 
of finite index in A(G,). On the other hand, U* is an element of A(G@*, §*) 
with the characteristic property that €,11*€,+ —=U is integral; hence the 
group A*, = ©, tA.,G, is of finite index in A(@*, 6*). If © is the matrix of 
Section 25, we have Ao(@, $) == CA (G, §)€, and we may define A,(@*, $*) 
= ©,°A(G*, $*)C, with C, = CC. “Then CAE = C,;°A*,C, is a com- 
mon subgroup of Ao(®, $) and Ao(G*, $*), of finite indices. This proves 
that A(G, §) and A(G*, H*) are commensurable. . | 


27. The two conditions G[U|] = © and H{U} = § for the elements u 
of A(G,S) may be written SÜ — UF and UG"WG = Ç, with %¥ = GS. 


Let us consider the set Æ of all matrices X in Ky which satisfy the condition 
(69) si — BZ. | 
Obviously Æ is a ring. By (67), the matrix 
(70) B — GWG 


is again a solution of (69), and consequently (70) defines an anti-auto- 
morphism of £. The elements U of A(®,§)'are the integral elements Y = u 
of E with the property 
(71) uü == Ẹ. | 

By Lemma 5, | 


E 0 0 N 
BE- Se= h(g e)z G"BO—-(— o =. 


where ©, is a matrix in Ko. The elements Qt — == E "BE, of the ring h” 
- == ERG, satisfy F*LB* — BVH", whence’ 

V sQ 
Q ğ 
with arbitrary matrices B™,O™ in Ko. Defining f ! 


ise sE 
— 6E —i€ 


GE == 


21/25118 — ( ) F Cog = Ç, 
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we obtain | 
(72) G[C]=B, HLT} — 1B, 
M Vie, V H Veils ) aay 


73) OBE = LIBR = = = z 
( ) 2 Vr +. V sMs Mo = V rst, 


with 
Lo = BLP), m= 








o EESE -A 
2V 


consequently Mo, Wa, We, Mo are arbitrary matrices in K. -° 

Consider now the generalized quaternion algebra A over K consisting ‘of 
the elements « = Ageo F Are: + Gree + Agea With arbitrary do, Qi, G2; Q3 in K, 
where e is the unit and e1? = 1s, E2? == —1€o, €1€, == — €261 = Seg. We denote 
by & == doto — Q161 — Gee, — Mzeg the conjugate quaternion. There exists the 
well-known representation of A, of degree 2, defined by 


1 0 ff d 
(4) o= (5), a=va(> _ 1), 
oy 0: A 0 1 
ae (= eè J ({ 5): 
Then obviously 


(75) De = È Uk X es 


where Wy « denotes the Kronecker product of the matrices Wy and ew; and 
consequently CFEC is the ring of all matrices M = (%:) of n rows and 
columns with arbitrary elements œx: of A. 

By (70) and (73), the condition (71) may be expressed in the form — 


(76) © MM = E 
with 
A = 3 
M = CAVE = VM’ = Wo X a— 2 We X G5 
1 


hence, M, written as a quaternion matrix, is the transpose (&w) of the con- 
jugate (@1) of M. By (72) and Section 25, the group A, ($, $) consists of 
all matrices Nt of the form (75), such that (76) is satisfied and CMC is 
integral. On the other hand, the solutions of (76) with integral Mz 
(4 —=0,---,3) in K constitute also a subgroup Ao(r, s) of the homogeneous 
symplectic group Qo. It follows from the argument at the end of Section 26, 
that the two groups A,(@, G) and Ao(r,s) are commensurable. The problem 
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of the commensurability of two groups A(®@,) and A(@,, 9.) is therefore 
reduced to the corresponding problem for A, (r,s) and Ao(71, $1). The ee 
will be given in Chapter IX. 


VI. THE FUNDAMENTAL DOMAIN OF THE MODULAR GROUP.. 


28. We shall construct a fundamental F for any group A(@, $) and, 
in particular, for the modular group I. The application of the general method 
of Chapter IV would lead to a rather complicated shape of the frontier of F, 
and it would then be difficult to prove that A(G,) is a group of the first 
kind. Therefore we shall use another procedure applying the special arith- 
metic properties of these groups. 


Lemma 6. The equation 


(77) s-(7 wl el 


defines a mapping of the space H of the matrices § =X +18) onto the space 
S of the symplectic positive symmetric matrices ©. Any symplectic trans- 
formation B* = (A8 + B) (C8 + D) with the matria Wt induces in § Ne 
transformation ©* = G[ M]. 


Let ' 


be an arbitrary point of S. Since © > 0, the inequality ©, > 0 holds, whence 

G == Y > - Moreover ©: = ©,.6, and 6,6, — ©, = €, whence 
— 6," Gia = El F, Si = — Y7 and S: = Y + Y [X]. This proves 
. the first R of the lemma. | 
The relationship (77) can be written 


(78) S[w] = Y*[u— ko] + Y[v] = Y*{u — Bo} 

with an arbitrary real column 
: a Wi) 
es ead $ 


For the symplectic transformation 3* = x* +. 19)* == (A8 + B) (CB + D) 
we obtain, by (59), 


i 


se a 


g= = PUB’ + D} 
Yt- {u — 8*0} = YH (CB + D) u — (AZ +B) o} = YHu* — Bo*}, 


l 
i 
i 
} 
l 
l 
; 


an” 


7 
-T 
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where 1* = Yu — Po and b* = — Cu + Wv. Now the second part of the 
lemma follows from (8) and (78). 


29. Let P be the space of all positive symmetric matrices ZO with 
real elements. Any © in P may be uniquely expressed as % = PIA], where 
P- [Po > Pm] is a diagonal matrix with pp > 0 (k—1,---,m) and 

= (gx1) is a triangular matrix with gri = 0 for k > i and qa = 1. If ¢ 
is any positive number, the inequalities 


(79) 0< mst, —tSqast (i<sk<l<m) 


define a compact domain Q(t) in P, and any given compact set in P 1s con- 
tained in Q(¢) for sufficiently large values of t. : 

Let U denote the group of all different transformations © — TU], 
where U runs over the unimodular matrices, i.e., the matrices with rational 
integral elements and determinant +1. On account of Minkowski’s theory 
of reduction, there exists in P a fundamental domain &-with respect to U, 
defined by a finite number of inequalities | 


(80)  Ly(Z) = 0  (r=1,2,°°°,9), 


‘where L,(2) denotes a certain homogeneous linear function of the elements 


of & with rational coefficients. A point © lies on the frontier of R if, and 
only if, the conditions (80) are fulfilled with at least one sign of equality. 
The images of Æ under U cover the whole space P without gaps and over- 
lappings. Only a finite number o images enter into any compact part of P, 
and only a finite number of images are neighbors of ZB. 

Most of the results of the theory of reduction are simple consequences 
of the following two known lemmata. 


Lemma 7%, There exists a positive number tı fonaa only upon m, 
such that R is contained in Q(11)-. 


Lemma 8. Let 31,2, be two points of Q(t) and let Z. = Z [F], 
where X is a matriz with rational integral elements fra. Then 


—r Z fu Sr (k,l—1,- + -,m), 


where t is a positive number depending only upon t,m and the determinant 


1S |. 
Let t1,: °°, m be the diagonal elements of a point T — P[O] of R. Then 


ti = È Peder —pi(t + 3B qu ) (T=1,---,my 
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and Pipe’ *Pm==|X |. By (79) and Lemma 7, the inequality 
(81) a<r T] 

follows, where rz. depends only upon m. 


30. The general method for constructing a fundamental domain with 
respect to any discontinuous group A uses the minimum of the distance 
p(3*, 81), where 8, is given and 8* = (aB + B) (€83 + D) runs. over all 
the images of 8'under A. 

Let us now choose in particular 8, == iAG, with a positive scalar factor 2; 
we shall investigdte the asymptotic behavior of the distance p(3. Bi) for 
à—> œ. By (88), we have 


2 — ol + må 
p*(8, 82) = Š log l1 — ne? | 


where 1;,° °*,%n denote the characteristic roots of the eross-ratio 
R= (8 —8:) (8—8) (8—8) (8 — 81) 4 = € + 271 (8—8) + 


If s1,° + *,Sa are the characteristic roots of the imaginary part Y of 8, we 
obtain 


Tp = I — 4g A> H (k = 1,7), 
whence 


p°’ (8, AE) = Š log? (s: =A) + o(A), wi 


where w(AÀ) is a'power series in At without constant term. Consequently 


lim (p(3, iAE) — n? log A} = 04 log | Y |7. 7 
A900 . 


‘This suggests a consideration of the minimum of | Y* J~. | 


Denoting by the sign abs & the absolute value of the determinant of a: 
matrix &, we have, by (59), 


| 9 |= = | Y |7 abs (CB + D)’. - | 
In order to obtain the minimum of | 9* |+, we have therefore to determine , 
the minimum of abs (€83 + D). The existence of this minimum is by no: 
means trivial; we shall prove it now in the case of the modular group T 


Let ) 
Di pá) ee Wo Bo i 
m=(¢ D)” m=( a > 


—_—— we — ~ ë = 


hae aa 


qi 
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be two elements of the homogeneous modular group Te and let 
N, 2.) 


a R S E D, 


We assume that the equation 
(82) l abs (CB + D) = abs (C8 + Do) 


holds identically for all'8 in H. Introducing (Y8 — V’) (— C3 +W) 
instead of 8, we obtain the necessary and sufficient condition 


(83) | abs (€,3 + D) =1. 


. Since | €,8 + D, | is an analytic function of the elements xı of 8, we infer 


that | &:8 + D, | =c, identically, for all complex symmetric matrices, 8, 
with a constant ¢ of absolute value 1. Putting 8 = 0, we find | D; | =c. 
On the other hand, the elements of D, are rational integers; consequently D, 
is a unimodular matrix U and c == + 1. Calculating the linear terms in the 
identity |D."@,8 + €|—1, we obtain o(s Deg) = 0. But the matrix 
D6, is symmetric and therefore ©, = 0. 

Let now M, be any modular matrix with ©, = 0. The general form is 


Ww HU 
(84) a, = (5 a 


with unimodular U and integral symmetric B. Obviously (79) .is satisfied, 
and Mt) =W: M, with an arbitrary modular matrix Mt, gives the general 
solution of (82). Then 
(85) C= UC, DD = UD. 
It is also easily seen that Yt, — MoM has always the form (84), if the 
second matrix rows (€D) and (€D) of two ‘modular matrices M end My 
are connected by (85), with unimodular U. The two pairs ©,D and ©), Da 
are called associate. . 

Denoting by 9)* and Y*, the imaginary parts of 


= (UB +B) (C8 +D) and B*o—= (W8 + Bo) (G08 + Lo), 
we obtain, by (59), 
(86) DBE + Do} = DHU] = “o. 
Let 8 be a given point of H. For any modular matrix WM, we choose a uni- 
modular matrix U, such that Y*- [W] = 9", les in the Minkowski domain 
R of Section 29. We shall now prove that abs (C08 + ©) tends to infinity, ` 


if (CDa) runs over all second matrix rows of modular matrices with the 
required property of Q)*o. 
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Let ¥1,° °°, Yn denote the An elements of 9*, and c, ù; the 1-th 
columns of CD ‘o (t= 1,::-,n). By (86), | 
Dž = Y EE + Do] HDLC]; ae ! 
= Y7 [ker + 1] + Die] l 


Consider all solutions ©», ‘Do of the inequality abs (@o8 + Do)? < a, where a 
is an arbitrary positive constant. By (81) and (OB): 


(87) 


Uy < 720 | Y|; 


by (87), 
(88) Via] Sy, YHE + d] sy (=1,: n), | 


and 9*[d:] =y: in the case t = 0. Since | €08 + Do |540, the columns 
Ci, 0; are not both.0; hence y, > y, where y is a positive number depending 
cnly upon YJ, and 

Yı < roayt | 9) Fe 


By (88), we obtain only a finite number of pairs ©, Do. 

On account of (82), the existence of a modular transformation 8* 
= (AB + V) (€Z +D) with the minimum value of abs (C8 + 9) l 
established for any 8 in H. We determine again U by the condition that 
Y! [W] is a point of R and define 8#. = (M8 + Bo) (C8 + Do) 
= §*(W"] + B, by (84), where X is an arbitrary symmetric matrix with 
rational integral elements. We may choose B such that all elements of the 
real part of 8% lie in the interval — 4 S2 S4. | 


31. Let F be the set of all points 3 =Æ + 1%) of H satisfying the 
following three conditions : 


(89) abs (€E8 +9) > 1 | 
for all modular transformations 8* = (W383 + B)(€@3 + 9); | 
(90) L(Y) =0 (r—1,---,9)3 | 
(91) m= — $, — aim = —4 (1<k<1<n) 


for the elements 2%: of X. In (89), we shall omit the trivial case € = 0, 
since the corresponding condition abs ($) 1 holds identically for all 8. 
By the result of the preceding section, the images of F under T cover the 
whole space H. i | 

We write Y =R[9] with $ = [p1 © <; Pa] Q = (ge), gr = 0 
(lSli<kSn), ge=1 (k=1,:::,n) and define W™ = (wr) with 
Wer = 0 (K+ 15 0+1), wo = 1 (FK+1=n+4+1), 


at 
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®=(9 ptm): o-(? gate) &-(F 3): 


(92) S [8] = H [9]. 


By Lemma ? and (91), the absolute values of the elements of the triangular 
matrix ©, are less than a number depending only upon n. Denoting the 
diagonal elements of $, by di,-° +, den, we have 


hd = ppt ASk n), = pr? (k =n), = pow ep Ons (n< k< 2n). 
By Lemma 7, | 
(93) 0 < dr S ridues (kÆ n), 


where 7, depends only upon m = ĝn, 
We apply (89) for the particular modular transformation with 


Œa) 0 0 0 0 0 ÇEV Q 
w= (pg) 22o i): =h i) d= (e o) 


. Denoting by 2n + tyn the last diagonal element of 3, we obtain the inequality 


Ln? + yn? = 1. By (91), we have moreover €n? S 4, whence yn? = 3. But 
Y == P [9], and consequently Yn == prt, 


(94) 0 < dn S (4/3) dma. 


By (92), (93) and (94), G[28.] is contained in a domain Q (r) of the 
space P of positive symmetric matrices with 2n rows, where rs depends only 
upon 7. 


Consider now any modular transformation 3* = (AB + %B)(@8+9)7 | 
different from identity, i. e., 


m=(e p]*+6 
and assume that 8 and 8* both are points of F. By Lemma 6, 6 = G* [W], 
S[W.] = S* [W] [W.MBW.]. 
Applying Lemma 8 with | l 
T= S* (Bil, T: = SWB, F=- BMRB, |7| =1, 


we conclude that W belongs to a finite set of modular matrices Wa,- Mth, 
independent of 8 and 8*. 
On account of the minimum property of | 9) |-*, we have | Y'| = | 9* |, 
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| 
| 
whence abs (C8 +D) = 1. If ©540,‘then the m of equality is true ih 
one òf the conditions (89). If © — 0, then Mt has the form (84), | 


M — a BU 
0 
and 9j*-? = NW], In the case UL + G, the sign of equality .is true i 
one of the conditions (90). In the case Ñ == + ©, we have 8* = 8 + B, 
x* =Z -+ B with integral symmetric V40, and then the sign of equality 
holds in one of the conditions (91). | 
We have proved the following statement: If two points 8 and 8* of F 
are equivalent under a modular transformation with the matrix M 4 + €, 
then W? is one of the matrices 


Me Bs 
, m,—(¢" 3 , (s == 1, sh) 
and the conditions . 
(95) o. ab (C8 + Ds) = 1 (s=1, h), | 
(98) | L,(Y*) 20 | (r= 1, 3g) | 
(97). = ep Z—4, —mm2—} - (SkSlEn) 


are fulfilled with at least one sign of equality. ` 


32. Since (95) is contained in (89), every point 8 of F satisfies (95), 
(96) and (97). We prove, now, that the converse is true, namely, that all! 
the inequalities (89) follow from (95), (96) and (97). We shall demonstrate 
at the same time, that then the stronger inequalities abs (€3 + > >t 
hold, if ©, Ð is not associate with one of the pairs Gs, De (s ==1,-- -,h). 


LEMMA 9. Let 3==X-+ 1) be a point of H and Ba =X + 1adY), with an. 
arbitrary scalar factor à. If (CD) is the second matrix row of any symplectic 
matriz and © 540, then the inequality abs (GB. + D) > abs (C8 + D) 
holds for `> p >Q. 





The determinant | €8‘ + D | = ¢(A) is a polynomial in A. For any A 
with positive real part, 8, is a point of H and consequently ¢(A) 20. 
Moreover $(A) = ¢(—A); hence all zeros of (A) are pure imaginary. 
This proves that for real A the expression abs (©, + D)? is a polynomial 
in à? with real non-negative coefficients. It remains only to prove that this 
polynomial is not identically constant. 


et ee 
~ 





Assume now that 


abs (63° + D) —abs (€B,-+D) = abs (CE + D), S 
| 
| 
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identically in à. Then abs (CX + D) 540 and 
(98) abs (D= + A (CE + D)*6) = | 9 j. 


Since (CE -+ D)~“° is a real symmetric matrix and Y> > 0, there exists a real 
matrix R and a diagonal matrix R = [r1,- - >, fn], such that 


(99) D [R] =E, ((Ck + DH)C) [KR] =F. 
By (98) and (99), 
i (1+ fat) = 1 


for all real values of A, and consequently R = 0, € = 0, which is a contra- 
diction. This completes the proof of the lemma, l 

We denote again by (CD) the second matrix rows: of. the modular 
matrices. Let 8 be a point of H satisfying all conditions (95), (96) and 
(97), and assume that the inequality abs (C8 -+ D) <1 holds for at least 
one pair ©, D, where © 40 and ©, D is not associate with one of the pairs 
Cr Ds (s=1,---+,). By the result of Section 30, only a finite number of 
non-associate pairs ©, D fulfill that inequality. By Lemma 9, there exists a 
number A = 1, such that abs (C8, +D) = 1 for all ©,D and abs (C8, + D) 
==] for Ç = Co, D= Do, where C, £0 and Go, Do is not associate with one 
of the pairs Cs, De. Since 8) has the real part ¥ and Lr (A79) = AD (9>) ; 
all conditions (89), (90) and (91) are satisfied for 8) instead of 8; hence Br 
is a point of F. On the other hand, the expression abs (C8a + D) attains its 
minimum 1 for © = ©, D = Do, and consequently there exists a modular 
transformation 8*, = (Aga + B) (C8, + D)-*, such that ©, D is associate 
with Co Do and 8*, is a point of F. By Section 31, © = @;, D = De, and 
this is a contradiction. Consequently abs (©8 + D) = 1 for all ©,D and 
abs (C8 +- D) > 1, if © 540 and ©, D is not associate with one of the pairs 
Gs, Ds. 


33. By the result of the preceding section, F may be defined by the 
inequalities (95), (96) and (9%), in finite number. Obviously # is closed 
relative to H. It follows from Lemma 9 and the linearity of the conditions 
(96) and (97), that 8 is a frontier point of F, if, and only if, (95), (96) and 
(97) are fulfilled with at least one sign of equality. . 

Let Fy, be the image of F under the modular transformation %* 
== (A8 + B) (C8 + D) with the matrix M- + E. If F and Fy have a 
point 8* in common, then, by Section 31, Mt is one of the matrices 
Ma e e, Mt, and 8* is a frontier point of F. Consequently the images Fy 
cover H without overlappings, and F has only a finite number of neighbors. | 
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Consider any compact domain G in H, and let G be the corresponding 
domain in the space S of the matrices G defined in Lemma 6. There exists.a 
uumber £ depending only upon G, such that G, is contained in the domain 
Q(t) of Section 29. We may choose t = rs, where rs was defined in Section 31. 
Let 8* = (13 + B) (C8 +D) be a common point of F yand G. Then 8 
is a point of F and the relationship ©* — @ [Mt] holds for the corresponding 
points S* and © of 9, by Lemma 6. It follows from the result of Section 31, 
that the point ©[W,] = S* [MW] lies in Q(t). But also G* itself is a point 
of Q(t), and consequently, by Lemma 8, the matrix WM belongs to a finite set. 
This proves that only a finite number of images F enter into the compact 
domain G. . 

For the particular value 8 —i€, we have | €38 +| =c + id, with 
rational integers c,d not both 0. Consequently (89) is satisfied. Also (91) 
holds, since X = 0. Moreover 97 == € is a point of the Minkowski domain £R. 
Consequently 8 = € is a point of F. By Lemma 9, the whole curve 8 = 1A€ 
(A==1) belongs to F. Since A may be arbitrarily large, the fundamental 
domain F is not compact. Let Œ be any compact domain in H and consider 
the finite set of modular matrices WM, such that F „enters into G. The set of 
images of G under the inverse mappings with the matrices Yt? constitutes 
again a compact domain Gp». For sufficiently large values of A, the point vA 
of F does not lie in Go; hence no image of this point lies in G. This proves 
that the space H. is not compact relative to the modular group T. | 

By the results of Section 31, the matrices X and Y)-* are bounded for ali 
8 in F. On account of (57), the integral V(T) converges. ! 

= Theorem 8 is now completely proved. : 


VII. THE FUNDAMENTAL DOMAIN OF THE GROUP A(G,5§). , 


34 Let HK, be an algebraic number field, of finite degree g over the 
field of rational numbers. Let g, of the conjugate fields be real and 2g, 
imaginary, g=gi-+2ge We denote the real conjugate fields by K KO) 
(a==1,:-+,g,) and the pairs of conjugate complex conjugate fields by pi 
Kyo™ and Ko (a =g, + 1,''*,9ı + 92). We consider g, positive sym- * 
metric matrices Ta (& = 1, > -,g1) with real elements and g, positive her- 
mitian matrices Za (&« = gı + 1,'**,gı +92) with complex elements, all 
of m rows. We denote the systems of gı + ga matrices Ya (a = 1, , 9: F 92) 
more shortly by T; they form the points of a space P of bgm (m +1) + gem? 
dimensions. 

We have a unique decomposition Xe = Bet Da} with a diagonal matrix 
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Pa = [p1™,--+, 9m], me > 0 (k= 1,---,m), and a triangular matrix 
Qa = (7 {%), q = 0 (k > 1), gi =1, where Da is real for « = 1, + +, gi. 
If ¢ is any positive number > 1, the inequalities 


0 < mY Sip (k<m), prO Stim (ke Sm) 
abs qO St (ik <1) 


with a, 8 =1,:--+,9:-+g2 define a compact domain Q(t) in P. 

A matrix U with integral elements in Ky is called unimodular if the 
determinant | U | is an algebraic unit. The unimodular matrices WU) con- 
stitute she unimodular group Ul in Ko, of degree m. The center C of U consists 
of the matrices U == u€, where u is any root of unity in Ko.*We denote by Uo 
the factor group U/C. Let Ua be the conjugate of U in K,“. The trans- 
formation Za => Za{Ua} (a = 1, * -, gı + 92), or more shortly T>T{U}, 
maps the space P onto itself. This mapping is the identical one, if and only 
if U is an element of C; consequently the transformations ©% —> T{U} give a 
faithful representation of Uo. 

Minkowski’s theory of reduction of positive quadratic forms is concerned 
with the case g = 1, the field of rational numbers. The generalization to the 
case of an arbitrary field Ko is due to P. Humbert. He obtained the following 
results : | | | 

There exists in P a fundamental domain R with respect to U», which is 
the union of a finite number of convex pyramids. The faces of these pyramids 
have equations of the form . 


H192 w > 
(100) > (akaba 4- Mataba) — 0, 


where Qa and Da are the conjugates of two columns a s40 and &5<0 in Ko; 
moreover a4 Ab for every pure imaginary scalar factor A. Any compact 
domain in P is covered by a finite number of images Rj; of R, and Æ has 
only a finite number of neighbors Ry. 


Lemma 10. There exists a jinite set L of matrices Q with integral ele- 
ments in Ky and a positive number r, depending only upon Ky and m, such 
that for every © in R the point T{V} belongs to Q(rs), with at least one & 
of the set L. 


Lemma 11. Let © and X{3} be two points of Q(t), where % is an 
integral matrix in Ko, and let v be the norm of | Y|. Then & belongs to a 
finite set of matrices depending only upon Ko, m, t and v. 


These statements are generalizations of the lemmata 7 and 8. 
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35. We assume now that Ko == K (V—), where K is a totally real 
algebraic number field of degree A and r a totally positive number of K; then 
gı =0, go==h. Let K (a=1,---,h) be the conjugates of K = Ke, 
Ta the conjugate of r im K@ and K.@ = K™(V— ra). In the notation 
of Chapter V, © is a hermitian matrix and © is a skew-symmetric matrix, 
both in Ko, satisfying the condition (67). Let Sa, $a be the conjugates of 
©, © in Ko and sa the conjugate of s in K™, We assumed moreover 
s > 0, a > 0 for a—2,:--,h; then Sa < 0 (a=2,:--+,h). The group 
A = A(®, Š) consists of all unimodular matrices W in Ky which satisfy 
GB] = G and S${W} —H. We have As == CAG, where Œ is a complex 
matrix with ©[€] —& and S{C} = ist}. Identifying W and — W, we 
obtain the factor group A—=A(G, 6) of Ao. Obviously this group is not 
changed, if we replace ©, © by a®, b§ with arbitrary positive rational numbers 
a,b; consequently we may. assume that Gand § have integral elements. | 

The matrix © of (77) is the general solution of 6’ —G > 0, $[G] =&, 
{SG} = 3. Consequently ! 
_ (101) 8, = S{C} | 
is the general solution of 


(102) Y= >0, LE =E, UE TW =$. 


We define 
(103) Za = (— 8a) t$a (a = 2" t; h); 


then, by (67) and (102), 


(104) Va = Ta >0, Te— Te {Wa}, Ta | sa | Pat {GH’o} 

(a = 1, >h), | 
where | Sa | denotes the absolute value of sa. The matrices %.,- --,2, are’ 
fixed, whereas %, depends upon the variable point 8 of H, by (77). The, 
space H is mapped onto a surface T, of n(n +1) dimensions, in the space R. 
If W is any element of the group A, then the transformation Ye —> Za( Wa”) 
(«= 1,:::,h) maps T onto itself, and this mapping is the identical one,, 
if and only if $ = + €; on the other hand, by Lemma 6, the corresponding. 
mapping in H is a symplectic transformation of 8, with the matrix Yt = CWE 
of the group A. 

For any point & of T, there exists a unimodular matrix U = Ug in Ko, 


such that T{U} is a point of the domain E. By Lemma 10, we may choose a, 
matrix & of the finite set L, such that & © a= T{UL}. belongs to Q (rs). Putting 


G = GU], § = S{U2} we obtain, by (104), 


oo 
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(105) €=}, = |s Eg}; 
we omit here and in the following formulae the index « which runs always 
from 1 to h. 

a % denote the matrix of the linear transformation Tr > Tade 
(k= -,2n). If T= P{OQ} is the decomposition defined in Section 34, 
then Ea = PB} {BOB}, and consequently the points |s EHB) 
and $-{8} belong to a domain Q (rs), where rs depends only upon Ko, n and s. 


Moreoyer 


| BH’ |= (—1)” | § | abs (UQ); | BE | = (—1)”| © | | US|’; 


hence the norms of | BH’ | and | 8G | belong to a finite sêt. It follows now 


from Lemma 11 and (105), that also the matrices @ and § belong to a finite 
set, independent of 8, and the same holds good for GÜ] = G[@4] and 


U} = {87}. 


Caoose now a complete system of points 3o in H, such that the pairs 
GM], H{Uo} with UW, =U 2, are all different, and let V be the finite set of 
the unimodular matrices 11). We denote by G (Ua) the closed set of all points 
8 of H, such that the corresponding point Z of T lies in Ry 1, and by G 
the union of these G(U>), as U, runs over the elements of the set. V. 

Let 8 be again an arbitrary point of H and U = U g. Then there exists a 
uniquely determined U, in F, such that G[U.] = GU] and {1} = {U}; 
thus 11,117 == YW is an element of the group A. Since {U} lies in R, the point 
T(=} = T{UU, =} is contained in Hyyz,-1; hence 8 is mapped by the ele- 
ment M = CWC of A into a point of G (Ue). This proves that eny 3 in H 
is under A equivalent to at least one point of G; we call this point a reduced 
image of 8. 


38. Let us assume that there exists in H a compact domain B, such that 
{Ug} is a boundary point of R, relative to P, for all 8 in B. By Section 34, 
the unimodular matrix Ug belongs then to a finite set, and we infer from 
(77), (100), (101), (103), that the expression p’Gq + p’Gq has a constant 
value in H, where p = Cta and q= €"b with two columns a s40 and b50 
in Ko; moreover as£Ab for every pure imaginary scalar factor À. A 
Y by € + Y, we have the Taylor series 


=e Tr as a) 6,—(—2 E s =( 2y py 


in the neighborhood of 9) — 0. It follows that the real part of p’6.§ vanishes 
identically in the real symmetric matrices ¥ and 9. Since a= Cp, b = Gq 


i 
| 
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and a=<Ab, for all pure imaginary values of A, we find easily a= oi, 
b == w85 with real r,3 and complex scalar w s£ 0. 


On the other hand @[€] = X, ${€} =.V—s%, whence € = VTO. 
We obtain, therefore, 


oV— si Ga = wa. 
But &, § and a= 0 are in Ko = K(V—r), hence 


V — s= wé -— 7) 5 

(106) »{ PYN ) ; o 
f § == ¢ + r7’, i 

where €,y are numbers in K. Since fa >Q, Sa <0 (a=2,; >, h), the 


relationship (106) is only possible for h = 1; then K is the field of rational | 
numbers. | | 

Tt will be proved in Chapter IX, that A(®, §) is commensurable with 
the modular group T, if and only if the diophantine equation (106) has a 
rational solution é, ⁄. In this case, however, the construction and the properties 
of a fundamental domain for A follow in a simple way from the results of 
Chapter VI. Therefore we exclude this case for the rest of the present chapter. 

For every point Bo of H, there exists now a unimodular matrix U and a 
sequence of points 8 tending to Bo, such that the corresponding points © of 7 
are inner points of Ry, relative to P. 


| 

37. We denote by F (Uo) the closure of the set of inner points of G (U); 
relative to H. If Bo is a point of G(U.) which does not belong to F (Uo), 
then we use the result of the last section to construct a sequence of points 
8 tending to Bo, such that they have as reduced images inner points of G(11), 
where U is a certain matrix of the set V. Consequently $o has a reduced image 
in F(U), and any point of H is equivalent under A to at least one pont in 
one of the domains F(U). 

Let 8* be the image of R under the transformation M — CWE of a 
and let £&*, © be the corresponding points in 7’. We assume now the existence 
of an inner point 8 of F(U), such that 8* is a point of F(U*.), where U*o 
is also one of the matrices of the set V. By Section 36, this holds then even: 
under the further condition that Y{U,} be an inner point of R, relative to P. 
But £*{W*5} == CU} (My WSU} is again a point of R, and consequently: 
Ut, = + WL, GM] = GL], S{l*.} = ${,}. Now it follows from’ 
the definition of V, that U*, = Uo, W = + €. This proves that F(U.) and 
F(U*,) do not overlap, if 1,54 U*>, and that the sum of the domains FM), 
is a fundamental domain F of A. 

O brronsly every F (Uo) is bounded by a finite number of algebraic sur- 


"v em m 
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faces, and F has the same property. It follows immediately from Section 834, 
that any compact domain in H is covered-by a finite number of images Fm 


of F under A and that F has only a finite number of neighbors Fy. 


38. Let 8 be a point of F(U.) and © the corresponding point of S. 
By (101) and (105), i, 
(107) P= sP(H'(07}}, 
where 
= GU}, PQ} = T {U2} = S{E-"Ug} 
(108) < P = [Pu > Poan] O < Pe S teen (k ==1,:-+,2n—1) 
Q = (q), qı =0 (k >11), qa=1, absqu&r, (k<1). 


Let d be the first diagonal element of §. Then 


(109) | pe = sk 
and . ' 

2 A ` 
(110) U æ= (—s)*| $ |, 
by (107). 


We assume now A œ> 1, i.e., K is not the field of rational numbers. Then 
the conjugates of § in K® (Vra) (a—2,:+-,h) are positive, and 
consequently ds40. On the other hand, U, and & belong to a finite set. It 
follows from (108), (109), (110), that GS is bounded for all 8 in the funda- 
mental domain F. By (77), the matrices Y~, Y + Y*[X], YX are bounded, 
hence also 9), | Y |-*, . This proves that F is compact. 

In the remaining case A = 1, F is not necessarily compact, and the proof 
of the convergence of the volume integral V (A) requires more detailed esti- 
mates. This proof may be given by the same method which leads to the 
analogous result in the theory of units of indefinite quadratic forms; we omit 
it here. ; . 

It is also not difficult to prove that the space H is compact relative to 
A(G, §), in the case k = 1, if and only if n—1 and A is not commensurable 
with the elliptic modular group, and then also F is compact. 


39. The congruence subgroup Ax (©, G) of A(G, $) consists of all ele- 
ments of A satisfying W == E (mod x), where «x is a given ideal in Ky. Let 
p be a prime ideal of Ky and p the rational prime number which is divisible 
by p; let x be a power of p, such that p is not divisible by «?*. If the trans- 
formation with the matrix €7%&C 54 + © has a fixed point in H, then % is 
of finite order, since A is discontinuous in H. 


4 
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We shall prove that Ar (®©, §) contains no element of finite order except 


©. Otherwise we may assume | 


Wie EF, WEHR, M==0 (mod), R0 (mod p*'*), 
where q is a rational prime number and p* divisible by x. Then 
S (1) =0; R “9a (mod p% : 
> 7) R= 0; R=— gR (mod p*). | 
Since | 
qR == 0 (mod p***), 


we arrive at a contradiction. i ! 
The proofs of Theorems 9 and 10 are finished. 


VIII. THE VOLUME OF THE FUNDAMENTAL DOMAIN OF | 
THE MODULAR GROUP. 


40. In the interval 0=2=1, we consider an arbitrary monctone 
function f(x), such that 


l, 


(111) =o f f()o*tde =1; 


1 
1 
\ I 


| 
an example is f(x) ==-n(n-+-1)(1—2). For r= 1, we put f(r) ==0. Let 8 
be a point of H and © the positive symmetric matrix defined in (77). For 
any « > 0, we define | l 


(112) p(s 8) = $ f(G[edv]), 
m == 0 
where {w runs over all lattice points £0; this is a finite sum. | 
Lemma 12. If « tends to 0 through positive values and 3 is fixed, then 


ait 


lim ¢ (6 8) S A 
On account of the definition of.the integral, we have 
lim g(s 8) = f f(SLa])da, 
 S[{q]<=1 


where dq denotes the euclidean volume element in the space of the real vectors 
q of 2n dimensions. Since the volume of the ellipsoid G[q| S = is 


poe 


a ` i 
J (s) =z” (£ = 0), 


SYMPLECTIC GEOMETRY. _ 5l 
we obtain 
ad (a) =» c , no 
f renna- fro ( ea f foram. 
Gfq] <1 | o 


41. Let F be the fundamental domain of the modular group, in the space 
H of 8 =X + 1%), and denote by dv the euclidean volume element in the 
space cf & and 3), of n(n -+ 1) dimensions. 





Lemma 13. There exists an integrable positwe function g(B) of the 
elements of 8, dependent of e, such that 


(113) $(68)=9(8) -(O<eS1) ' 
and the integral 


l= f g(8)dv 
F 
converges. 


We denote by h(p, 3) the number of lattice points w satisfying 
S[mw] = p, where p is an arbitrary positive number. By (78), 


S[w] = Pu] + Vl], w= (p). 


and ccnseguently h(p, 8) is not angor than the number of integral solutions 
u, bD of : 


(114) g[u — Zo] =p, fb] S 
Put 97 = BLO] with P = [Pu - +, Pn] and Q = (qur), dar = 0 (k > 1), 


qie = 1, and let Ur, tw, % (k= 1,:--,n) denote the elements of the columns 
u, b, r = £b. The first condition (114) involves 


Pel (ts — Te) 2 qala — n) S p (k = 1, <n); 
this proves that the number of integral u is 
n 
= il (1 + 2px4p%), 
for any given b. On the other hand, the second condition (114) involves 
k=1 l 

pr (Vr + 2 ga) S 

where (q*x1) == Q; this proves that the number of integral Y is 


S JI (1 + 2pep*). 
ki 
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It follows that 
h(e, 8) 5 I (1 + 2p? (pid + pr?) + 4p). 
Let y1,;* * >, ya denote positive numbers which depend only upon n. By 


(93) and (94), we have ps < yı (k = 1,: --,n), for all 8 in F: hence 


(115) hle, 8) <y2(1 +o" II pst. 


Now 0S f(e) S F(0) (0251) and f(z) =0 G -=> 1); consequently we 
infer from the definition (112) that 


(116) ° ple 8) S ef (0h, gB). 
By (115) and (116), 


6(68) <Ia HAE a<n (0<eS1). | 
We define i 


9(8) =f (0)ys TI prè; 


then ( 113) is fulfilled and it remains only to prove the convergence of the 
integral ‘ 


43 
yy = f II pede. 
Real 
F : 
Instead of the elements Vx: (k <1) of (Fur) =Y = P[O], we introduce 


the new variables mē (k=1,---,n) and ga (k <1). The functional 
determinant has the value | 


ki , ‘ 
On II pT, 
i k=1 A 
whence 
. ‘A í 
Ys == 2” if It mrs avy 

A kaL 
F [i 

with 


dv, = [I dz I] agri II dpe. 
kÆ kel k 


Since ¥, P, Q are bounded in F, the convergence is obvious. 


Applying a well-known theorem of integral calculus, we obtain from’ 


Lemmata 12 andj 13 the important 
Lemma 14. The integral 


Wo=— ( o(63)do—eS | HS 
70 J (e 8) dv oz d 


Á 
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converges and , 
OoOo O Too 
a woot s ay 


where Vn = V (Tn) is the mame volume of the fundamental domain for 
the modular group T = T, of degree n. 


42. We denote by W the set of all columns tp{) with coprime integral 
elements and by e the first column of the unit matrix €@™; obviously e 
belongs to W. 


l LEMMA 15. There exists a modular matris WM with the first column w, 
if and only if w belongs to W. 


The necessity of the condition is obvious, since W has integral elements 
and the determinant 1. Therefore we have only to prove the existence of a 
modular matrix W? satisfying oe = ¢, where w is a given column of the 
set W. 
' Consider the column 


e y”) 
Mm = w, = pin) J? 


where W? is an arbitrary modular. matrix, and let u,v denote the greatest 
common divisors of the n elements of u,b; we define u—0 or v == 0- if u=0 
or b==0. We choose now the matrix Wè, such that the sum u + v == w is as 
small as possible. If u < v, we replace Mt, u,b by MI, — b, u and obtain the 
case u > v, with the same value of w; hence we may assume u = v, 

If v > 0, we determine a unimodular matrix U with the first row wtb’ 
and an integral column t, such that all elements of the column Uu — vt = t 
have an absolute value = (v/2'; then the greatest common divisor u, of 
these elements satisfies uy SS (0/2) <u. Let & be an integral symmetric 
matrix having t as its first column and | 


YW? UL 
ve G w ) 
Since Utb = ve, and TU- — vt, where e, denotes the first column of the 
unit matrix ©, we find 


. (MM) tp = Pm, = == (. 3: 
Vey 


But Yi, and MM, are again modular matrices and u, +v < w, in contra- 


diction to the minimum property of w. 
i l \ 
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Consequently v == 0 and u= 1, the elements of m, being coprime. Lek 
il, be a unimodular matrix with the first row u and 


) W, 0 
m= (4 a 


Then (MP) w =e and MP, is unimodular, q. e. d. 

We denote by A, the subgroup of T consisting of all modular matrices T 
with the first column e. Obviously two arbitrary modular matrices are then 
and only then in the same left coset of A, relative to the homogeneous modular 
group To, if they have the same first column. Applying Lemma 13, we find 
the decomposition | 

D= DMpAa= E AMS | | 
wC W wC W 
where w runs over all elements of the set W and Myy denotes a modular 
matrix with the first column w. We choose Wm =— My, such that My, 
and Mw give the same element of T. Let Fiy be the image of P under the 
transformation Me 3 then the domains Fẹ cover exactly twice a fundamental 
domain Fe, of the group A, On the other hand 


J f(S[eo])dv— | f(Slec]ae, 
Fw 


by Lemma 6. Using the abbreviation p = [e] for the first diagonal element 
of ©, we obtain 


Zy Slew])dv=2 |. f(ep)d | 
- P neteiks J p)dv. 


Now we replace e by «el and sum over all positive integers l; then lt runs 
exactly over all lattice points = 0, and we have 


(117) y (e) = 2674 S f (el?) dv, 
: Fy 


where y(e) is the function defined in Lemma 14. 


43. Any element of A, has the form 


A B 1 # Oos 
(118) n—(G a a=(; a? B—(; A 


0 
c=(6 OA 


a =. = = am = = e u 


a 
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Tt follows from (7) that also 
MB == BMW, CD = DC, WD — BC = Č; 


Wi = 
Vi, == 
ra = Dı 


belongs to the homogeneous modular group of degree n-—-1. We define 


Ano 00N 0 0 
a(i L) (E) e- 8) 


O 1 [AB Ye P) (Mo B) 
- =ne Aa i -(¢ a 


+ 
where l 


1 # ae, ie QO * ae. oie 
E-G a) aC i) eC 3) AC 8) 


Since Ma is symplectic, we have CoD’ = DW's, whence ©, = 0; moreover 
Wo Do = (€ and WB", == BoNo so that Ho = aD Do ses U Bo = U with 


1 0 ~ {bb Y 


and integral a, b, b. 


On the other hand, if U and & are defined by (119) with arbitrary 

integral a, D, b, then , 
wo gm 

(120) Pio oe € a 
is a modular matrix and WM = MM, has again the form (118). It is obvious 
that the matrices Nt, constitute a group As which is isomorphic to the homo- 
geneous modular group of degree n —1 and is a subgroup of A,. The left 
cosets of A, relative to A, are of the form M,A., where W, runs over all 
matrices defined by (119) and (120). 

This result enables us to construct another fundamental domain of A. 


Let 8 = (28 + B.) (C28 + D2) be the modular transformation with the 
matrix Wes. We decompose 


ag) (05) 


and obtain / 


- os 1 0 
UB+B—(s ase), E8+%—(2 63.40): 
eee fe 0 x. 
(G84+2)"—(5 6.8, 40,2): 


hence 
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consequently a= (U8: + B) (GiB. + D) i is the image of 8, under thi 
modular transformation with the matrix W, of degree n— 1. For any-3 ih 
H, we determine W, such that ĝ, lies in the fundamental domain F, o2 the i 
modular group of degree n— 1. Since we may replace -Mt, by — M, there- 
are always two different possibilities for the choice of the corresponding 
_ element M, of As. 

We replace 8 again by f: and consider now the modular transformation 
8 — B[U] -+L with the matrix Me. By (119), | 


7 | 

2 

r a, SL gon b D | 
ba, beoi “Th a ED 
where £ oF i} — 6. On account of the. definition (77), the matrices g+ 
© have the same first diagonal element p. - sakes 9 = (Yur) and 
= (¥x1), we obtain Ê, = Yı — pty (L= ?2,:-- n), where Qs," * `, An 

i = the elements of a. We determine first a, such that —(p/2) = Fu = 2/3 2 
(l = -,n), and then 3, b, such that the elements 2,; of the first row of % 
ane: —$ S253 (l—1,---,n). ! 
It follows that as point of H has, relative to A,, an equivalent poirt in 

- the domain defined by the conditions | 
| 

(121) ee — (p/%) 5 Yu S p/2 (1 =,- -,n), | 
— Sru S} (=l, -,n). | 

On account of the ambiguity in the choice of Wta, this domain is not yet d 
fundamental domain; of A,. It is transformed into itself by the paruewar 


mapping zı > — 211 (l ==2,; n), Za Zum BiB, obtained from 
M, = — E, Mo — E. By the additional condition 


(122) ; | Fu 20 : 


‘together with (121), we obtain. now a fundamental domain F* of A.. 
In ‘the special case n= 1, the condition (122) does not exist, and (3) 
reduces to —}4 Say Sh. 


44, By Lemma 6, the first element p of © is invariant: under all ‘aa! 
formations of the group Ay. Since Fa and F* are both fundamental domaing 
of Ay, we obtain l i | 


(123) f f(ep) du = f f(ePp) dv. | 
Fo Pa 


We -use now the decomposition 


w-(% 5 mh 0 tp 4 2 


te Ae err le ——————— ee 
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where 
(124) 5 9 = Yo — p“ 


and 9), denotes the imaginary part of 8ı. Introducing as new variables the 
elements m: (1 Sk Sl S n— 1) of Yı = (xı) instead of the elements 
Yur (Sk SITS n) of Yo, we obtain, by (124), : 


(125) dv = gil. (ded Yen) 


athe, (deride) i (dourd¥1) = dv, II (denda), 


where dv, is the symplectic volume element for B: instead of Q i moreover 
Fau = = p, r 

Define qn =1 for n=1 and =? for n >1. By (111), (121), (122) 
and (125), 


(126) m f f(ePp)dv— Vna fe pri (ep) dp 
F* . 0 


t 


1 


= Va (el) f gsf (x) dx = Van- (el), 


0 


where Vn- is the volume V(Ty-,) of the fundamental domain F, for the | 
modular group of degree n— 1 and V, = 1. By (117), (123) and (126), 


W(e) = dn” Vnk (20), 
independent of e. Lemma 14 leads now to the recursion formula 


Va = qn (n — 1) Lat (2n) Vaa, 


whence 


(127) Va = 2 H {(k—1) latt (2h) }, 


and Theorem 11 is proved. 


45. By a well-known result of Euler, 
Box 


(2k)! (k==1,2,: °°), 


2 (Qar)#E (2k) = 


where Bx is the absolute value of the Bernoulli numbers 


1 | 1 1 1 
a SBi Bs = 7g? — B; = — 


B, = 
Thus we obtain the expression 


| er ee E en 
V — Ini pn (n+1)/2 a - 
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and in particular 


m? rÊ rl? 


Pee Pa B et er ee 
ee oa meat Va iay — 200930625 ` 


Consider now thé congruence subgroup Ta(p) of the modular group of l 
. degree n, defined: by M == Œ (mod p), where p is a prime number. Its index 
has the value i 


(128) ` Ja (p) = ipi pres (p™ —1). 


a ter EE Hi ttn araa n ME 


For p42, this group has no fixed point in H, by Theorem 10. If Theorem 5 
still holds good for the non-compact fundamental domain of Tn (p), then this 
open manifold has the Euler number 


X = Cn(— 1) DV ain (Dp) 





We denote by xn(p) the right-hand side of this hypothetic formula, 
Using the values of c1, Cz, C3 giventin Theorem 5, we find 





8 6 | 
ang oF, agg | 

and consequently | | 
xi (Pp) =— 7 p(#—1), pyes a 399 (P — 1) (vp? —1), 


x0(2) = z pr PP — 1) (7—1) (° — 1). 


It is easily proved that these rational numbers are nieres for all primé . 
numbers p; in particular xı (2) = — 1, ye(2) =— 1, yxs(2) =2. 


Faj et 


46. Let q=p (a= 1) be a power of a prime number p. For any 
integral skew-symmetric matrix Œ, we denote by Aq(G) the number of 
integral solutions &, modulo g, of the congruence 


(129) SQ] =G (mod g). | 


In particular, A(S) = Eg is the order of the homogeneous ‘modular group 
mone q, namely the number of incongruent solutions Yt of 


(130) SLM] = 3 (mod ¢). | 
It is known that E, == jn(p) has the value (128), and more generally 
l | Eq Ores gi (2nt1) II (1 pat pk), | 

kei | 


By (129) and (130), ML is also a solution of (129) ; we call it equiva- 
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lent to &, relative to the group of the Wt. Since there are exactly Eg matrices 
in each class of equivalent solutions, the number of different classes of solu- 
tions of (129) is Ag(®G)/g. On the other hand, the number of ees 
P Eyenetne matrices © is q”, and 


> Aq(®) = qg” 


is the number of incongruent &. Dig average number of classes of solutions 1s 
therefore 


(181) 








Aq(G n F 
ve = Tl ap”) d, 
q k=1 
independent of the exponent a. 
By Euler’s formula 
f(s) =I G1 — pr); (s > 1), 
P 
the result (127) may be written 


~~ 


do =|] dy, 
p 


where y runs over all prime numbers and 


i 


(182) do = Va l Gy - 


Now the main formula in the analytic theory of quadratic forms suggests 
that do can be defined independently as a density connected with the real 
solutions 2 of the equation 3[2] — ©. We shall prove that do has the value 
defined in (4); this is the statement of Theorem. 12. 


47... Let 
Bo) $ ©, &, 
- g (_ OF 3 


be a real skew-symmetric matrix and 
D G E i D D a 
then §, = 4 (6; + 62) +3; = (G, 4 @) is hermitian and Y= 4(@,—’,) 
+e (© — Gs) is complex skew-symmetric. For © — %, we have 9, —€ 


and %==0. We choose a neighborhood G of © = %, such that | §, | 40 
and that the characteristic roots 6,,: > -, 0, of the matrix 


(184) B= — GAG 
are of absolute value < 1, for all $C G. 
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The series 


| 

(135) m — 3 (2 ) ; 
k=0 | 
converges and satisfies the n 
=E +9. i 


The characteristic roots of the matrix €+%W are 1+ (1+ b)? P 0 
(k= 1, -,n). We define 


(136) § = 3(€ + B)H; 
then | § | 0 and |28 — $ | 0. 
Lemma 16. The matric § is hermitian and 


(187) | § + INKA = ğa. 
We have 


-æ eae e ee oe mere ei ee 
. 


_ whence 


| 
BY — — MNG A TW and BV —=— Ü A= GH, | 
i | 


F —19.(E + B) = 4E + BG. =S 


and 
IS A = T(E + W) KIA = — (E + W) “BS, | 


oo (C — WIG == 291 — 29, 
q.e. d. 


We define now 


e=() g) €- (Lye a) 


and obtain, by (133) and (137), R{C} = &, and 


6 (ga a) - (e o E 


whence in particular |€ |0. 


a a a! = 
= i 
ee | gar „a 


48. We consider now the set L of real matrices & satisfying SLL 
= GC G. Putting 


as) =È È), wei E)-a, 


1 i 
we haye ` i 


L ogy 2 6362} — A, {0} — 
z S) =z SB) — BG} =A 


and consequently 


(139) = (POOF) —9, PO-OB—0; 
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moreover . 
Pı =P — FBO MW, = O— FH a. 
By (183), (184), (185), (136) and (137), the neighborhood G of © = 3 


is mapped onto a neighborhood G* of § = ©, M —0 in the (H, A) space. 
Since | § | 0, we have ğ >0. “By (139), | Q] 540 and 


pot = 8 = £ + 1) 
is a point of H with the imaginary part Y = {Q7}. Then 
(140) Bi = (8—39 AA], Qi = (E—4Y"A[O+])O. 


It follows, from (138) and (140), that L is mapped onto the set L* of the 
(8, Q, A) space defined, by the conditions 3 C H, (Y{O}, W) C G*. 


If 
O A/M M 
m= (i “a 


is any modular matrix, then the mapping 
(141) B —> (DUB + Me) (M3 + M) Q (MB + Ms) 


transforms L* into itself and leaves every point of G* invariant. We restrict 
now 8 to the fundamental domain F of the modular group I. Since the par- 
ticular mapping with Yt—— leaves $ invariant and changes © inte — 9, 
we obtain in L* a fundamental domain L*, for-all mappings (141), if we 
impose on © a linear homogeneous condition, e. g., ¢(Q -+ OQ) =0; then L*, 
is defined by 8C F, (Q{Q},X) C G*, o(Q+Q)=0. Let Ly be the 
corresponding domain in L. Obviously Lo is a fundamental domain in L 
relative to the homogeneous modular group Te, such. that the images of Lp 
under the mappings &—>ML cover L compe without gaps and over- 
lappings. 

Denote by v(Lo) the euclidean volume of Lo, ‘the elements of Q being 
considered as rectangular cartesian coérdinates, and by v(G) the euclidean 
volume of G, where the elements of the skew-symmetric matrix © = 3[%] 
above the diagonal are the coordinates. Theorem 12 asserts that - 


v (Lo) 


(142) > im a) 


G- 3 





= do, 


if G runs over any sequence of neighborhoods tending to the single point %, - 
with the value dy defined in (132). Obviously the left-hand, side of (142) 
is the analogue of the expression in (131), for the real valuation instead of 
the p-adic valuation. 


i 
| 
49. In order to simplify the notation, we introduce cartesian sodrdinates 
for a matrix ©” = (tyxı) in the following way: If & is arbitrarily real, we 
choose the m”? codrdinates tm: (4,l==1,---,m); if © is symmetric, we take 
the 4m(m + 1) coérdinates ty (Sk Sl m); if © is skew-symmetric, 
we take the 4m(m — 1) coördinates ty (1 Sk <1 m). If & is complex, 
we split | 
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X= 2X, + tLe, Qi == 3(2+ T), Xe = 


and proceed in the ‘same manner with the real part X, and the imaginary 
part Xa. In particular, a hermitian matrix £ has then the m? codrdinates 


: R 1 E | 
brk (k=1, eig m), $ (tat -|- tet), 94 (tur — tar) (1 < k < I< m).} 


Tn all these cases, we denote by d& the euclidean volume element in the spa 
of the coordinates of ©. 


By (183), (188) and (140), we have 


e 


i one ee Sfp cter seen 


i= Í i, d&—dB,dO, =| 2,9, |” anda, : 
Lo 
with | 
mm } 
R = PArt = (8 + 38V ALOT] (E — 49A O). 
In a sufficiently small neighborhood of X = 0, the power series 


R= Z—iMfO“]+-- 


converges, whence 
IR ~ nr) | OH |" dBdt, da~ dQ (A0). | 
It follows that 


y (Lo) ~ 2ni) f | OÑ | dkaydQat (G3). 


| 
| 
| 
is, | 


We choose a real matrix Em, such that ©’, = Y. Then the conditioh 
Y{Q} = G is replaced by YÑ, = Q with Q, == ¢,Q. Since 


=| G aaa o8] jar, 
we obtain 
(143) v(Lo) ~ 2D f [D [t dxdy-4 f | O.8, | DaN (G>). 
P (Ds, A) C G* 

On the other hand, by (1383) and (1386), 


| 
t 
j 
t 
i 
| 
t 
| 
f 
| 
| 
| 
l 
| 
| 
! 
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»(@) = f I®, dE = d6, dG dG; = 220D dH dM, 
G 
dğı ~d% | (4>9%); 

hence 
(144) v(G) ~ gaven) f daN. 

(6,1) C G* 
The first integral in (143) has the value Va == V (T). By (132), (148) and 
(144), the proof of (142) is reduced to the proof of the following lemma. 


LEMMA 17. Let H, be a domain in the space of the positive hermitian 
matrices and $* > 0; then ” i 


w $ Jen s a 
_ (148) f =| 6" f 49, m— Wg a7 
O* {0} C A, CH 


We determine a matrix ©* satisfying 6*{@*} — € and replace Q, dQ by 
CFD, | €*C* |" dQ. Then we have only to prove (145) in the special case 
H* =E, 

We apply induction and assume first n > 1. Let Qo be a matrix having 
the same first column q as Q and | Qo | £0; then 





AD = | QyQo |" dadta®. 


T EE E Fo _ fh 0 1 ae n 
vå=9= (7 x)=(o Dr E f’ 
ae h Y h OVE LT hY 

ae) HG =h; a)=(O allo E p 


we have ; , 
h= qg, N= D— hti, 
h | Ra | = | Ko |= | QQ], N= RWT} d= Lo + ht. 
We replace t by the new variable 5 and obtain 
| di = h?*ndb, 
AD = | Qo |h *ndqddd®. 


Using (145) with n —1, Mo, ZT, N instead of n, H*, Q, Q, we find ~ 


Introducing 


(147) 


(148) f Desta f [QS [1hr | No |-edqddaM, 
YOC A, 


~ 
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where the domain of integration for the variables q, 5, Jt is given by (146) ; 
(147) and the condition 6 C H,. We take the new variable D instead of 9 
with dD == dK, and perform the integration. over q, for fixed values of 2 
and ®. Now i 


f Ben =r g"; (g > 0), 





and consequently, by (148) and (149), 


rq Eg i 
whence. S 

K hg hig | 

dJ (h) m” f | 

1 hin — I-n s eeaeee 

(49) f wri f me y a aom) a. 

B i MERE ha hy Jn i 

u s i 

N [n-1h 2-29 N essen a rs | 

| QooHo [Phn | Mo |? hi, Cn-1 Gt == Cy | 


(150) faasa fas. 
QACH, §CH, 
It remains to prove (150) in the case n == 1. Then it is contained 11 
formula ( 149) which holds good also in this ease. 


50. The relationship 
do == [f 4, 
p 


constitutes another example of the “integral formulae” of analytic number 
theory which appear in the theory of class fields and in the theory of quadratic 
forms. The formula also holds good in the case of an arbitrary group 
A(G, §), if the densities dy and: dp are defined in an analogous manner. But 
we do not go ‘into detail since the proof of this statement depends upon the 
analytic theory of hermitian forms, of which no complete account has hitherto 
been given. | | 

We proved in Section 31, that ds matrix Y+ is bounded in the funda; 
mental domain F of the modular group. Theorem:11 may be used for an 
estimation of the maximum pn of | 9 [1 in F. It follows from (80), (90) 
and (91), that F is contained in the domain F, defined by the conditions | 


DS un YCR, —ftSm54 (SESI), 


where & is the Minkowski domain of. Section 29. Consequently the symplectic 
volume of F, is equal to the euclidean volume of that part of & which is defined 
by | 2% | Syn, &C R. By an important result of Minkowski, this volume is 


(151) | 2 pat TT { vr (E) =) €(k)}. 





t; 

t 

E 
i 
! 
| 
i 
t 
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Hence this number is an upper bound of Va. Using (127),. we. obtain the 
estimation 


n+1)/2 — n + 1 + -k/2 De )e OE) 
(152) fen = Vins Vn‘ Me . "1 E T(k/2)£(k) 





. and in particular 


T T’ 8r? 


pie eas 3/2 => __ 2 aaa 
Pegao Pa m gya Pe = X35258)? 


i 
the exact valug of », being 2/34. By Stirling’s formula, for n> œ, 


log =F (log 5 3) +000); log jin > 5 logn + O(n). 


This proves that pn increases rapidly, as a function of n. 

Let, now 8 = & -+ iY`be an arbitrary point of H and let 8* —xX* + 1)* 
= (48 + B) (CZ +D) be the image of 8 under any modular transforma- 
tion. By Section 30, the expression 


| Y* |-+ =] Y | abs (CB 4+ D)? 


has its minimum value, if and only if.8* lies in F. Hence pp, is the maximum 
of these minima, for the set of all 8 in H. A fortiori, there exists a matrix § 
in H, such that the inequality 


abs (€8 +D) = m|Q | E 


holds for all second matrix rows (CD) of modular matrices, where v» is the 
number defined in (152). Writing 8 = O7, .we have 


WO — F = 0, = (P'O— LB) >o 


and 


E7 (CP + DO)? => m = (WA — F) 


IX. COMMENSURABLE GROUPS. 


- öl. We proved in Chapter V that the group A, (®©, §) is commensurable 
with Ao(r,s). In order to demonstrate Theorem 13, we have now to discuss 
the necessary and sufficient conditions for the commensurability of two groups’ 
Ao (r,s) and Ay(11, S1). We assumed that the numbers r and s are integers of 
the totally real field K ; all conjugates of s except s itself are negative, whereas 
r is totally positive. Obviously s generates the field K. The numbers r, and sı 
have the same properties with respect to the ‘totally real field Ky. 


5 


l 

: 
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With the groups Ao(r,s) and-Ao(71, 81) we. associate the two quadratic 
forms 

| 

` Q(r, g rsx? — ry? -4- se and Q(T 81) = na? — nye? + S? | 

, i | 


| 
in 3 variables. 


LEMMA 18. If O(7, 8):and Q(11, 81) are equivalent in K, then K = Ka 
ond: the groups A(T, S), Ao(T1, 81) are commensurable. | | 


Under the assumption of the lemma, sı is ‘certainly a number of KĘ; 
therefore K, C K. Since all conjugates of Q (r, s) are negative definite except 
Q(r,s) itself, the same holds good for:Q (ri, sı) considered as a quadratic 
form in K; consequently sı is also a generating number of K and K = i 1 

Using the quaternion units €o; €1; €2, €; defined in (74), we have Q(r, seo 

= (re, + Ye + zea)”. Let == (fxr) be the matrix of the linear ena 
transforming Q(r,s) into Q(11, $1) and let 


3 
m= Dimer (k = 1,2, 3). B 
, I=1 i 
Then | 
aoe | 
M= Ya” —=—Tr€0, Ms = S160, m= — Ie =(LSk<lS3) | 
| 


and consequently there exists a real matrix 2) satisfying 





|2|=1, Sk == wn, (k ==1, 2,3), 
—— {1 0 | 0 1 : —f0 ji 
w = VIS: p ais w, = $ va(_ 1: ay w == oh VS C a) 


The elements of Ao (r, sy are defined by 


M— > N x Els SIM] = 5, 


with miga M ne -,8) in K. Putting | 
(153) (E™ X FH) (WAM) = (BBB), EM KX Q=A, : 
we obtain a. | 

M — Wo X co + È Bi X m = KMM | 
` with . | | 
(154) | M, = Mo X ep + = Bi, = | ! 
and $& is symplectic. | 


Let g' be an even positive rational integer, such that the matrix x gS" Z rs 
is integral. If Z == Œ (mod q), then Mo + Vrs: = Ç, Ao — ‘Vie rsd as 
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VTA: + V SU, = 0, — V TAa + y 3M, ==0; hence M, is integral and %,5=0 
(mod g/2rs) (k =1,2,3).. By (153) and (154), B» is also integral and 
M, — IMR is an element of the group Ao(71, S1). Consider now in A (7, s) 
the subgroup of all Mt, suchithat Mt, is contained in Ao(71, $1). Since this 
subgroup A*, contains the congruence subgroup of Ao(r,s), for the module q, 
it is of finite index in A, (r,s). On the other hand, ®*A*,& consists of all W, 
in Aor 6}, such that M == RMR is an element of Ao(r, s); hence the 
same argument shows that ®1A*,§ is a subgroup of finite index in Ao(11, &1). 
It follows that Ag(7,s) and Ao(71, 81) are commensurable. 


52. On account of Lemma 18, the condition of Theorem 13 is sufficient 
for the commensurability of Ao(7, s) and Ao(1,8:). It remains to prove that 
this condition is also ‘necessary, which is a little more difficult. 


Lemma 19. Let aand b be two numbers of K, ab=<0 and Ky an arbi- 
trary algebraic number field. There exists an integral number t in K, such 
that at? —b is not the square of a number of Ky and a(at? — b) is totally . 

positwe. 

We may obviously assume that a, b-are integral and K C Ko. We choose 
in K a prime ideal à having the following 3 properties: A is not divisible by 
the square of a prime ideal of Ko, i.e.,'A is not a‘factor of the relative dis- 
criminant of K, with respect to K ; 2a6 is not divisible by A; ab is a quadratic 
residue modulo A in K. Then there exists an integer t in K, such that at? — b 
is divisible by A, but not;by A’, and that, moreover, a(at?— b) is totally 
positive. Since ai? — b is divisible by exactly the first ree of ‘a prime ideal 
in Ko, it cannot be a square number in Ko. 


Lemma 20. There exists a quadratic form Q(%, So) equivalent with 
Q(r,s) în K and a quadratic form Q (12, 82) equwalent with O(1,8:) in Kı, 
such that the field K #(V/ To V So; Vra, V 82) has the degree 16 relatwe to -K*, 
where K* is the union ofthe fields K and K.. 


Using Lemma 19, we choose an integral number t in K, such that 
rt? —s = f. is totally positive and no square in K*. Then the quadratic form 
Q(t, 8) = rsg? — ry? + szg is equivalent with rsz? — toy? + rorsz? in K. 
Applying again Lemma 19, we construct an integer u in K, such that 
. Torsu? F 78 == Sy is no square in K*(V To) and sso is-totally positive. Then 

Q (r,s) is equivalent with Q (ro, $o) in K and the field K*(V ro, Vso) has the 
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- degree 4 relative to K*. We complete the proof of the lemma by using the 
same argument for Q(11,8:), Ki, K* (Vro Vso) instead of Q(r,s), K, K*. 

By Lemmata 18 and 20, we can assume for the rest.of the proof i 
Theorem 13, that K* (Vr, Vs, Vr, Vs.) has the degree 16 relative to the 
union “i of K and K.. l | | 

` Lemma 21. Let G be a subgroup of another group G, of fimte index j. 
For any element A of :G, there evists:a positive rational integer g = j, such 


ihat A? is an element of Gh. 


Let Gi, G.,¢ © +, G; be the right cosets ot G, relative to G and conside 
the 7 +1 powers A* (k = 0,---+,j). Then two of these powers A* and 
At (03k <15 j) lie in the same coset, and ‘A’, with g —1—k, is an 
element of G, q; e. d. 





53. LEMMA 22. Let A* bea subgroup of Ao (r, s) of finite index. Then 
there exists in, A* a diagonal matriz R, such that all diagonal elements of P 
are different one from another and that no conjugate of $, different from B 


and PH, has a diagonal element in common with P: 
| 


Let h be the degree of the field K with the conjugates K™,---,K m 
and KY == K. The number of algebraic fundamental units in K is h= 
The field K (Vrs rs) has the degree 2h; since it has 2 real conjugates ond 
h — 1 pairs of conjugate complex seinen the number of algebraic funda- 
mental units in K (Vrs) is h. Consequently there exists an algebraic uni 
A=a+bVrs, where a and b are numbers of K, such that no power A? 
(q= = 1, = 2,: : :) is a number of K. 

Denoting by N the'norm relative to K, we have N (A) =a ee ee = G; 
where c is an algebraic unit in K, and N({c*A7) = 1. We replace cA? again 
by A; then A is an algebraic unit in K ( Vrs), no power A1 (q = +1, £2,° e} 
ig a number of K, and N(A) = 1, \* = a—bVrs. By Fermat’s theorem, 
we may, moreover, assume AS=1 (mod 2 Vrs); hence a and b are integers 
‘of K. i 
Let q:,° © `, Qn be different positive rational integers and let 


H, = [A%, - . An]. 


Then the matrix, l - = 


O o NL O ee E T eee 
Ba (Mpa )—ER EBD X etnie MB) Xa 


| 
| 
| 
| 
| 
P 
| 
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is an element of the group A, (r, $). ‘By Lemma 21, a certain power P with 
positive exponent g lies in the subgroup A*. Replacing gq, (k =1,- - -,n) 
by 9x, we may assume that already $$ is an element of A*. /The diagonal ele- 
ments of P are A% à (kK —1,---+,n). Since the exponents gx,— qx are 
all different and A is no root of unity, these diagonal elements are all different. 

- For any number ¢ of K, we denote by ¿© the conjugate of t in K™), 
The 2h conjugates of A% = a + by Vrs are aP t bD Vrs 
(l==1,---+,h). Since 0,40 and rs) < 0 for l =2,:::, h, only the 
two conjugates a, -+ be VTS — à% and ap — by Vrs = A% are real. If a con- 
jugate P” of P has a diagonal element in common with B: then the substi- 
tution P—>P* arises either from the identical mapping AÀ or from 
A —> At, hence P* — $8 or P*— PB, q.e. d. 

We assume that the groups A,(7,s) and Ao(11,8,) are commensurable ; 
we shall now ‘first prove, that then K == K,. There exists a subgroup A* of 
Ao({r,s), of finite index, and a symplectic matrix R, such that RA*R = A, 
is a subgroup of Ao(Tf1, S1), of finite index. Henceforth we do not need the 
existence of a symplectic matrix ft with this property; we have only to assume 
that there is a non-singular matrix R with real or complex elements’satisfying 
A*R = RA, where A* and A, are subgroups of Ao(r,s) and Ap(71, 81), of 
finite indices. Obviously we may then, moreover, 'assume that Ñ lies in the 
field K*(Vr, Vs, Vri, VSi1) = Ko, of degree 16 over the union K* of K 
and K. . ; 

Let $ be the matrix of Lemma 22. Since $ belongs to the subgroup A* 
of Ao(r,s), the matrix RFPR is an element of A, and lies therefore in the 
field Kı (Vr, Vs). We consider any isomorphism A of Ko which does not 
change the numbers of Kı( Vr, Vs). Denoting the image under A by the 
subscript A, we have Wa Palla == HBR; hence the matrix B = RN 
satisfies 


(155) 7 Pa = BPV. 


This proves that the diagonal matrices Pa and $ have the same diagonal 
clements, perhaps in different order. By Lemma 22, either Pi =% or 
Pa =V. If atbvrs is a ‘diagonal element of %, then b -0 and 
(a+ bVrs)a =a + bVrs; whence (rs)a = 1S," 

On the other hand, 7s generates K, since all conjugates of rs except rs 
itself are negative. Consequently all numbers of. K are invariant under A. 
This proves KC K,( Vri Vs). Since K*( Vr Vsı) has the degree 4 
relative to K*, the intersection of Ki(V71, Vs.) and K* is K,. Therefore 


/ 


| 
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r 
t 


KC K,. Interchanging K and Ki, we have also K, C K; consequently 
K = K te 


54. We use the abbreviation | 
C Ç | 


LEMMA 23. There exists an element Wt of A*, such that CMC — Q 

is a diagonal matris with diferent diagonal elements. 
. Analogously to the procf of Lemma 22, we construct an algebraic unit 
p=a+ovVs ih K(Vs), such that a,b are integers of K, a?—sb?=4 
and all powers wt (q = +1,+2,:--) are different one from another. Let 
91,‘ © °, qn be different positive rational integers, Q, = [u,e pt] and 


NQ 9 
a—(( oe 


9, + Q Q, — al 
Q: AQI O,-+ 0,7 


Then the matrix 


m— 6206 —3( 


=H: +007) X e Hie (AT) Xe | 

is an element of Ao(7,s). By Lemma 3, a power WM = ©7096 lies in Až, 

Replacing WM, O97 by Wt, Q, we obtain the proof of Lemma 23. | 

Let again A denote an isomorphism of K (VT, r, Vs S, Vri, Vs) — K, 

which leaves invariant all ae of K(Vr1, Vs). Analogous to (155), 
we obtain 


(156) Qu = (CVE) Q (CBE) BE 
| 


with the matrix Q of Lemma 23 and B = RaR. Consider in particular the 
isomorphism A, defined by Vesey 5. sS, iV~ro Vr and write more shortly 
the subscript s instead of A,; then 


| 
Ls = P, Siy == QI, i 
By (155) the matrix RN == B has the form 
fo 2D) 
®—(o40) 0) 
where D(0) and D(1) ‘denote diagonal matrices; by (156), the matrix 
CVE- has the same form, whence | 


i 
| 


| 
1 
i 
i 
i 
' 
| 
| 
l 


SYMPLECTIC GEOMETRY. 71 
l o` D(1) 
(157) ; Rs = En 0 ) K, 


R = Rss = — (D (1)D(1) X €), 


ee) ,(1)D(1) =— C. 


Consider now the isomorphism A, defined by Vr—— Vr, Vs—> Vs; 
then Eas 
Pr = Ba, Qr aan 9, 


and we obtain from (155) and (156) the formula 


(159) - E kef oi PP ) g i 


with a diagonal matrix (2), whence 
(160) D,(2)D(2X2) =¢ 


Interchanging r,s and fı, Sı, we find'in an analogous manner 


(161) = R(_ gy si; R= (ora) ae 


(162) D(3)D.,(3) =—E,  9(4) Dn (4) = 
with diagonal matrices D(3) and (4). Moreover Rrr, = Mrr, whence 
(163) (Dr, (2) D7 (2) X eo) MK = KR(D, (4) D4 (4) X €). 


Since | R |40 at least one element rı: of the first row of R = (rez) 
is £0. We assume ru 540 for l= p, and define p= po, if po =n, and 
P = Po — n, if p>n. Let a be the first diagonal element of (2) and b be 
the p-th diagonal element of (4). By (160), (162) and (163), 

` dar = 1, btn = 1, aby = blr 


55. Lemma 24. There exists a number c z&0 in Ky satisfying 








(164) j ac = Cr, be = Cr, 
| vr 
If a1, we define i—-——, whence 
“n — avr 
a ei = 4d; 


if a= 1, we define d= 1. In both cases ad = d,. Putting 7 de = f, we find 
ffr P 1, 
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Vr 


f1 for f£ 1, and g == 1 for f= 1. In both cases 


Let g = 





| 
f9 =g gr = 9, | 
and c = dg has; the required propetries. ! 

| 


Since there is an, arbitrary scalar factor 4 0 in R, we may replace R by 
ct, where c is defined in Lemma 24. It follows from (159), (161) and (164), 
that then a and b are both replaced by 1. 


Let % be the first diagonal element of D(1) and f the p-th dagai 
element of D(3). By (158) and (162), 


(165) AZs == — l, PRs ==—1. i 
Calculating 


Rrs = Fars Rer, = Mess Rra — Near, Mess, aad Rar and Ras, = Ras 
by (157), (159) and (161), we obtain, moreover, 
(166) ‘ Qr ==, Ar, = A, Br = B, Br = — B, Bas, = QBs. i- 


By (165) and (166), the numbers u=aVr and v == 8 Vr, lie ih 
K(Vs, Vs;) and satisfy 


Utka E ii F, UUs, e fis Vuks, == UUg. 


Defining w == U/us, = V/V, we have Ws, = w == wz, and consequently w is 
number of the field K(Vssı). Let r= V'ss,/(w—1) for w 1, and r= 
for w=1; in both cases + lies in K(V'ss,) and rts = ta, = wr. Then thy 
numbers p == wr and o = vr satisfy 


l = > aa aa arias 


u v 
pam Uai E p VE E E p Tg =m UpTs ge er 


-< == ee ee S 


pps = UTUsTs == —— TTT, OOs, == VTVg T8, = — TITT ayy 


whence 


v ee m m 


=é 4V s, e= -pV s T= f+ oV Ss i 
(167) & — sy? = — 1 (0 — sso), &?— sim? = — ri (E — 85,07), 


where £, y, &, m, €, œ are numbers of K which are not all 0. 


We consider first the case o + 0. Pen Orne ie 3 linear substitutions 


ae i et ine m PEF i ew 
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T = ny + EYs, Y = EX3 + Snys, Z = a3 





EY Z2 Yo + Ezo - 
Tg = -4- Tau 3 Zs so 


Le 
sn? — E 3 Yee sw (Sy? — &) 
Ta == Siht -+ Yi t= ÉT +- MY, Za == Ri; 


we obtain, by (167), 


Q (r, 8) = rsr? — ry? + sg? == r (sn? — E) (T3? — sys”).-+ 82? ` 


T l 3 2 i 
oa oy? — & (2: — 8142") H BaZa == 148101? — ry + 514° = Q (71, 81) 5 
hence Q (r,s) and Q(ri, sı) are equivalent in K. a 

In the remaining case w == 0, we have 


E — sy? s re? and &% — sm? = — tg. 


Consequently the diophantine equation Q (r, s) == 0 has the non-trivial solution 
tom é, y == $y, 2==7f. Moreover it follows immediately from the signs of the 
conjugates of r and s, that K is the field of rational numbers. Applying the 
2 linear substitutions © 


Lety gpa bt My 
rl ? y ve ) 

S 1 $— 1 s— 1 s — 1 
T: = T4, Yz = + Yı -+ 96 Zi; | eS Poa a eae a Zis 


x Z = fo 








we obtain 
Q (r, 8) = T? — sy? + sz? = g? — y” + z” = Q (1,1); 


hence Q(r,s) and Q(1,1) are equivalent in K. Since the same holds for 
Q (rı, 81) instead of Q(r, s), Q(r,s) and Q(11,81) are also equivalent in K. 
Theorem 13 is now completely proved. In the particular case 


6, = a$ Q =, n = 1, s =1, 
we have 
A (G,, 91) =T" and Q (11, S1) am w? = Y? aa £4". 


It follows that the group A(&, §) is then and only then commensurable with 
the modular group, when the diophantine equation 2? + ry? == s has a solution 
zy in K. 
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X. UNIT GROUPS OF QUINARY QUADRATIC FORMS. 


56. For n> 2, the groups A(@,§) and their subgroups are the only 
known examples of non-trivial discontinuous subgroups of the symplectic 
group. However, in the case n = 2, another set of examples is provided by 
the unit groups of certain quinary quadratic forms. ! 

Consider the special quinary quadratic form 


S| mw] = WW — Wa? + WW 7 | 
and a complex tolumn w satisfying | 
(168) Sfm] =0, S{w}>0. | 


Tf Ws == 0, then Wi Wo == w? and W,We +- Woy — AWW, > 0, ‘whence Wy, a 0, 


| 
- -æ * na -_ ':' i per l 
(WW S WW ) 2 am WiiWii (WW -+ WoW, — IWW ) > 0, 


which is impossible, the left-hand side being the square of a pure imaginary 
quantity; consequently ws5&0. Introducing inhomogeneous coördinates 
wm == 3 = r + ib, we infer from | 


Sla] =0 and Si] =6 |i |= 100 >0 
the relationships Bo ot 
(169) Zižg — Ba” == %4, YPY — Ya? > 0, 


whence, in particular, yı 540. On the other hand, (168) follows again ‘from 
(169), if we define w = w53 with arbitrary ws s£ 0. 
The matrices . | 
Zi 2g ! 
oe (* J 
with YY — ys" > 0 and y, > 0 form the space H for n—2; let H be E 
space defined by YıYs — ys" > 0 and yı < 0. 

Consider now a real linear transformation w = Bw, such that SD] = 0, 
S{0} > 0 follows from (168). Since the equation S[w] = 0 is irreducible, 
we conclude that S[8] —AG, with a scalar factor A540. Consequently 
| B | +40, and these transformations forra a group. Since w,’ ~, ws are 
homogeneous codrdinates, we may replace B by aB, for any scalar p= 0: 


But | uB | = p> | B |; hence we may assume | V|—1 and S[8] = 


i 
| 
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Put B = (vr) and Ws = f + iĝ. Then the fractional linear 
substitution 
5 
D, Uki = 
(170) l = E (k = 1, 2.3) 
é 2 Pitt 
=1 


with 2, == 2122 — 2,” and Zs == 1 transforms the space H either into itself or 
into H, We are only interested in the substitutions which leave H invariant; 
they form an invariant subgroup of index 2 in the whole group. We denote 
this subgroup by 2(6). 

Obviously we obtain the solution of (170) with respect tq 21, 22, Za, if we 
replace B by B- and interchange 3,3. Hence (170) is a birational analytic 


mapping of H onto itself. A simple calculation gives the functional 
determinant 


d(2;, Bo, 2. x 
(171) es = W ws? sé 0. 


On account of Theorem 1, the transformation (170) is symplectic: 


am) (% #)—8= a3 +863 +9), (g p=% IM =S 


57. Let us now start from an arbitrary symplectic transformation (172). 





Defining | 
0 1 
opm (_ 1 a, i 
we have %:[%] =|. J: for any matrix §®, and consequently 
Ge) (€8+9)7*= +32 (8E + D) Se" | 
Moreover 


|B + D l= l D | +] Ge | H lD 2) 
for any two matrices $19 and G2, whence 
(174) | AB + B| =| A8 | +] B| + ¢(AZS.B’S.7) 
07) — 168+8|=]C8 |+ |S |+ (C3303). 


We apply (173), (174) and (175) for the calculation of - 
$ = (AB +B) (C3 +D) and |8/—|AB+Bl | €38 +8. 
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It follows that 
(176) B= (AWYD’ + BY WO + w AZE + w BID) So - 
(177) = o (AWJ-B' Z) -HIN | w + | B | vs 


(178) Ws sere o (CWI D Z) -+ | O | Wa -4- | D | Ws . 

with l | 

m—(% a b— (> oe E | 

Ws; We 3 We | | 

is a real linear substitution ® = %Ņw mapping the domain S[w] =0, 

©{w} > 0 into itself. Hence | 8| =v 0, | v58 |= 1. Moreover, B 

is not changed if we replace M my —Mt. This proves the identity of 9 (©) 

= and the symplectic group ©, for n= 2. By (171) and (178), the functional 
Qeterminant of the transformation (172) has the value 


(i) w = | C3 HD]; 


n g 
on the other hand, by (24), d8 = d8 [68 — D], which leads to the value 


| C8 +9 o that functional determinant; consequently v == 1, | B | = 1 
and G[8] == 


58. The formulae (176), (177), (178) and the identity of the groups 
(SG) and Q can be demonstrated in another way, without using Theorem 1. 
Let us first determine all skew-symmetric symplectic matrices ©. We 
have the conditions | 


A B P | 
(179) 6—(¢ p]=—0 
(180) ABP — BY, CY—D0', AV—VE =E. 
By (179), l 
W = Wa D = WS B = WI, O aS RY a —(% a) | 
We We 
with arbitrary W,’ >, We; by (180), wa and w: are symmetric and 


WI — (ww. —1)Mo. Hence either W is non-symmetric and then, neces- 
sarily, © = + $ or W is symmetric and 


(181) WaWa ER Wa? = Ws 5 ames is 
Omitting in the second case the-condition (181), we obtain the identity 


(182) (30) = —S [w]e 


we vm — — 


=f} 


SYMPLECTIC GEOMETRY. y7 
with 
S Wid, We oy — ( 3 
o RIDU Warde A Wa We 
and arbitrary W1i,° © `p Ws. 
_ We substitute 


Wy == — Up -- Ue, We = Vi — V2, Wg = ~~ Va, 
(183) | 

Wa === — Vy — Us, We = Va — U5 
then 


Cw MN 
(184) 36 —( es pe 


— U3 Vy — Vz. 0 Vs — Us 
V1 + V2 V3 =< Vert Us 0 ys 
= 0 V4 ~~ Us _ — U3 Vy ~{. Vo k=1 
— U4 — U5 ) Ui —= Ve U3 


5 : 
Sim] = 2 (1), 


be? = (—1)E (k =1,:: +,5), 
Jir = — Grd (Sk <tssd), 


by (182). The 16 products 31 hohe a" (e == 0,15; k= 1," :,4) form 
a basis for the four-dimensional complete matric representation of the well- _ 
known Clifford-Lipschitz algebra of order 16. The matrix 8129219354155 18 per- 
mutable with all matrices of the algebra and has the square &, hence it ig equal | 
to Œ or — &; by direct calculation we find the value € and therefore 


(185) 


(186) . Vs = Y12004 
Let now Ñ= Bw be a real linear substitution with G[p] = G[w] and 


LB) a= 1. We denote the matrix of the substitution (183) by & and put 
VAR = R = (141). By (182) and (184), the matrices 


k 5 
(187) Be = Ls Meds (k= 1, +,5) 


satisfy again (185), and consequently their product is + ©. It follows from 
(185), (186) and the linear independence of the 16 products that 


(188) . FSS NT = | R| E= E; 


hence (186) holds also for Sy instead of Se 


t 
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Since the two representations generated by Se and $r are necessarily 
equivalent, there exists a real matrix M, such that 


(189) Fy, = MRM REE 33)! 


Moreover, by (184) and (187), the matrices XM, and S$; are o skew-symmetrio, 
and consequently (189) leads to 


SMAGM — MIYIM at kaa, 


This proves that MIM is a scalar multiple of ©. There is an arbitrary 
real scalar factor in Wt; hence we may assume B[M] == + 3. Putting 


a EIRY No = s, 

190 = aan =D) US Oi 
: i be ee 2: teas die 
we obtain 
(191) G = + GM] . 
or more explicitly | ! 

Warso a P ee re | 

192 == + SM} M 

( ) (Ges Wsrdz] . SAB Ws 


On the other hand, if M is any real matrix satisfying S[M] = + S, 
then the matrix G in (191) is again a skew-symmetric solution of (182) and 
consequently of the form (190), and (192) defines a real linear substitution 
D= Viv with S[V] = GS and | V | =1, by (188). We may replace M by 
— Mt and obtain the same matrix B, but the pair Mt, —M is uniquely 
determined by %. 

Imposing on % the condition S[Mt] = +- 3, we obtain a subgroup of 
index 2 in the group of all B; and this subgroup is isomorphic to the inhomo- 
geneous symplectic group, by (192). If we write 


, [AS m 7 
m—(¢ a) ! 


and calculate the ee terms in (192), we find exactly the formulae (17 a, 


59. Let K be again a totally real algebraic number field of degree h. 
Let T[b] be a quinary quadratic form with coefficients in K such that all 
conjugates except Z[b] itself are definite. We assume, moreover, that %[p] 
has the signature 2,3, i.e, that [p] can be transformed into — vı? + v3" 
— v3" + v — v? by a real 3 linear substitution. Then there exists also a real 
matrix N, such that T[N] = 

Consider now the units a in K, i.e., the integral matrices U in K 


i 
ł 
4 


all ) 


A 
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satisfying T[U] =g. Since | U| — + T and |—U | == — | U |, we restrict 
ourselves to the case | U| = +1. Then the matrix R UN =V satisfies 
S[V] = S, | V | = 1, and the corresponding substitution, (170) transforms 
H either into itself or into H. We consider only the matrices U with the 
first property; they form a subgroup- of index 2 or 1 in the whole group of 
units with | U | = 1; we denote it by A(T), and by A(T) the isomorphic 
subgroup of Q. ; 

-Let us first prove that A (©) is discontinuous. By Section 19, it is sufi- 
cient to prove that A(X) does not contain an infinite number of bounded 
elements. Otherwise A(%) would also contain infinitely many bounded matrices 
U, by (176), (177), (178) and U = NBR. Since T[U] =f and all con- 
iugates of [v], except S[b] itself, are definite, all conjugates of these 
matrices are bounded. Moreover their elements are integers, and this is a 
contradiction. 

We apply now the following results from the theory of units of quadratic 
forms. Let Q be the space of real matrices O°) satisfying 


S[B] > 0, po- (e)- 


B D 
3— (5 a) 


is a real solution of G[8B] = ©, with B, = B,, then the mapping ` 


If 


D> (B,D + Va) (BOQ + V.) 


transforms Q into itself, We restrict $ to the matrices NUN, where U runs 
over the units of © with |U | =— 1. Then there exists in Q a fundamental 
domain Qo, with respect to A(X), bounded by a finite number of algebraic 
surfaces and having only a finite number of neighbors. Moreover the integral 
(198) (B= f ISIR] bean 

Qo 


has a.finite value. As a matter of fact, a proof of these statements has been 
published only in the case of the field of rational numbers, instead cf a totally 
real algebraic field K of arbitrary degree h; but the generalization of this 
proof offers no difficulties. 

60. In order to derive the corresponding results for the group A(X) 
and the space H, we have only to map Q onto H. If 
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(194) g—(* JOA %-=|8|, — z =1, 
3 42 

we define l 

= ” ; Ta Ya "L = 1 e 1 =) : ! 
=r +w, P= cso) ( 0 ) =g (88) = ee 
then the elements of Q == (qui) are | 
* è 4 — 4 T 

m= 2, Gg (k = 1,2, 3) | 
A Ya f Y4 


and 


o e= ewe _"]>0; 


! 


hence Q is a point of Q. On the other hand, if 2 is an arbitrary point of Q, 
we determine z, from the quadratic equation ! 


a mi-o 
and put | | 

(196) B() =a; 

then ; 


Slal—0, Sa =S] } >o. 
If we replace zy by the other root 2, of (195), the column 3 is replaced by 33 
therefore we can choose the root z, of this quadratic equation, such that 
jı > 0, and then (194) is satisfied. 

In this way, the fundamental domain Qo for A(X) in Q is mapped onto 
a fundamental domain F for A(X) in H. It follows that F has only a finite 
` number of neighbors F'm, for the elements W of A (©), and that any compact 
domain in H is covered by a finite number of images Fm; moreover F is 
bounded by a finite number of algebraic surfaces. Putting 8 =X + i9) and 
introducing the new variables X, Y into (193), by (195) and (196), we obtain 


v(X) = 4 { |9 [Haza =4 | azap- 
F = 


This proves that # has a finite symplectic volume. 

The latter result is not trivial in the case h —1, since then H is not 
compact relative to A(Z) ; this may be derived from the theorem of A. Meyer! 
that an indefinite quinary quadratic form with rational coefficients is a Zero 
form. On the other hand, Z[b] is not a zero form in K in the case h > 1, 


? 
{j 
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since we assumed that the conjugates of Y[o] are definite except V[p] itself; 
it can be proved as a simple consequence that then F is compact. 

This is a sketch of the proof of Theorem 14; the details may be completed 
according to the scheme of Chapter VII. 

Consider now the invariant subgroup A(Z) of A(X), defined by the 
condition 11==€ (mod x) for the units U of X, where x denotes, as in Theorem 
10, a certain power of an arbitrary prime ideal. It follows from Section 39, 
_ that Ax(%) has no fixed points in F. The subgroup Ax (©) is of finite index 
j in A(X), and the union of j images Fm of F, for suitably chosen elements 
M of A(X), constitutes a fundamental domain Fx of A(T). Since the domain 
Fx is compact in the case A > 1, it gives another example of a elosed manifold 
with the symplectic metric. 
| It is known that the volume v(&) appears in the formula for the measure | 
of the genus of ©. In this way an analogue of Theorem 12 might be found. 


61. We proved in Section 27, that A(G,) is commensurable with a 
group A(7,s) of symplectic quaternion matrices + Yt. We shall now derive 
a corresponding result for the group A(Z). 

~ A matrix of rank r is called primatwe, if its elements are algebraic integers 
and if the minors of degree 7 are relatiye prime. Let W, be a primitive 
matrix of rank 2. Then the matrix $[28).] = G = (gir) is.skew-symmetric 
and has the rank 2; its elements are the minors of Wp». It follows by an 
application of Laplace’s theorem, that also © is primitive. 


LEMMA 25. Let ©“ be a primitive skew-symmetric matria of rank 2, 
with elements from an algebraic number field Ko. Then there exists in Ky 
a promiwe matric Wo, such that Je Wo] = G 


Since ® is a primitive matrix of rank 2 and degree 4, with elements from 
Ko, we can determine in Ke a unimodular matrix UW, such that the first two 
columns of GU, are zero. Moreover the matrix G[U,] is skew-symmetric and 


again primitive; hence 
0 0 
sma =h, F 


where e is an algebraic unit in Ko. Obviously we may choose Uo, such that 
c==1. Denoting by We the matrix of the two last rows of U,™, we obtain 
the statement of the lemma, 

Por any skew-symmetric © = (gri), 


= 6 | in (gud — isf za + J14923)” 
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api piece a a 


and consequently 


(197 ) © gigaa — Jiga 1+ J1sGos = 0, | 
if the rank of G is < 4. It follows from (197) that the. 36 minors of 6, of 
degree 2, have the values + grig (1 Sk <IS4: 1S p<q=4). This 
proves that the skew-symmetric matrix @ is a primitive matrix of rank 2, 
if and only if.(197) holds and the six numbers ga (1Sk <1=4) ‘i 
relative prime. . | 
Let W, == (€D) be the matrix of Lemma 25; then 6,0’ — DË, 
= (is + gos)S%o, and consequently the relationship CD = DE’, holds, 
if and only if the condition | 


(198) E gis + Jaa = 0 


is satisfied. Since WU, = (O€), the equation 1,9’, — B,C’, =E “has an 
integral solution Wo, Bo in Ko. Then the matrices W, = Ma — BW C, and 
Bi = Bo — Bo WoD, satisfy ) : | 


MB — Bis == = BM", (CY: — DEJA Bo, | | 
WD's - SD B.C 1 = © — BD “9 (CD, — DEY, i i 
l l | 

| 

| 





and the matrix 


l TE DET H, 
(199) n-(% D 


with integral elements in Ko and the second matrix row We, is symplectic, 
if (198) is fulfilled, : | 





l | 

62. We consider again the substitution fp 8w with S[it] = S[w] 
and |@|—1. We assume, now that the elements vr: of B are integers in |a 
real algebraic field Ko and that B==€ (mod 2). We define 





| | 
Gis == Vais Jas =~ Us2, Jos S 40525 Jis = — Usa) Jiz = V54y Jaa == Vss. 


| 
= Then (198) is satisfied, and also (197), as a consequence of ©“ [¥B"] = ait 
Since | B | == 1 and vs:== 0 (mod 2), the 6 numbers gu (LS kh <1S4) 
are relative prime. By the results of the last section, the matrix Yt, of (199) | 


is symplectic with integral elements in Ke and ¥2.[@,,] = © == (ger), whence 
| 
(200) 5 = 3 vst = cn)" + |6 | wy + |D | ws. ! 
Let B, be the arnt of the linear transformation (176), (177), ara 


with Dt, instead of Mt. By (178) and (200), the matrices B and B, have the 
. same fifth row, hence (00001) is the fifth row of BB, = B. Putting 


| 
| 
| 
| 


4) 


Mey 
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PEM -m= ( 


Ma <9 
we infer from (168) that 


©. De 


ID] =1, |C€|=0 and o(G,W%,9.%.1) = o (WDC) = 0, 


whence ©, == 0 and 9,9’, — E. The corresponding linear transformation (176) 
takes the simpler form ` 


(201) R — WW] + WBM. 


Obviously Br is unimodular in Ko, hence the same is true for the matrix 
B, and the coefficients in (201) are integers. Let 


a b 
n=’ D 


then a?, b*, c?, d? are necessarily integers, hence also a, b, c, d. Moreover BW, 
is integral and | M, | = 1; hence B, is integral.. This proves that M — MM, 
has integral elements. Since | Mt | =— 1, these elements are relative prime. 
On the other hand, by (176), (177) and (178), the elements of W satisfy 
a system of algebraic equations with coefficients in Ko, and the only solutions 
of these equations are Yt and — Mt. It follows that yi tM == F, where is a 


| matrix in K, and ¢ is a number = 0 in Ko.. 


Since Vt is the greatest common divisor of the elements of %, the prin- 
cipal ideal (t) is the square of an ideal @ in Ky. Let Aı = E, Az: ><, Ay 
denote the ambiguous classes of ideals’ in Ko, i.e the classes A satisfying 
A’? == E, where Ẹ is,the principal class. We choose an integral ideal a, in Ax 
(k= 2,- -,g) and take a, — (1); then ax? = (ax) is a principal ideal and 
a, = 1, Let u,°--, ua be a complete system of fundamental units in Ko 
and denote by fı (/=1,---,28") the 28 products (—-1)%u,%- > + tha” 
(@ = 0,1; k=0,---,s), in particular fı == 1. The products azf, are all 


different ; we denote them by t: © -,¢m with m == 28g and t = æf- = 1. 


Obviously ¢ == tav’, where tg is one of the numbers ¢,,---,tm and v is a 
number in Ko. 
| a . : * 
None of the numbers te,: + -,tn is a square in Ko. We choose now an 


integral ideal w in Ko, such that none of those numbers is a quadratic residue 
modulo wọ If @==€ (mod wo), then |O|s=1, | W|=1, C=0, B=, 
by (176), (177) and (178). Moreover U®/s=€, and the coefficients of 
WN] — Ware = 0, Putting 


[n h 
á (2 *), 2 -(é rg 
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we obtain 


(202) = 1, Lh = Oy = di = da, lo =, = da = d == () (mod 290). 
| 


But Vta @ı = is an integer in Ko; hence. x? = tg (mod wo), ta = t, = i. 


We have proved that Wè is an integral matrix in Ko, if B is an integral 


matrix in Ky satisfying 6/3] = ©,- | 5 | = 1 and 8 = € (mod noo) | 


63. Let X[b] be the quinary aoe form of Section 59. There exists 


in K a matrix Ro, such that 


TiL] = m(— pv? + v2 — gus? + rsv? — 15") ! 
i 1 


with integral positive m, p, q,7, s. Putting 


(pqs) = M2, Pile = Mı, (Ma = Ms, TEM == Ma, TMa = Ms, a 








we have . 
5 . à j | 
l i -~ TL m= m, 
(203) = 
— MIME TLRob] = > (— 1eme. 
Let Q, be the matrix of the linear substitution 
(204) A goon ae ta V ma cà Ma, Ws = — vs V Ma 
i Wa = — V4 V Ma — Vs V Ms, Ws = Ve V Mg — Vs V Ms 
and. let Q&Q = N; then mim D| N] = S 
By (185) and (186), the matrices ! 
Oy = V me Be (k=1,-- +, 5) 


east ae | 
satisfy the conditions 


kO: = — QD (1 <k <15), Q= (— 1) mE (k= 1,-- 

(205) i 
II Qi; = rm ©. f 

k=1 ' i t 


Using the abbreviations 
0 1 0 1\ =1 0 | 

y __ i % 
aĴ1 ' 7 a52 = ap a§3 ( 0 1) ` H 
Vp=p V8—=p, Va—=ps Vr—ps 


we introduce the 16 linearly independent matrices 


Hs) 
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© 0 : 2 i — 5s 0 
n-ho o): E EET (—* 2), 
—€ 0 ass 0 
Ps == mMm SQ QQ => p2 ( 0 3 ? Pa gg PSL i ae 3 a} 4 
. ae 0 X, 0 
Ts 2 Mo Qg == Ps ( ! <i 3 Be = == Mg 1HR == P1ps3 o “a 3 


nS 
0 
x, 0 ae 
B, == gsQy == papz z) 3 pty Se mMm Se m Oy PaPs ( 0 x, 3 


0 — G 0 — 
Bo == M NQ Dy, = ps (_ Ç 0 } ? Pio = M PRQ Na = Pipa a r) ) 
0 
SS 


0 € nae S: \ 
11 = Me DO, = pops ( G 4 ; Bro = M Ra = prpepa ( 7 ? 
ae » 3 
; 0 3 0 Be 
Bis = m2 gQ QO, = psps ( % 4 » Bis = pas = pipsps e Qo}? 
` aes 1 2 
Lo ies nS -2 i 0 

Bis == Mo “Aisi, == popsps eae 0 J? Big = Me D284 = pipepeps x 

i 2 


Then any real matrix WM can be expressed in the form 


(206) | M = Sa 
with uniquely determined real scalar factors úr 

We denote the real algebraic number field K (Vp, Vg, Vr, Vs) by Ko. 
Let wo be the ideal of the preceding section and choose in K an ideal o having 
the corresponding properties with respect to K instead of Ky. We put 
4ngTswwy = p. 

On account of (203) and (204), the elements of the matrix Jt, lie in Ko. 
Let f be an integer 540, such that Nt, and fP, are integral, and choose in 
K an ideal v which is divisible by f?4. We consider now the elements U of the 
congruence subgroup Av(®) of A(®) defined by condition U = € (mod v). 
Then B =R UN, is an integral. matrix in K, satisfying O[%3] = 

V| = 1 and B= E (mod u). The corresponding symplectic matrices + Mt 
ee a subgroup A(T) of A(X). 

By Section 58, the pair WM, — Mt is uniquely determined by the conditions 


(207) Oy = MOM (k=1,°°°,5), ZMN] =3 
with 


(208) Op = D ral (k—=1,---+,5), (ma) = Sy 7, 


On account of the result of Section 62, the coefficients z, in (206) are numbers 
of Ky. We apply any isomorphism of K, which leaves all numbers of K 


a 
0 


\ 


86 CARL LUDWIG SIEGEL. 


invariant and denote by Phr, 0%, Qs hy x, the images of Be, Nk, Ör, Tr Thien 


(205) and (208) hold good with O*, &*, instead of Or, Ór, and the same; is 
true for the relationship 


SY, = AS an om (QA (QR) (k = l,- :,8 
It follows that both matrices 


| 
Ms 
- , 
SPF sce = TBk We, sx = wy | 
are solutioné- of (207), , with Q* hy O* s instead of Os, Da, and consequently 
ME = + MN, wae E a. ' (k= 1, + -,16). 


4 
a 
` [A8 = | 
m = ( , 7 
we have ae | 
J — ( Tı + A aa Tape — Tapıp2 (— fi - Tpi -+ Tpz 7 sr) 
. (— Ts — Zep, + Lips + Lspip2) ps — epi — Tape -F Capips 


D— ( Tı — Lepr F Usp2— Laprp2 — @ + Lepr + Lips + < rt 
(Zs — Lops F Lrp2 — Tepıpz) ps ` 1 F Lepr + Bapo + Vapipes á 


Putting 


if we replace tx by (~-1)*tusp. (k == E -,8), we obtain the expressions 
for Y, G. Pe (176), (177) and (178), B==0. (mod u) and C=0 (mod ġ), 
hence %,° > ', Tı are integers. Moreover (202) holds now for the module p 
instead of wo; consequently z,,* * -, 2s are also integers and v,’ == 1 (mod 4). 
Since | M | 1, the numbers vi,’ * *, 2s are relative prime. We apply the 
argument of Section 62 and conclude that the coefficients aw are numbers ot 
the field K. ` $ 

Let A(p, ; r,s) denote the group of all aperte matrices + Wt with 
integral tı, © ©,%ıs in K. We have proved that Av(£) is a subgroup of 
pP, q,r,8). On the other hand, if Mis an element of A(p, q, 1,8) satisfying 

= 1, = 0 (mod f?) for k= 2,- - -,16, then B= E (mod f°), by (176), 
as and (178), and U = ee is an element of the group A(%). Con- 
sequently the groups A(£) and A(p, q,7,5) are commensurable. 
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‘THE THEORY OF SIMPLE RINGS.* ` 5 


By EMIL ARTIN and GEORGE WHAPLES. 


Introduction. In this paper we discuss the theory of simple associative 
rings; for such rings we prove structure theorems which are generalizations 
of the well known theorems concerning commutators, automorphisms, etc. of -> 
simple algebrast We use a new method—namely, the study of the trans- 
formations which the functions — , $ 

n 
o(s) = > aytby 
yal 
produce on the elements of the ring. The reader will be able, if he wishes, 
to extract from our discussion proofs of the structure theorems for algebras 


. which are shorter than those usually given. For his convenience, we have 


occasionally inserted known proofs, in order to make the theory complete. 


1. Vector spaces over rings. If Ris a ring, we call a set V of elements 
an #-vector space if its elements form an abelian group under addition and if 
R is an operator domain omi this abelian group, satisfying the usual axioms— 
namely the distributive law and.the condition that multiplication in the ring 
is the same as combination of operators, Usually R operates on the left side, 
and in that case the product of operators corresponds to the function-thzoretic 
product (or(x) == o(7(x))); but occasionally we write the operators on the 
other side, and then this is not trus. In the following, we shall usually assume 
that no non-zero vector is annihilated by every element of R. The only spaces 
we shall consider will be R-subspaces. 

` A space is said to satisfy the minimal condition if any set of -subspaces- 
contains a smallest one. This is equivalent to the descending chain condition ; 
that is, to the condition that every descending chain of subspaces must be finite. 
The minimal condition on spaces is occasionally easy to verify by the following : 


THEOREM 1. If V is the sum (not necessarily direct sum) of the sub- 
spaces V, and Vo, both of which satisfy the minimal condition, then V satisfies 
the minimal condition. 


* Received January 26, 1942. 
' 3 For these theorems, and for complete references, see M. Deuring, Algebren, Ergeb- , 
nisse der Mathematik, vol. 4, no. 1, Barlin, 1935, or A. A. Albert, Structure of ERAT 
New York, 1939. 


87 


88 EMIL ARTIN AND GEORGE WHAPLES. 


ty et 


-o Let W be any subspace of V, W: the intersection of W and Va. ard 
W, the set of all elements v, which appear in any possible equation .w == v, + Uz. 
(These elements will be called the V -components of W.) Then both W, and 
W are subspaces of V. Let W” be a subs space of W. We contend: 


Lemma. If W contains Woe, and if all of W, occurs among the Vicom- 
ponents of W’, then W == W. 


I 
i 
i 


Proof. Let w = v, -+ va be any element of W. Then v, lies in Wy, 50 


that there is an element w’ with the same V-component: w= v, -}- v's. Since 
w— w = V — va and belongs to W, it belongs to W. Therefore w — w’ 
belongs to W’ and so w itself belongs to W’. | 
Now suppose we have a set of subspaces W of FV, +- Vo. Consider fn 
all those of our set for which the corresponding subset W, of V2 is minimal, 
and, among these, one for which W, is minimal. There obviously cannot be a 
smaller W in our set. | 
A’ space V is said to'be irreducible if RV #0 and if V contains no 
proper subspaces other than 0. _ x | 


Lemma. If the R-space V is the sum of r irreducible subspaces V1; Vo, 
-V,, and if £1, 02," * +, are any s > r-vectors of V, then one of them ca 
be written as a linear combination of the others, with coeficients in R. 


Proof. The lemma is evident for r == 0, because that means that V is the 
null-space. Assume that it is true for r— 1 and use induction. Let 


_ Cy = Ly, F Tia +s + ++ Vr 
Ea = Loy + Loo ++ + > Lor 


Ca = Ter F Bes H't tH Ter | 
be a splitting of our vectors according to the covering V = V, + V: + 
+ -V,. If the first term of each of these sums is 0, then ti, £a, © * Ws are re - 
tained in the subspace Vs -+ Va +-- - --++ V+, and the lemma follows from our 
assumption. Otherwise we can assume 7,540, Then Rg is a non-zero sub- 
space of V, and so it follows that Ra,, == V1. We can, therefore, find elements 
G2, 43,° * ` Qs in R, such that aya, = ti The new elements | 
| 


Yo == Te — Mai 5 Ya = Ta — Azti; AR =s Yg == Ta — lsti 
$i 


are then ey contained in the subspace Ve + Y +--+ Fe ‘Sin e 


their number s — 1 > r— 1, one of them, say ys, can be expressed in terms 


of the others. From this expression, we easily get an expression for £s in 
terms of Zi, Yo, *.° * Ber 7 
. 2 | 

| 


od; 


} 
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A sum V = V, + VH- +--+ Vn is said. to be direct whenever every 
element of V is uniquely expressible as a sum of elements of the Vi, or, what 
is the same thing, whenever v, + v2 -+> © : -+ Va = 0 implies that each v; = 0. 
In case our sum is not direct and V, is ir A there is obviously only this 
alternative: the sum of the spaces Va and (Vi + Vo -t e Vaa) is direct, 
or else Va has a vector in' common with the sum of the others; then F since 
it is irreducible, is included in this sum, and V = Vi 4 Ve+::-:+Va4. 
Should all the V; be irreducible, we should therefore get a a sum by 

removing as many terms as possible from our expression V == Va + Veo: 
+ Va; the sum which remains will be direct. 

The following assumption gives a useful class of special H-spaces: Let 
every vector of V be contained in a finite sum of irreducible subspaces. We 
shall call such spaces regular. 

If V is a regular space and contains a direct sum Vi + V.+-°+--+ V; 
of irreducible subspaces, we have the following alternative: either V is equal 
to that sum, or there is a vector of V not contained in it. Since the space is 
regular, there must, then, bé an irreducible space V,+} not contained in our 
previous sum; then. Vi + V2-+---++ Fra is direct. Should this process 
never come to an end by leading to the full space, we should obtain an infinite 


` sequence Va, Vo, Vast -- of irreducible subspaces with a direct sum. The 


following descending chain 


Wi = Vi + V H Vte 
W, = Vot V +>. 
W; = E Vat: 


shows that in such a case the minimal condition cannot be fulfilled. A regular 
space with minimal condition is consequently the direct sum of a finite 
number of irreducible spaces. Conversely, the direct sum of a finite number 
of irreducible spaces is, by Theorem 1, a space with minimal condition. The 
number r of components in such a direct splitting is obviously an invariant, 
for if V is the direct sum of Wi, W.,--- Wa, it follows from our lemma that s 
cannot be larger than r; if it were, we could select vectors different from @ in 
Wi, Woa e - Ws such that one of them is expressible in terms of the others, 
contradicting the directness of the sum. 

_ IF and W are two R-spaces, a homoniorphism of V to W is a mapping 
of each vector of V onto some vector of W, which is a homomorphism for the | 
group operation and is connected with R by the assumption that if o(v) =w, 
then o(rv) = rw, for all r in R. The set of all images of V need not fill out 
the whole space W, but it is always a subspace. Should this subspace be all 
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of W, then we may say that W is the homomorphic image of V. On the other 
hand, many vectors of V might be mapped onto 0 of W. The set of all these 
forms a subspace of V; should this subspace be 0, and should W be the homo- 
morphic image of V, then the mapping is really a one to one correspondence 
and the two spaces are said to be isomorphic. 
We now readily see that in case V and W are irreducible, we have only 
this alternative: either all of V is eo onto 0, or the mapping is an 
isomorphism. Let V == V, + Vz +: V, be a direct splitting of V into 
irreducible subspaces, and let W be a subspace of V. The following procedure 
will give us a homomorphic mapping of W onto V,: split any element w 
according to the direct sum into components, and map w onto its V,-com- 
ponent v,. If we, furthermore, assume W to be irreducible, we see that if V, 
and W are not isomorphic, our homomorphic mapping must map TV onto 0, 
and consequently the V,-component of any element of W is 0. So in this 
case W is already contained in the direct sum of those among Vi, Vat © © Vr 
which are isomorphic to W. This suggests a grouping of the components V; in 
such a way that isomorphic V; are united. Should V,-+ V.+-:-+ Ve be the 
space generated by such a group, then we see that it contains all irreducible 
subspaces W of V which are isomorphic to V;, and no others. We can, there- 
fore, describe this space in a way not related to any special splitting, by saying 
that it is the sum of all subspaces isomorphic to V. That its multiplicity 5 
is invariant follows from our previous discussion. ! 
Every ring EÈ can always be considered as an K-space, by defining the 
operator product of the operator a and the vector œ (where of course both of 
them are in Æ) as the ordinary product az. A subspace, under this concept 
of R as left H-space, is then a left ideal. & can also be considered as right 
R-space; the subspaces of R are then right ideals. Since it is very useful to 
study these spaces, it is clear that we shall have to make some finiteness 
assumption about R: we usually assume, therefore, that R satisfies the minimal 
condition for left ideals, or,-what is the same thing, that F# is a left co 


with minimal condition. 
l 


2. Simple rings. A simple ring is a ring E containing no two sided 
ideal other than itself and 0, and such that R? 540. A vector space over a 
simple ring is either annihilated by the whole ring, or it is not annihilated by 
any element other than 0; for the annihilators of an R-space V form a two 
_ sided ideal, since aV = 0 implies both Ray == 0 and ahV =a(RV) C aV =0; 
This shows that a non-zero left ideal I of a simple ring has no left annihilator 
other than 0; for since the set of annihilators of I is a two sided ideal, the 
only other or is that [ is annihilated by the whole ring R. But then 


| 
| 
' 
I 
| 
i 


ben 


Ss 


THE THEORY OF SIMPLE RINGS. : 91. 


R is annihilated on the right by I, and then, for the same reason, the set of 
right annihilators of R would be R itself, contradicting R? 40. The same 
reasoning applies to right ideals. 

Now assume that # contains minimal left ideals (ideals containing no 
subideal other than 0). Let V be an irreducible space and [ a minimal left 
ideal. Since [V=40, we can find a vector £, such that Iz, = V. If we map 
the element A of I onto Aw, we obviously get a homomorphism; since both 
spaces are irreducible, it is an isomorphism. Hence all irreducible spaces are 
isomorphic, and the isomorphism with any minimal left ideal can be produced 
by the process described. Let us especially identify V with I. a is then an 
element of I such that A —> Az, is a one to one correspondence of I onto itself. 
Since zy must appear among the images, there is an element e of I such that 
eTo == Zo Hence ery == et) > 0, and the fact that it is a one to one corre- 
spondence shows that 'e? == e540. If [ is a minimal left ideal, then fa is a 
homomorphic image of I, and hence is either 0 or isomorphic to I. Let us 
now consider the sum of all minimal left ideals; ? from the preceding sentence, 
it follows that this sum is a two-sided ideal and consequently is the whole 
ring R. | 

We can now prove a theorem concerning the existence of a unit element. 


THEOREM 2. If R is simple and contains minimal ideals, it contains a 
unit element tf and only if it satisfies the mammal condition for left ideals. 


Proof. R is the sum of its minimal left ideals. Suppose it contains a 
unit element. Then this element 1 can be expressed as the sum A, + A2 + ° °° 
Àr of a finite number of components, each of which is contained in a minimal 
ideal. The sum RA -+ Rr. +: +--+ Ra, therefore contains R-1= #, and © 
each Fà; is a minimal ideal. So # is covered by a finite number of irreducible 
spaces and hence satisfies the minimal condition. 

To show the other part of the theorem, we first prove a more general ` 
statement : 


Lemma. If Ris a simple ring with left mimmal condition and Y is any 
left ideal, then there is an idempotent e in I such that 1 = Re. 


Proof. Since every ideal contains a minimal ideal, it also contains some 
idempotent. Among all the idempotents of I select one, e,, such that the set 
of elements of I annihilated by e, from the right is as small as possible. 
(This set always forms a left ideal m.) We contend that m = 0. If m were 


24 sum of an infinite number of sets is defined to be the set of all finite sums of 
elements of the components. 
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Se rap ee ee a E 


not 0, it would contain some idempotent ez different from 0; then gie == ( 
Put e= e, — 616 + e2; then ee, = e1; Ceo = 6, and 8O ee = ee, — 6616: + p 
= ¢. Now ve = 0 implies zee, = xe, = 0, so that e can never annihilate more 
than e But e really annihilates less than e, because ese = ez, whereas 
l6, = Q, 
Thus [ contains an idempotent which annihilates no non-zero element 
from the right; let e be such an element. If x is any element of I, z — ze is 
also in I and is annihilated from the right by e; hence «— ze. We see that 
é acts as a right unit for all elements of I. If we apply the lemma to the case 
[== R, we get the existence of a right unit e in R. The solutions of 
equation ex == 0 would form a right ideal r. Now t-t = (rejt = r (ery = 
since a right ideal is annihilated from the right only by 0, r = 0. But «— j 
is annihilated by e from the left; hence g = ez. 
| 
COROLLARY. A simple ring with minimal condition for left ideals satisfies 
ihe minimal condition for right ideals. In fact, if Re is a minimal left ideal, 


eR is a minimal right ideal. : 


This corollary will follow from Theorem 2 as soon as we have proved the 
following ! 


| 
Lemma. In any simple ring R, an ideal of the form Re (e idempotent) 
is minimal if and only if eRe is æ quast-freld. | 
Proof. Let R be a simple ring and Re a minimal ideal. For any non- 
zero element a of eRe, we know that Rasé 0, since R contains e and ea == a: 
So Ra = Re; this implies eRa = eRe and, since ea = a, eRea == eRe. Hence 
the ring efe has a unit element, and a left inverse of any non-zero element. | 
' If, conversely, a is any non-zero element of Re, the set eRa is a left ideal 
in eRe, since eRe eRa C eRa. If, therefore, eRe is a quasi-field, eRa can be 
only 0 or eRe. In the first case the left ideal Ra would be annihilated by a 
on the left; this can happen in a simple ring only if Ra is 0. In the opon 
case, we conclude that Reha = Reke. Since Reh = R, this gives us Ra = Re; 
Re is minimal. : : í 
Thus if R is simple with minimal condition for left ideals, Æ contains a! 
minimal right ideal and has a unit element; hence, by Theorem 2, (applied to, 
right ideals instead of left ideals) Æ has the.minimal condition for right ideals. 


THEOREM 3. If [= Re is a minimal ideal, then tis R-homomorphisms! 
are exactly the set of transformations obtained by multiplying 1 on the right, 
by elements of eRe; hence, if these homomorphisms are written as right: 
operators, they form a ngs isomorphic to eRe. 


l 
| 
| 
| 
! 
l 
| 
| 
| 


THE THEORY OF SIMPLE RINGS. 93 


Proof. 1- eRe = Re: eRe = Re, so that multiplication of | by any element 
of eRe gives a homomorphic mapping of I on itself. If, conversely, a is the 
image of e under any homomorphic mapping, the image of ze will be aa. 
Setting xv equal to e, we get ea = a; since a is in I, we have also a = ae, 
Hence a = eae e eke. 


THEOREM 4. To every simple ring R, with minimal condition, we can 
find a quasi-field k and a right space of finite dimension over that quast-field, 
such that R is isomorphic to the set of all k-linear transformations of that 
space, if we write them on the left side. The space will be any minimal left 
ideal and the field the set of all R-homorphisms of that left ideal. 


Conversely, the set of all k-linear transformations of am y right space of 
finite dimension over a quasi-field k is a simple ring R with minimal condition; 
the space is irreducible, and therefore isomorphic to any minimal left ideal of 
R; and the field*is isomorphic to the set of R-homomorphisms of the space. 


\Thus the structure of k and the dimension of the space are uniquely 
determined by R. 


i Proof. We split R into a direct sum of minimal right ideals: B == rı + tz 
-4 © iaa — Lis 
(1) i = 0, + l’ i -F ên 


is the corresponding splitting. of the unit element 1, we multiply (1) by ¢ | 
from the right and compare the result with the obvious splitting of e; into 
components: ¢;—=-0O-+---+0+¢4+0+-.-:-+0. This shows that e; is 
‘idempotent and that eser = 0 if i s4 k, Multiplying (1) from the right by R 
shows that none of the e; can be 0, or else we could split R into fewer right 
ideals. . 
We now take [= Re, as our left ideal, and let k ~e,Re,. e; cannot 
annihilate I from the left, because a left ideal has no left annihilator. Select 
æ; £0 out of ef. Then aje,Re, = «,Re,; but aR is part of eR and not 0, 
so that aik = eRe, = el. Hence ak + a: +- e o j Ank == el A ef+- 
+.e,f >D I and is therefore equal to I. 

If we multiply @,, %2,: * -@, on the left side by zei, o is taken into 0 if 
kt, and a; is taken into tai Since Ra, = I, we see that «; can be ‘trans- 
formed into an arbitrary element of I while the other a are taken into 0. 
This shows that the a; are linearly independent over k and that we can find 
an element x e R which takes. the n vectors q; into arbitrarily given images in I. 


3 This theorem was first proved (for simple algebras) by J. H. M. Wedderburn: “ On 
hypercomplex number 8,” Pr oceedings oF the London M athematical Hia vol. 6 (1908), 
‘pp. 77-118: 


` 


| 
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To prove the decon half of the theorem, let V be a right k-space of of 
dimension n, and R the ring of all k-homomorphisms of V. Let a be a ‘two 
sided ideal of R and a s4 0 an element of a. Select any n independent vectors 
A;,A2,°+*An of V. a cannot take all these vectors into 0; assume that lit 
maps A, onto B=40. Let o be a transformation mapping A; onto A, and all 
the other A; onto 0; then ao will map A; onto B and all the other basis 
vectors onto 0. Let 7 be a transformation mapping B onto C; rac will map Ai 
onto an arbitrary vector C and all the other A; onto 0. But rao also belongs 
_ to a;.it follows that a == R. 
That V is irreducible over # is clear, since every vector different from 0 
can be mapped onto any other vector. It. remains to be shown that if we 
consider V as #-space only, then the field k consists of all R-homomorphisms. 
Let A be a fixed vector different from 0 and let B be its image under a given 
k-homomorphism of V. If B were linearly independent of A, with respect 
to k, we could find an element o of R such that a{A) =A ando(B) = 0, Our 
homomorphism mapped A’ onto B, so it should map o(A) onto a(B), i.e. A 
= onto 0, contrary to assumption. Consequently, A is taken into Ac. If | is 
any other vector, we can find ao such that o(A) = C; then o(Ax) = 


_, Our homomorphism takes A into Ax, and therefore takes o(A) into T 


hence it takes any vector C into Cx, with the same x. 

Any space over a simple ring with minimal condition is regular. Indee : ; 
any vector x is contained in Rx and therefore in his -he-t -+ Ing, where 
the I; are minimal ideals. But every liv is either 0 or irreducible. 

If two spaces with minimal condition over a simple ring R with scale 
condition split into the same number of irreducible components, they are 
isomorphic. The isomorphism consists, indeed, in mapping each irreducible 
component of V onto one of the irreducible components of V’, and then 
extending that mapping to a mapping of V on V’ by addition. If we have a 
slightly more general situation, namely, two rings R and R’, that are iso 
morphic under the mapping r<>7", and.an R-space V and an R’-space v, 
which both split into the same number of irreducible components, we can dọ 
something similar: we first consider V’ as an R-space, by defining the multit 
plication of V’ by an element r of R to have the same effect as the multiplication _ 
by the image 7’ of rin R’. Hence there is a function e mapping V onto V’ in 
such a manner that for any vector v, and any element r of R, we have c(rv) 
== froe (v). The multiplication of v by r is the original one; since o(v) is in y 
the multiplication by r means really the multiplication by 7’. We conse 
quently have ` o l , | 

| 

THEOREM 5. If Rand R’ are two simple, isomorphic rings which contain, 

: 
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minimal ideals, and V and V’ are spaces over R and RB’, respectively, splitting 
into the same number of irreducible components, we can find a mapping func- 
tion o{v) of V. onto V’, which is a one to one correspondence and satisfies the 


identity a(rv) == 1’a(v) (where 1’ is the image of r under our isomorphism). 


COROLLARY. Under the same conditions as before, except for the equality 
of the number of irreducible components of the two spaces with.minimal con- 
dition, it is possible. to map one of the spaces, say V, onto a part of the other, 
by a one to one correspondence o(v).such that the same equation holds. 


‘Proof. Should V’ have more components than V, we can cane a PUDEDERS 
of V’ having the same number. i 7 


3. Direct products. We give a definition of direct product of two spaces | 
over a quasi-field k. 


If & is a quasi-field and A a right, B a leit a (such that the unit of 
k acts as unit on A and B), we consider the set of all finite formal sums: 


(1) Ta = AvB» 

with Aye A, Bve B. We allow at first no simplification whatever besides the 

commutative law of addition, and are neither allowed to cancel two terms nor 

to drop a term with a factor 0. Two such sums are added in the obvious way. 

These sums do not form an additive group, because we have neither a zero 

element nor a negative. The associative and commutative laws are obvious. 
Such a sum shall be called a nullform if and only if there is.a substitution 


+ t 


(2) | B= EB Bin 


for the B; by some other vectors B’; of B(Bipek) such that we get 0 as 
coefficient of each B’; if we formally substitute (2) in (1) and collect all the 
coefficients of B’;—that is, if for all a: 


(3) — > Avpri == (), 


The set of all nullforms shall be denoted by Vz. If (1) is a nullform 
such that (2) and (3) hold, we select any linearly independent vectors A’, 
such that every A; can be expressed by them: 

(4) A; = >> A’ päpi. 
Substituting this in (3), we have X, A’u@pvBv; = 0.. Since the A’; are linearly 
roe | 


independent, we get: 
(5) ; ` > OnvBvi == 0 
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| 
| 
| 
for all k and i. Multiplying (5) from the right by B’; and ene the sitm 
over 4, We see that because of ( a 


But (6) means that (4) substituted in (1) leads to a coefficient 0 of A’; : 
we collect terms.. This shows the symmetry of our definition of aallon: 
namely, Ns C Na (where N4 stands for the nullforms defined by A-subs j- 
tution. ) Consequently, Na = Ng, so that we denote this set merely by N 3 
. Furthermore, we have shown that the question whether or not (1) is a null 


form can be decided. by expressing the ‘A; in terms of any set of linearly J - 


4 


pendent A’;, Since our definition of Nis now known to be symmetric with 
regard to the A’s and B’s, we have: 


Lemma. The decision whether (1) is a nullform can be reached by 
expr essing the B; in terms of any set of linearly independent vectors B’: (1) 
is a nullform if and only if (3) holds. oo i 


- It is fairly obvious how to prove that the sum of two nullforms is a nulh- 
form, and that 3 (— Ay)By is in N if (1).isin N. But we need also: 


‘LEMMA, If SA By +34,B,eN and SAB, e N, then ZABE N. - | 


Express both the By and the By in terms of a set of linearly independent 
B’,. These expressions are uniquely determined : By = SBivB%, Bi = 3B wB’ ve 
Since 3AvBye N, we have 3A.8,,—0. Froni this and the first of our 
assumptions, we deduce 3A,B, £ N. | 
Finally, we remark that AB + (—A)B is aways in N. Indeed, both 
the B-vectors:can be expressed by one alone, namely B. The coefficient of this 
B after collecting is A — A = 0.. [ 
If X stands, for a sum (1); we agree to let _x stand for 3(— A+) B \ 
We now introduce a congruence : a 


X= Y (mod N) 


means that X +' (— Y)eN. Reflexiveness and symmetry are fairly obvious. 
| We concentrate on transitivity. . Let 


X+ (—F) eN; Y+ (—2)eN. 
Then i 
x + (2) 4+ ¥4 (SF) eN. 


Since Y + — Y) eN, we kaia X + (—Z)eN from the second of our 
lemmas, 


















ap 
i 
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If X=Y (mod N) and Z =W (mod N), we have ¥+Z=Y+W 
(mod N}. Tn the sense of congruence, our forms are now a group with every 
element of N as zero element and — X as negative of X. The rules 


A(B-+ B’) =AB-+ AB’ (mod N) 
(A+ A’)B=AB+ A'B (mod N) 
A(aB) = (Aa)B (mod N) 


show that in “the sense of congruence any formal change is allowed with the 
vectors A and B. 

We now substitute — for = and call this abelian group, A X xB, the 
direct product of the spaces A and B relative to k. 

If A and B are rings as well as k-spaces, and & is a field sence on 
both sides of A and B, we define the product of the elements $, avbv and 


2 a’,b’» to be = (avau) (bvb’»). To show that this defines a ring, it suffices 


to show that this multiplication is well defined relative to equality in A X xB. 
To show this, we need only prove that if Savby is a nullform, then Z (aav) (bby) 
is a nullform. But if the substitution 6; = 3Piyb’, makes the first sum 
obviously 0, the substitution (bb;) = 38in(6b’,) makes the second obviously 0. 
So AX zB is a ring. Clearly A X xB is isomorphic to B X x4; we shall allow 
the order of the factors of the terms of (1) to be changed and say that 
A X B= B XA: the direct product is commutative. It is also easy to verify 
that A Xax(B X 0) = (AX 2B) X uC: direct product is associative. If A 
and B are of finite degree over k, then the degree of A X B, over k, is the 
product of the degrees of A and of B, since if a,-- +a, and b,: + - bm are 
linearly independent bases for A and for B, the elements a;b; are a linearly 
independent basis for A X xB 

If B has a unit element ls, the elements als of A x B form a subring 
isomorphic to A. Indeed, alg == 0 if and only if a == 0, since 1g is linearly 
independent. The properties for addition and multiplication are obvious. 
We identify this subring with A itself. Should A have a unit element, we can 
in a similar way ‘identify B with the subring of elements 14b. Since 
(als) (14b) = ab, we see furthermore that in that sense A X „B is really 
the product of A and B. 

If # is a simple ring, we cail any function 7(z) of the form Xavera’y, 
where z is a variable in R, an analytic linear function. If 7 and /’ are two 
analytic linear functions, their iteration (V (x)) is obviously again analytic. 
The main theorem about analytic linear functions in a simple ring is the 
following: 


7 


t 
t a A . } 
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THEOREM|6. If Ris a simple ring with unit element, and centrum| k, 
and tf ar, d2,° * ‘dr are linearly independent with respect to k, we can find 
an analytic linear function mapping these elements on arbitrarily it 
elements bi, ba, © © br = 
i ; n l 

Proof. It obviously suffices to prove the theorem in case one of the b; 
is 1 and the others 0. If r= 1, the possible values 1(a,) form the two sided 
ideal RaKk, which is È because # is simple: this proves our theorem for r == 1. 
Let it be-true for r—- 1 and assume that we have found, for each i = 1- 
r— 1, an analytic linear function l; (x) that maps a, into 1 and all the others 
(except possibly ar) into 0. We try to find an /(x) which maps ar into 1 and 
all the other a; into 0. This is easily done as soon as any l; (ar) is an element 
outside the centrum k; indeed, if ¢ is not commutative with l; (ar), the linear 


function A(x) == 14(a)e—cli(x) will map ai, @2' ` * ar; into 0 and ar into 


a non-zero element b. If w(x) is a linear function mapping b into 1, we can, 


take u(A(x)) as our desired function (z). 

We therefore assume that l; (a+) =x; £ k for t==1:--:r—i1. We n 
put A(z) = ali (£) + dale(x) +° > + arıl-a(2)— z. Obviously A (a:) = 0 
for t=1,---,r—1. A(ar) cannot be 0 for else 0 = akı + aake’ | 
+ Gr1Kkr-1 — Gry contradicting the linear independence of the a; with respect 
to k. If u(x) maps (ar) into 1, the function (£) = p(A(z)) is the solution. 


-THEOREM 7. If Aisa simple ring with unit element and centrum k, and 
B is any ring with unit element, containing k in its centrum, then every two 


sided ideal of A X kB is of the form A X xb, where b is a two sided ideal of B. 


| 
Proof. Let XN be any ideal of A X +B, and b the intersection of 2 with © 


B. It is clear that A X xb is part of W. Let, conversely, €= Savby be an 


element of W. We can assume that all the ay are linearly independent with 


respect to k, since we could otherwise simplify the expression for é. If J; (£) 


is an analytic linear function with coefficients in A, mapping a; onto 1 and 


all other a’s onto 0, we find that l: (£) = };. Since 1,(é) belongs, with £, to 
the two sided ideal M, every b; belongs to b, and hence W = A X xb. 





COROLLARY. If A and B are simple, with unii element, and the centrum 
k of Ais contained in the centrum of B, then A'X B is simple. 
_ With the help of the preceding theorem we can, in many cases, determine 
the intertwining relations of two subrings A and B of a bigger ring R. | 


THEOREM 8. Let A and B be two subrings of any ring R, with the 
following properties: 


| 
| 
| 
| 
| 


pe: 
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A and B both have the same unit element (which need not be unit element 
for R). 


A is simple, and its centrum k is included in the centrum of B. 


Every element of Byis commutatwe with every element of A. 
Then the subring A> B of R has the structure A XB. This means that there 
are no intertwining relations between A and B other than the most trivial ones. 


Proof. We construct two new rings A and B, isomorphic to A and B, 
and having only the image & of k as common elements. We orm the product 
A X zB and contend that the following mapping onto A- B is an isomorphism: 
let Sdvbv correspond to 3avb,. We have first to prove that the mapping is 
uniquely determined, but if 3@by == 0, there is a transformation in the b; 
that makes this obvious. The corresponding transformation in ayb, will 
show that this element is also 0, because the computation involves only the 
distributive and associative laws. That the mapping is a homomorphism under 
addition and multiplication is also obvious. It remains to be seen that it is a 


one to one correspondence. The set A of all elements of A XB that are 
mapped onto 0 forms a two sided ideal. According to our theorem, this ideal 


has the structure A X zb, where Ë consists of those elements b of B which are 


mapped onto 0. Consequently b = 0, and therefore A = 0. 

This allows us to determine the structure of the set of all analytic linear 
functions of R, from another point of view. These functions form themselves 
a ring (with iteration used as multiplication). This ring, L, contains two 
subrings: First, the. functions la(x) == az. “The set of all these functions is 
clearly isomorphic to R as soon as & contains a unit element, and we can, 
without misunderstanding, identity this subring with R itself. Second, the 
functions la” (x) = va. The set of all these functions is not isomorphic to R, 
because ~ 

la” (la* (2) ) == sba = lra” (x). 


But the mapping of R onto the /,* is an anti-isomorphism, interchanging the 
order in a product. This new ring will be called Æ*¥ ; its structure is of course 
known if the structure of R is known. If R is simple, with unit element, R* 
has the same properties. le and l¥ are commutative, since leli” (x)) = axb 
= l” (la(£)). If, finally, x is in the centrum of R, le(s) == l” (x). This 
shows that the two rings satisfy all conditions of the preceding theorem, and 
therefore # X ;#* is contained in L. Since, on the other hand, every element 
of L can be obtained from the special functions R and R* by iteration and 
addition, we have L = R X;k*. This shows that L is again simple. 
As for the minimal condition in direct products, we prove: 
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THEOREM 9. If A and B have unit elements included in the field k, the 

minimal condition ina ring A X B is satisfied if it is true for A and B is of 
finite degree over k. : | 
| 


Proof. ‘The minimal condition means that A X B, considered as left 
space over A X B, satisfies the minimal condition for subspaces. Now eac 
A X xB-space is certainly an A-space. If, therefore, we prove the minimal 
condition for A X +B, considered as A-space, then our theorem follows. Let 
Wi, W2, * * Wy be a basis of B with respect to k. Then A X B = Aw, + Ate 
+: +--+ Aw,. Hach of the spaces Aw, is isomorphic to A, so the minimal 
condition for 4 X xB follows by use of Theorem 1. | 

Coming back to the linear functions L = R X ,k* of a simple ring with 
centrum k, we can prove: 


f 
THEOREM 10. The minimal. condition for left ideals of L is satisfied if 
and only if R is of finite degreè over k. 


It suffices to prove the second: half. Let, therefore, R not be of finite 
degree over k, and Wi, We, wWs,° > + an infinite sequence of linearly independent 
elements (with respect to k). | 

Let I; stand for the set of all analytic linear functions l: (s) that aa 
Wi, Wa, © © wi onto 0. Clearly L D l, and differs from it, because I; contains 
a linear function that maps w,’ - - wi onto 0 and w;,, onto 1. Since these 
are left ideals, we have proved the theorem. ! 

If R is of finite dimension over k, the structure of L is completely deter- 
mined by Theorem 6: | 

THEOREM 11. If R is simple, and of finite degree over its centrum t, 
then L =R X ,R* consists of all linear transformations of the vane R, with 
respect to k. 


| 
i | 

Proof. Since every analytic linear transformation satisfies the conditions 
L(x -+ y) =(<) + 1(y) and I(x) = xkl (£), for every element x of the cen- 
trum, L is part of the set of all linear transformations. If, on the other hand, 
Wi, We,’ * * Wn are a linearly independent basis for B, with respect to k, we 
can find a function 1(x), mapping Wi, w2,° * -Wn on arbitrarily selected images. 
But any linear transformation with respect to % is uniquely determined by the 

images of the wi. j 


| 
Another way to state the previous theorem is this: | 
| 
i 


If Ris simple and of finite degree n over k the ring RX R” is tso- 
morphic to the ring of all matrices of degree n over k. 
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å. Commutators of subrings. If R is a ring with minimal condition, 
and we want to study a subring of Z that also satisfies the minimal condition, 
it seems natural to restrict one of the two factors of L = R X ,k*, by replacing 
it by a simple subring A of finite dimension over k. Such a ring A is called 
a simple algebra. We shall therefore study the subring S=RX;A*, It 
again satisfies the minimal condition, and consists of the linear functions 


(1) L(x) = Srveay, 


with 7ye R and ave A. We might now consider R as a leit S-space, in the 
sense that Z is applied onto x, as left operator, by computing I(x). 

Since S contains the linear functions denoted by R, every S-space is also 
a left R-space; since R satisfies the minimal condition over R, the same is true 
when # is considered as space over 9. Assume now that we have in È a second 
algebra A’, isomorphic to A, under an isomorphism a<> a’ that leaves every 
element of k fixed. The set S’ == E X ,A’* is then isomorphic to S under an 
isomorphism that maps the function (1) onto ¥ (z) = 3raa’y. We remark 
that the special function /(7) == za is mapped onto the function ze’. Let us 
now make use of the corollary to Theorem 5. KR appears as space to the two 
isomorphic rings § and S’, and we may therefore assume that a function o(s) 
can be found, which maps, by a one to one correspondence, R onto some part 
of itself, and satisfies, for every le S, the equation 


(2) o(i(x)) =V (e(x)). 

We first specialize to L(x) =— rg and get o(re) =rfo(£). Putting s == 1, and 
writing c for o(1), we have o(r) = rec. Since r can be any element of R, we 
have «(z) = sc. This mapping is a one to one correspondence between R 
and the images, so that zc == 0 implies æ = 0. c being no right divisor of 0, 
it has an inverse.* Specializing now in (2) to /(x) = za, we get sac = wea’. 
Putting « = 1, we find: 

a == Cac. 
This gives us the following: 


THEOREM 12. Let R bea simple-ring with minimal condition and A and 
A’ two simple subalgebras of R containing the centrum k of R. Any isomor- 
phism of A to A’, that leaves every element of the centrum k fixed, can be- 
extended to an inner automorphism of R. | 


t The left ideals Rev form a descending chain; hence, for some n, Rent+1 = Ren. In 
the set on the right we have cx and therefore, for some v, @cen+1 == en; since c is no 
divisor of zero, we = 1. 
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COROLLARY. If Ris an algebra, every automor phism of & that leaves ve 
centrum fixed is inner. 
Proof. Select A = A’ = R. | 
In order to study the way in which a simple subring is embedded in, a 
larger ring, we, need to define the degree of a ring, not only over a subfield, 
but over a simple subring. To do this, we commence with the: | 


Lemma, Let S be a simple subring, with minimal condition, of any ring 
R, and let R and 8 have the same unit element. If 1, and I, are two minimal 
ideals of K, then any isomorphism of I, onto 1», considered as S-spaces, can be 
extended to an isomorphism of RI, to Rls, considered as R-spaces. ! 


Proof. If e, and e, are idempotents of I, and Ip, let cz he the image of é, 
under the mapping of Iı onto I. Then x= ve, of [, is mapped onto ac. df 
I- If we multiply, therefore, the set Re, = RSe, = Ri, from the right by cz, 
this mapping is an &-homomorphism and an extension of our mapping of j 
onto [,. The set of images is Re, == RSc, = Rly. 

Let now c, be the image of e, under the inverse of our isomorphism, 80 
that xel, is hereby mapped onto gc, Then ¢.¢,==¢. If now Terco = 0, 
we would have we,¢.¢; = we, == 0, Our mapping is therefore an isomorphism. 

Now let S—1I,+1,+:--+-+], be a splitting in minimal left ideals 
and 1 == Xe, be the corresponding splitting in orthogonal idempotents. We 
easily deduce E = Re, + Re. -+-----+ Her. This is a direct sum, since’ mte, 
F Lely + +++ + te, = 0 shows after right multiplication by e, that re; = 0, 
We now consider # as a left S-space. Hach of the components fe, is then also 
a left S-space, and they are isomorphic, since they are even isomorphic if 
considered as R-spaces. Therefore we can break each of them into an equal 
number of irreducible S-spaces. This will lead, after regrouping, to a splitting 
of R into a finite or infinite sum of left S-spaces, each of which is a direct 
sum cf precisely r components,.and is thus isomorphic to § itself. An S-sub- 
space of R that is isomorphic to S has the following structure: let w be the 
image of 1 if we map S onto the subspace. æ of § is then mapped onto cw 
of the subspace, and since the mapping is an isomorphism, zw == 0 with @ in 
S implies x 0. Doing this with each of our spaces, we see that there exist 
elements w;, such that R = 3Sw,. Any finite number of w; is linearly inde- 
pendent with respect to ©, in the sense that a linear combination of them, with 
coefficients in S, is 0 if and only if all coefficients (not merely all terms) of 
the sum are 0. The number of irreducible S-components of the S-space R is r 
times as large as the number of w;; therefore the number of te; is invariant; 
we shall call it the left degree of R over S and shall denote it by (R: 8). Now 


THE THEORY OF SIMPLE RINGS. 103 


in precisely the same way as in case of fields, we can prove that (R: 8) 
= (R: 8) (98:81), if S is a simple subring of S. 
If F is a ring and S a subset of £, we denote by RS the set of all elements 
of R which are commutative with every element of S. If g is still a subset 
of R, and T another ring with unit element, we have (R X ,7')S = R8 X pT. 
- For the right side is certainly contained in the left. Let Srvtv be any ele- 
ment of the left side, with linearly independent ty. If s is any element of S, 
then 3(stv—~1vs)tv == 0. Since the fy are linearly independent, we see that 
every ry is in RS, Similarly, if SC R and U C T, and § and.7 are rings 
containing k, (R X xT’) SX*¥ == RS X TU. R* is of course the centrum of R. 
Now let R be a ring and T be an algebra, both with centrum k. Then 
(RX aT)EX:T hk X xk =k, so that k is also the centrum of RX pT. 
Assume now that R and T are simple rings with minimal condition, that each 
contains a simple algebra containing k, and that these two algebras are iso- 
morphic under a correspondence leaving the elements of k invariant. We shall 
denote both these algebras, though different, by the same letter A, since 1t will 
be clear from the formulas which is meant. The simple ring with minimal 
condition & X xT now contains the algebra A in two ways; consequently there 
is an inner automorphism of R X T that will map one onto the other. -Com- 
puting (R <,7')4 for both algebras A, we get the two sets R4 X T and 
RX T4, These are, therefore, isomorphic under the same inner automor- 
phism. Computing further 


(R XT) PAX: and (BX pT) EXT 4) 


we get the two sets REO and T(?“), which are therefore isomorphic under the 
same iscmorphism. ) 
Should we be able to prove that R4 is simple, we could compute the degree 
of RXT over R4 X pT; since an inner automorphism -of R X T maps 
Rå X T onto R X +24, the degree of RXT over Rå X T should be the 
same as the degree of R X T over E X T4. The reader can easily deduce the 
equality (R: R4) = (T: T4). The proof for the simplicity will be given soon. 
If we only know that our algebra A is contained in Æ, we have to con- 
struct a T. Assume that the degree (A:k) is n. Consider A as a k-space, 
and denote by M the set of all linear transformations of A over k; that is, the 
algebra of n X n matrices oven k. The degree (M: k) will be n?. M contains 
a subalgebra isomorphic to A, namely the set of all linear transformations of A 
that are obtained by multiplying A from the left by an element of A. Calling 
this ring of linear transformations also A, we now ask for M4, i.e. for the 
linear transformations o that satisfy the condition o(av) = as (z), for all a 


104 EMIL ARTIN AND GEORGE WHAPLES. | 

. and sin A. Putting < = 1, denoting o(1) by c, and writing x instead of a, 

we see: a(z) = ac. It follows easily that the set of these linear transforma- 

tions is isomorphic to A*, so that we have M4 == A*. (We did not assume 

that the centrum of A is k; the centrum might be larger, so that M would 
possibly not be equal to A X ,A*.) | 
Substituting M for T in our previous result, we can prove: | 


THEOREM 13. If Ris simple with minimal condition; and A is a simple 
subalgebra of R containing the centrum k of R, and tf also (A: k) =n and 
M is the set of all linear transformations of A over k, we have: 


of R X M. 
2) BA is simple. 
3) RRD) = A. 


| 
1) RAXM and E X ;A* are isomorphic under an inner aii a 
| 
| 
4) (R: BA) =n. ! 





Proof. The first statement is clear. Since A* is simple, R x .A*! is 
simple. This proves that R4 X M, and consequently R4, is simple. As for 


the third statement, R@“) is mapped by our inner automorphism onto 


M4) — MWA" which is the A contained in M. Since we know that our iko- 


morphism maps precisely the A of & onto the A of M, we get our statement. 
The fourth statement follows from the fact that (M: A*) =n. (For (R: RA) 
= (RX xM: Rå XM) = (EXM: RX prA*) = (M:A*)). This follows 
in turn from (M: k) =n? and (A*: k) =n. 

There is one very general theorem concerning simple subalgebras of rings, 
that holds for any ring R whose centrum contains the centrum k of 4 and 
whose unit element is contained in &. The proof of this theorem depends on 
the following: | . | 


Lemma. Assume that an analytic linear function I(x) = Sayxa’y, with 
coeficients in, A, is 0 foral se A. Then I(x) ts 0 for all we Rk, 


Proof. Since we can express the a’y by linearly independent elements ofi A - 
and collect terms, we can from the beginning assume that the a’y are linearly 
independent. The necessary operation for collecting is the interchange of| x 
with an element of the centrum k of A; this can be done, according to our 
assumption, for all ze È. | 

: We contend that now all the ay are 0. To show this, we consider 1) 
for values of A only. The linear functions of A form a ring isomorphic ‘to 
A x ,A*, and under this isomorphism our linear function will correspond |to 


| 
| 
| 
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Save’, Since L(s) = 0 for all ce A, we have 3a,a’*, = Ù, and the linear 
independence of the a’ shows that all the a are 0. But this means that 
l(a) = 0 for every x in R. 

Our first aim is to compute #4; we contend that this can be done in the 
following way: 


THEOREM 14. Let I(x) be any analytic linear function with coefficients 
in A which is not identically zero and which maps every element of A onto an 
element of k. The values I(x), for all x in R, will then range precisely 
over RA, 


Proof. If ais any element of A, t(z)ea —al(x) is a linear function with 
coefficients in A that is 0 for every xe A. According to our lemma, it is 0 
for every x in R. Since a is arbitrary, this proves that I(r) e RA. 

To prove that we get every element of R4, take any element a such that 
l(a) =«=£0. Since we can replace a by xa, we can assume that l(a) —1. 
If z is any element of R4, we get I(za) = zl(a) = z, because we can inter- 
change z with every coefficient. 


THEOREM 15. Under the same assumptions as before, we have 
R= RA gA. 


Proof. Let ay, d2,' * -@» be & k-basis for A. Let 1,(x) be the analytic 
linear function with coefficients in A that takes a; into 1 and all the other a’s 
into.0. The linear function (a) = arh (£) + aala (£) +: + > + anin (£) — g 
is Q for £T == @;, @2,* * * Gn, and therefore for every v in A. This proves that 
for every x in È we have s == d1,(@) + Qelo(@) +--+ ++ Gal, (a). Since the 
values of l; (x) range through R4, we see that R == A-RA4, That the dot can 
be replaced by the cross follows from Theorem 8. 


COROLLARY. If A is a simple algebra with unit element e and centrum k, 
contained in a ring R (for which we make no aun), then ek 
= A p< veRå, 


Pronk Consider first the ring (eRe)*. Obviously the centrum of this 
ring contains k. eis unit element for this ring, and the i lemma can 
be applied. But ((eRe)*)4 = (eRe)4 = eRA, 


THEOREM 16. Let R be simple with chain condition, and let k be its 
centrum and T a subring containing k. Then if R= wT + wel +--+ > + wal, 
RT is an algebra A, and (A: k) Sn. 
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Furthermore, these two statements are equivalent : 


ao a see ee er 


1) T is the commutator of a simple subalgebra of R. 


2) T is simple, (R:T) is finite, and all homomorphisms of R into itself, 
considering R as right T-space, are analytic. 


Proof. Let T be any subring .of F such that R = WT -WT -peee 
-+ WaT. Consider the set S of all homomorphisms of #, considered. as right 
T-space. This ring S contains as subring the analytic transformations among 
them. Let o(%) = Irysy, and assume the ry linearly independent with 
respect to k. Since, for every te T, o(st) —o(z)t = 0, we get the equations 
tty — 7 yt == Os so that all 7» belong to A= RT. This subring is therefore 
to be denoted by R XyA*. It contains as further subring the left multipli- 
cations of x by elements of F, and this ring of transformations we have always 
denoted by R. Since the degree (A:k) = (R X }A*: R), our inequality’ will 
be proved if we estimate the degree (8: R). Every homomorphism a(z) of 
S will map wy, W2’ * + Wa» onto certain elements a1, @2,: + ‘dn of R. If these 
elements are known and g = wti + wet, +` > «+ watn, then its image will be | 
Gib, ~- Qoto +++ ++ nin. Let us denote o(s) by the n-dimensional vector 
(@1,@2," * *@n). We are interested in the behavior of 8, considered as left 
R-space, where R means here the transformations p(x) == wv. Iterating our 
previous o with that transformation would lead to (ra,,7d2,:°°7@n). This 
shows that S is isomorphic to a certain part of the set of all n-dimensional 
vectors over R. The statement concerning the degrees can also be interpreted 
as a statement about the number of irreducible components: the degree has 
only to be multiplied by the number of irreducible components R has. This 
makes it clear that (S: R) Sn.: (From previous work, we know that this 
degree exists). Hence (A: k) =n. Itis furthermore clear that (S: R) =n 
if and only if S fills out the whole of our space of n-vectors. This means that 
there are linear transformations mapping the w; onto arbitrary images. But 
then the w; have to be linearly independent, because w,t, + Wets Hti 
+. Wnt, == 0 would yield t: = 0 if we applied the homomorphism mapping w; 
onto 1 and the others onto 0. gs conversely, the w; are linearly independent, 
and we map Wy,t, + Wats +: +++ wat, onto ait, + Gata +>: i + Ute this 
clearly gives an element of 8. 

If A is a simple subalgebra of R and T is taken as R4, we may apply 
Theorem 13. Hence the w: can be taken as linearly independent and 
n == (R: R4) = (A: k) = (S: R). Since (R X%,A*: R) =n and RX xA" 
C 8, we get R X 4* =S, which means that all our homomorphisms are 
analytic. 


| 
| 
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Conversely, if T is simple, we can take the w’s linearly independent. If 
we assume that all our homomorphisms are analytic, so that S == R X +A", 
we get first n= (R X &+4*: R) = (A:k). We next get that © is simple, 
because it consists of all homomorphisms of the n-dimensional T-space R, and 
is therefore isomorphic to the set of all ñ X n matrices with elements in P. 
or TX xMn. So R X1A* is simple, which implies that A is simple. Since 
RA must be of degree n under R, and certainly contains T, we find that 
T == RA, which finishes the proof. 


COROLLARY. If A is a-simple subalgebra of R containing the centrum k 
of R, (R simple with minimal condition) and a(x) is a homomorphism of R 
satisfying the equations o(at) == a(x)t and a(tx) = to(x), for all elements 
t of T — RBA, then any expression of o(a) with linearly independent coefficients 
has the form Zastav, where the ay as well as the a’, are in A. 


This is proved by the method used in the first part of the proof of the 
preceding theorem. 


THuoREM 17. Under the same assumptions as in the preceding corollary, 
every automorphism of R that leaves every element of T = R4 fixed consists 
of a transformation by an element of A. 


Proof. Since o(zt) =o(a)o(t) —o(a)t and o(tz) = to (x), our corol- 
lary gives o (x) == Xayra’y. We can assume that the ay and the a’, are linearly 
independent with respect to k. Let I(x) == Xbpeb’») be an analytic linear 
function of A which takes a, irto. 1 and the other a; into 0. Compute 
> bpo (bux). On the one hand, it is {5 byo(b’p) }o(x), and therefore is of 
4 u 


the form ao (æ). On the other hand, it is È barb’ yeay = X, L (ay) tay = t'a. 
Vy fb p 
Here a’; is not 0 because it is one of a set of linearly independent elements, 


We therefore get ao(s) = ga’. Let A(x) = F, eva’, be such that Ala’) = 1. 
Compute >) ac(xey)c’,, On one hand, it has the form ae(x)b; on the other 


hand, it is X zeir =x. Hence ac(x)b =g. Putting x =1, we see that 
b == a, and hence o(s) = ara. That a belongs to A follows from the 
corollary. 
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ON WEAKLY COMPACT SUBSETS OF A BANACH SPACE.* : 


R. S. PHILLIPS. 

| 
In the last few years use of the Banach space weak topology has proven 
exceedingly fruitful in the hands of Bourbaki (4), Smulian (24), Kakutani 
(14), Ghantmacher and Smulian (9), Sirvint (23), Dunford and Pettis (8), 
and others. These investigations have been concerned either with sequentially 
compact subsets or with bicompact subsets. In this paper an attempt has been 
made to bridfe the gap between these two extremes by considering No-compact 

subsets where $4 is any cardinal number. | 
One could define a subset to be §,-compact if every covering of power 
<=, of the set’s weak closure contained a finite subcovering. Bourgin has 
done this, treating the problem from a topological point of view (5). We have 
preferred an analysis approach, which, we believe, permits a much n more direct 


"and essentially simpler development. | 


A subset G of a Banach space X will be said to be Na-compact if for ne 
subset [aa | we directed set of power = Nal of G there exists an aoe X such 
that l 
lim (2r) S (z0) = lim (zz) 

s l 


= | 
for all Z belonging to the adjoint space X. The notion of limit is defined |in 
the Moore-Smith’sense (18). We do not insist that the limit inferior or limit 


superior be finite. If lim (ær) exists for all eX, it is clear that #(a) 
= lim @(ar). ‘A ama d will be called Na-complete if for every subset 

cee directed set of power = N4] of G for which lim (ær) exists for all | 
Te X, there exists an zo such that Z(2)) = lim (Tr) for all če. Such an 


To is necessarily unique. If, then, G is Ne-compact, it is likewise Na-complete. 
The. converse is not true. An N-compact subset G will be defined as a set which 
is Na-compact for all No. 

Many of our results are simply generalizations of known theorems for — 
sequentially weak compact sets. For purposes of completeness we have given 
new proofs for some of these theorems. We have tried to free ourselves from the 


* Received August 29, 1941. j 
1 The class of elements s satisfying we property P will be designated by [s | P] 
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analogues of the usual separability condition which has often accompanied the 
discussion of sequentially weak compact sets. This we have been able to do in 
the statement of our results, but unfortunately not always in our method of 
proof. 

In Section 1 we have compared Ng-compactness with related compactness - 
| notions. We find, for instance, that for weakly closed sets coverings of power 
< Nu have finite subcoverings if and only if the sets are Ng-compact, while for 
convex sets Nu-compactness is equivalent to transfinite closedness of order No. 
If the unit sphere of XY is Na-compact, then the unit- sphere of X is also 
Na-compact. If in addition there exists a set of power = Na total on X, 
then X is reflexive. | ‘ 

Section 2 deals with the obvious generalization of the weakly completely 
continuous transformations, namely, Nae-compact transformations. If U is 
N.-compact, then the adjoint transformation U is likewise Na-compact. If a 
sequence of N-compact transformations converges in norm to g transformation 

U, then U is found to be Ne-compact. | 
By the principal theorem of Section 3, the closure of the set 
[Scact | Ze | ae | = 1] is Ne-compact if and only if G is Na-compact. Hence 
the closed convex extension of an Ng-compact set is Na-compact. An application 
of this theorem. gives us a criterion for Ne-compact sets. 

Section 4 is concerned with determining conditions on the geometry of X 
under which Sq-compactness implies N-compactness. For example, all No-com- 
pact subsets of a strictly convex space are S-compact, and all 8,-compact subsets 
of a space for which there exists a total set of power = Na are N-compact. We 
have as yet not been able to find ar example of an No-compact set which is 
not S-compact. 

An application of our results is given in the final section of the paper. 
Here we prove that if 7(r) is a completely additive, absolutely continuous set 
function of bounded variation such that [(¢(7)/|7]|) | (| e(r)|[/[ 7 ]) Sa] 
is No-compact for all n, then there exists a measurable function x(t) such that 


g(r) - f x(tjda. This leads to a general form of the weakly completely 
T 


continucus transformation on & to an arbitrary Banach space and to the ` 
conclusion that this transformation is necessarily separable. 

It will be convenient to make the following notational conventions: The 
weak topology w( X) of X as elements has the generic neighborhood U (zo) 
= [x || (£ — z) | <e i= 1,2,; - -,n] where the 2; are arbitrary elements 
of X. The weak topology w(X) of as functionals has the generic neighhor- 
hood Ui %) == [é||(€—Z)ai|[<¢ i= 1,2,- n] where the z; are 


t 
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arbitrary elements of X. X is a regular Hausdorf space in the w(X) Tn 3 
while X is a bicompact Hausdortf space in the w(X) topology. If Gisa subset 
of £, then Gz will designate the smallest linear extension of G; Go will be the 
norm closure of G; and cv(G) will be the convex extension of G. Mr will, ‘be 
. the Banach space of bounded functions a(t) on an abstract class T = idi to 
real numbers having the norm || a || =1.u. b. [| a(t)| |teT]. lr will be the 
Banach ‘space of functions a(t) on an abstract class T = [t] to real numbers 
for which ||a|/— | a(#)| exists. T? f(t) is a function, then f(-) will 


designate the function considered as an elernent of some class. of functions. 
Finally, Xo = [z | se X, || æ || = c] so that X, is the unit sphere. | 


l. Related compactness definitions. Before attempting a systematic 
study of the properties of Na-compact sets, we shall illustrate the usefulness of 
this notion by giving a criterion for reflexive Banach spaces. A Banach space 


is called reflerive if for every eX, there exists an re X such that (2) 


== £(v) for all Ze X. : 


1.1. THEOREM. A necessary and sufficient condition that X be reflexwe'is 


that X, be Na-compact and that X contain a subset of power © Na total on X. 
Given eX and T, an arbitrary subset of X of power = Na, we first show 


that maa exists an te X such that (4%) =.2Z(a,) for all žer. The set of 
all finite subsets v of T is a directed set (<= means set inclusion) of power 
= Na. By Helly’s theorem (18), there exists an £r e X such that £(¢) = Z (ae) 
for each Gem and || ar || S || #|| +1. As X, (and hence Xa) is No-compact, 
there exists an spe X satisfying the condition 


t 

j 

lim #(£r) < a(sp) Slim £(2z) | 

for all eX. Now lim &(ar) = (2) for all 5er. Therefore #(Z) = (ay ) 
Tv , 

for all eT. 


Let us now apply this first to the case where T is a set of power = Ne 
total on X, and then to I’ =T LU & where Z, is an arbitrary element of x. 
Then (tp) = Z(£) = (ay) forall Zer. As T is total, tp == tp. Thus 
&(£) = £(«#,,) for all Z belonging to IY and hence, since Žo is arbitrary, for 
all že. In other words, X is reflexive. | 

The necessity is quite evident. For, given any set [zr] C X, where ii 
is a directed set, an argument similar to that used by Banach (1, p. 118) 
demonstrates the existence of an #eX such that 
lim &(ae) S Ë(2) Slim Z (zr) 

ar T 


eee n e a eet ee 


t 
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for all Ze Ž. As X is reflexive we can replace # by an element of X. As this 
holds for all sets [7], it holds in particular for all sets of power less than or 
equal to the power of any subset of X total on X. 


1,2 Definition. A set GC X is said to be Na-compact* if for any family 
of subsets [A:|¢¢ 7] of G such that 1). Az is closed in the w(X) topology; 
2), the power of T = Na; 3). any finite subset has a non-vacuous intersection ; 
shen f A; is non-vacuous. 


D. G. Bourgin (5) has shown that if Xi is Na-compact* and if X contains 
a subset of power <= Na which is w(X) dense, then X is reflexive. In Theorem 
1. 9 we show that XY, is Ne-compact if and only if it is S_-compact*. Further 
if TC ¥X is total on X then the set of all finite linear combinations with 
rational coefficients, which is of the same power, is #(X) dense in X (see 
Lemma 2.4). Hence the two theorems are equivalent. 

In the statement of Theorem 1.1, the hypothesis that X be Ne-compact 
can not be replaced by Na-completeness in the w(X) topology. This breaks 
down for the space / which is No-complete in the w(1) topology and for which 
any dense subset of the separable space co is total. l 

For purposes of orientation, we shall next compare Ne-compactness with 
related compactness notions. In this it will be convenient to have the following 
lemmas. 


1.3 Lemma. If G is Sa-compact, then gwen [ax | we directed set of 
power = 8a] C G, there exists an ay belonging to the closed conver extension 
of G such that 


lim 2 (£1) S (ao) Slim (£r). 


for every tež. 


If zo did not belong to the closed convex extension of G, there would exist 
an Z and a constant c such that %)(2%)) > c while #,(x) Sc for all reG 
(8, p. 331). This clearly contradicts the inequalities satisfied by zo. 


1.4 Lemma. If G is Na-compact, [wx | re directed set of power =z] 
C G, and if lim Ë (£r) ewists for a set T C Ž total on Gro, then an converges 
w 


weakly to a unique element of X. 


As G is Ne-compact, there exists by Lemma 1. 3 an 2» e Gg such that 


lim ë (2r) S (£0) < lim (zr) 
T T 


for all če. Suppose that for a given oe, lim 4,(ar) 4 Zo(z0). Then 
T 


l 
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i i l 


there exists an e œ> 0 and a subset [#’] of [r] cofinal with [r] such that 


lim Zo (£m) = Zo (zo) -+ e (or lim Zo (2e) < (T) —e). As before there exists 
; a 


or? 


an Lae Gro such that 


lim (ter) S &(a’y) < lim (zr) 
nr? m 


ee M e a e a 


for all eX. Now (z) = (2o) for all Zer. Therefore go = £o, contrary 
to Zo (2'o) = ole ) +e. Hence lim (£r) = #(2,) for all Ze. a is clearly 


> | 
unique. 


1.5 Definition. @ is said to be Na-closed if, given any subset [zu] where 

[u] is a well-ordered set of power < Na, there ig an zo e X such that | 
lim (cy) S 2 (£) < Tim 2 (zp) | | 

for all že Ž. ” _ ! 
1.6 THEOREM. The following are equivalent: , 
1). G is No-compact, : 
2). Gis sequentially compact in the w(X) topology, | 
3). G is Ro-closed. | 


Let {an} be a subset of G. Then Xo == {a,}z¢ is separable. We can 
therefore choose a denumerable set of functionals on Xo, dense in the w(Xo) 
topology (1, pp. 185-186). These functionals can be extended to be funci 
tionals on X (1, p. 55). The set of extended functionals, T, will clearly be 
total on Xo. Using the diagonal process, we can obtain a subsequence {2w} 
for which lim #(@») exists for all #er. As G&G N X, is again No-compact 
(Lemma 1.3) we can apply Lemma 1.4. Thus {zr} converges weakly to an 
element of X. Hence 1) implies 2). 2) clearly implies 3). To prove that 
3) implies 1), suppose we are given a denumerable subset {£r} of G. Let us 
order the ms (mı, ma <) and choose m” = (1,72, * ',an). The set (x) 
is clearly cofinal with (m). By hypothesis there exists an toe X such that 
lim €(#a") S (a) Slim &(ae") for all eX. It follows that | 

n n 


lim (£r) < €(a) < lim (zr) 
Ea r 


for all že. | 


1.7% COROLLARY. If G is No-compact, then G is bounded. ` ! 


1.8 Lemma. Given a directed set TI — [a], let Sa, for each ae A, be a 


l 
! 
l 
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bicompact metric space containing the set [dar | mei]. Then there exists a 
directed set Z == [c] and a function ro on & to IL for which 


1. lim larg exists in Ya. 


a xo, there exists a co such that ro =. mo for all T = Ty. 
2 0 0 


3. The power of X is less than or equal to the power of A + II. 


Let Ps be the product space cf the spaces Sa where the generic point is 
p = [p (a) « Sa] and the generic neighborhood is U (po) == [p | p[po(a), p(s) ] 
< e t==-1,2,:--,k]. Cech (6, p. 830) has shown that this is a bicompact 
Hausdorff space. Define pr==([dgr|aeAle Py. Let Fr = [pr | r= ro]. 
Since II is a directed set, all finite sets of Fx’s have a non-vacuous intersection. 
Therefore there exists a pef) Fz. We define 3 to consist of all combinations 
|r, Qis Zost t t3 az] where re Hand ae A. O71 = O2 will mean that the @’s in C2 
are a subset of those in cı and mı == ro. We define the function ro as follows: 
If o= [ro %1; °°, J, then as p e Fr, there will be a Pr, e Fr, such that 
pl Pr, (a), p(%) |] < 1/k, i = 1,2, :, k, m Zro Define mo = m, Clearly 
lim Pro = p. Conditions 2) and 3) are likewise satisfied. 

5 


f 


1.9 THEOREM. A set G, closed t in the w(X) topology is Na- SAA fand ' 
only if tt is Ro-compact*. 


Suppose first that G is Na-compact and that [A+] teT] is a family of 
w(X) closed subsets of @ such that any finite set has a non-vacuous inter- 
section and T is of power = Ne. Let [r] be a directed family of finite subsets 
of T. The power of [r] is then less than or equal to Na. Choose are ( At. Let 


ter 
H be the set of all finite linear combinations of the az with rational coefficients 
and let X, = Ho = [£r ]zo. Clearly H is of power = Na. For every zeH, 
choose an eX such that (x) = || v ||/2 and || ¢||==-1. Then the set T of 
Ts so chosen will be total on Xo and of power = Na. Applying Lemma 1.8 ` 
to the set of numbers [@(ar)| eT, re [wx]] we obtain, a directed set [e] of 
power <= Ne for which lim #(ar,) exists for all eI. By Lemma 1.4, there 
g 


exists an £o e X such that lim ë (Lro) = Ë (T0) for all e£. Now by Lemma 


1. 8, given ro = to, there exists a oo such that ro = ro for all e = oo. In other 
words, Zro € Át, for all o Z oo As A: is w(X) closed, £o belongs to Az, 
i.e, te) Ar. | 7 

To prove the converse, suppose G to be Na-compact*. Let [r7] C G where 
. [r] is a directed family of power <q. Define Fr, = [Tr | r = ro] and 
Ar==w{X) closure of Fr. As [r] is a directed set, any finite set of Fs’s (and 


8 


| 
| 
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| 
hence Ax’s) haye a non-vacuous intersection. There will therefore exist an 
Toe f] Aw. Finally given a, Žo, and e > 0 there exists an wre Fn, for which 
| Eo (Er —2%)| < e As tre Fr, implies m = ro, we have | 

| 


lim (£r) S (a) < lim Z (£r) 
for all eX. . | 


1.10 THEOREM. A convex set G is Na-com pact if and only if it 48 
No-closed. ! 
5 - | 
As any well-ordered set is a directed set, it is clear that Na-compact implies 
N.-closed. Suppose that Œ is convex and Ne-closed. By the remark following 
‘Theorem 3. 4, the norm closure of G is likewise Ng-closed. For convex sets the 
norm closure and the w(X) closure are identical (15). We may therefore 
suppose that G is a convex w(X) closed set. Let [zr | m directed set of power 
S Na] C G and define Fw, to be the convex extension of [zr | a = mo]. Let 
Ax be the w(X) closure of Fr. It is clear that all finite sets of Ax’s have a 
non-vacuous intersection. Assume that this is true for all cardinals less than 
No S Ne. Then given any-set of Ax’s of power Nz, we well-order this set with 
ordinals a less that the first ordinal O» having N, predecessors. For each 
-A < Op, choose an Or € D San As G is Nq-closed there exists an % for which! 


a lim @(a) S (a) S lim (ay) ~ 
À->0r 


for all eX. If x were not an element of Am, then we could find an @¢X 
and a constant c such that (Am) Sc and (z) >e (8, p. 331). Thus 
@(an) S c for all p = à, contrary to the above inequalities. This establishes 
the induction. Hence let s belong to f) Ar. Then for a given e, Ë, ro there 
exist TiTa © ©, an © ro Such that a(S CiZr, — @)| < e where c; = 0 and 
! 
¢;=1. For one of these m: ’s, (ar) S (2) -+ e while for another (tr) 


iM 


M 


> (2) — e Hence ; ! 


lim @(¢r) S (2) = lim T(Tr). | 
eS 


veered 


1.11 Definition. A space X is said i satisty the Helly pr ‘operty of or der 
Na, if whenever 


| È cas |£ M || È astas I 


! 
| 
! 

where the a; are arbitrary real numbers, then the system a(x) = Ca consisting 
of at most N4 equations has a solution eX yy. ! 
i 
| 


~ 
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1.12 Lemma. If X, is Necompact, then X satisfies the Helly property 
of order Ra. ar l 


Let us suppose the conditions stated in Definition 1.11 are satisfied by 
the functionals [#4] and the numbers [ca]. Let r be a finite subset (04, a, 
-+, a) of [a]. Then [r] is a directed set (<= means set inclusion) of power 
S Nae By Helly’s theorem (14), we.can find for each m an zx such that 
Ta(£r) == Ca for every & em and || er || = M+ 1/k. As Xun is No-closed there 

exists an z such that 

— lim (ar) S €(%) Slim £(ar) 
T T 


for each. eX. Since lima@,(ar) exists, we have ža(£a) = Ca. Finally 
T Tog 


| £(20) | < lim | (2) | <M || @|| implies || a || = M: 


1.13 Lemma. If X satisfies the Helly property of order Ra, then X, is 
Na-compact. 


Let [Ër | r directed set of power <= Na] be bounded in the norm by one. _ 
By an argument similar to that used by Banach (1, p. 118) we can obtain an 
Ëo e Æ for which i 
i lim r (£) S (2) S lim žr (2) 
m > T 


for allaeX. Now if ZeX, then 
We gs ; oF n Be 
| D mt (a) | S [| E [1 || E tifa || 


where Ta e [2r] or Za = Zo Hence the Helly property of order Na implies the 
existence of an 2 for which @,(%) = (ža) for all m and (zo) = £(%). 
Consequently 


lim (Ër) = lim čr (T0) < £)(2) = &(H) Slim žr (z0) —lim #(£z), 
To, T r T 


so that X, is Na-compact. ` 


1.14 THEOREM. The following statements are equivalent: 

1). X, is Na-compact. 

2). X satisfies the Helly property of order Xa. 
8). ¥, is Na-compact. 

Lemmas 1. 12 and 1. 13 show that 1) implies 2) implies 3). Reiterating 


this reasoning we find that 3) implies that X, is Sic-compact. As X, is a 
closed convex subset of £, it follows that X, is Na-compact (see Lemma 1. 3). 
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A property will be said to be hereditary if whenever it holds for a Banach 
space, it also holds for every closed linear subspace. Theorem 1.14 and Lemma 
1.3 give 

1.15 COROLLARY. The Helly property of order Ny is hereditary. 


2. On weakly completely continuous transformations. We shall con- 
sider in this section a generalization of the weakly completely continuotis 
transformations of a Banach space X to another Banach space Y. 


Definition. A linear transformation U on X to Y will be called aie 
if U(X.) is Se-compact. | 

This definition is an extension of the usual notion of a completely con- 
tinuous transformation. In view of the following lemma, it would clearly 
not do to require only that the transformation take S.-compact sets into 
S.-compact sets. | 


2.1 LEMMA. If G ts an Sa-compact subset of X and U is a linear limited 
transformation on X to Y, then U(G) is Na-compact. | 


“Suppose [yr | we directed set of power = Na] C U (G). Then yr is the 
magg of some tre G. G being Ne-compact, there exists an Zoe X such that : 


lim (£r) S (T) S lim (zz) 
ra T 


for all e £. Consequently l ` 

lim 9(yr) = lim U9 (z1) < Üg (£0) = (Uzo) Slim Üg (zz) = lim ğ (yz) 

r r T a! 
for all ye Y. 


2.2 THEOREM. If U is Na-compact, then the adjoint transformation Ü 
is Na-compact. : 


Let [Fr | we directed set of power = Ne] be bounded by one. Then there 
exists a Jo € Y such that 

lim Gx(y) <Go(y) S lim Gx(y) | 

T K l ' 

forall ye Y. We shall show that for any Ž « X 

Define o to be a finite subset -of [Jz] U Jo. Then [ø] is a directed set 

(<= means set inclusion) of power S Ne. By Helly’s theorem (13), for each o 

there exists an zeeX such that both U(g)to—ZU(¥) for Jes and 

lao |[< ||Ż|| +1. Hence lim 4U (zo) = Ü (ğ) exists for any ğ of the 

g ` 1 


R 
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set [ýr] U Jo As U(X.) is Na-compact, there exists a yo eF for which 
lim JU (£0) < J (y0) < lim JU (zo) 
o p e 
for all Je Ë. Clearly ŻŪ (g) = lim U (zo) = Y (yo) for all % of the set 
(a $ 
[Gx] U %. Consequently 
lim £0 (Jr) = a Gr (Yo) E Folyo) = 2U (J) = lim Ya (Yo) = = lim £0 (Gz). 


Ea 


2.3 COROLLARY. ` If U is Na-compact, then U is likewise Sa-compact. 


By Theorem 2.2, if U is S-compact, then Ü is S.-compact. That is, 
U(X,) is Ne-compact. But X, is equivalent to a subset G of X,. Therefore 
U(X) = Ü (Q) is No-compact. . 

Theorem 2. 2 is a generalization of a theorem due to V. Gantmacher (10). | 

The following lemmas will be found useful in our further work on Na- 
compact transformations. Lemma 2.4, which is essentially a simplification of 
a lemma due to Banach (1, pp. 119-121), was first stated by Kakutani (14). 


2.4 Lemma. If Dis a w(X) closed linear subset of X not containing Žo, 
then there exists an £o e X such that Z(t) >= 0 and (£o) = 0 for all Ze T. 
As X is a regular Hausdorf space in the w(X) topology, there exists a 


neighborhood’ Us = [F ||(€—%)ai | < e i—1,2,---,n] containing no 
elements of, T., Consider the linear transformation T (2) == {3 (21), Z(22), 
-,Ē(£n)} which maps £ into the n-dimensional euclidean space #. T(T) 
is a linear subspace of E not containing T(z). Hence there exists an (n — 1)- 
dimensional oe {cx} containing 7'(T) but not containing T (Zo). 


`- That is 


Ira e SS 0 f zer 
ee = Lorton P mee 


=5 Cix; satisfies Te andion of the lemma. 


2, 5 Lemma. If Gis Na-compact and if there exists a set T C X of power 
< Na total on Gro, then G is 8-compact. 


‘Suppose [tz | me directed set] C G. Applying Lemma 1.8 to the set 

[£(ar)| fe X,re[r]], we obtain a directed set [o] such that lim (£rgo) exists 
‘ g ` 

for alle X. The set of all finite subsets v of T is a directed set (<= means set 


inclusion) of power S Na For y= (41, Z2,° © +, p) there exists an xx, such 
that | Z(ar,) — lim Ë (£ro)| < 1/k for all ev. Define this az, to be ay. 
og 


Then lim #(2y) = lim Z(zz,) for all eT. As G is Ne-compact there exists 
r ¢ - 


| 
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an To such that lim (av) = (x) for all eT; If we Ha this process for 


rrU i, pie Žo is an arbitrary element of X, we obtain an 2’) such that 


Z(x'5) = oe &(@rq) for all Z e È and (a) = £(2’) for all Z belonging to T - 


total set T. Hence ay = z'o and as Zo was arbitrary, Ē (o) = lim (ang) fo 


all eX. Now, given wo, there exists a o such that xo = my for all c= Fo. 
follows that ie 
lim €(a7) S lim & (0) = E(t) = lim Ë (Tro) Z lim (an). | 

r | 


Lemma 2.5, is a rather strong result. For instance, if x 118 N-compac > 


and there exists a subset of X of power = Nz total on X, it follows from this 
lemma, that X is Na-complete for all 8. This, by a result due to Goldstine 
(12), implies that X is reflexive (Theorem 1.1). > | 


2.6 THEOREM. If U is Nu-compact and if there exists a set of P i 
< Ne total on U(X) co then (1) U îs  R-compact fo rall 8, and (2) U(¥). 


§,-separable,? 


By Lemma 2.4 U is 8-compact for ell N. Let Yo U(X)o. U alsd 
defines an adj oint transformation U,,on Yo to X. Since 1) any functional on 
FY, can be extended to a functional on Y and conversely any functional on 
defines a functional on Yo, and 2) U(¥) depends only on the behavior of y 
on F., it follows that Ü (Y )= Ü, (f 0). By hypothesis, there exists a subset of 
Ë, of power < Ne total on Yo. Let TV be the set of all finite linear combination | 
with rational coefficients of this set. T is of power < Na and Po = (Tr)¢. 
F, is the #(¥,) closure of Tz, by Lemma 2.4, and hence of T. Therefore given 


Y e Yo, there exists a set [Gx | r directed set] © T such that lim Un(y) = u(y) 
for all ye Yo. If we now employ the reasoning used in hesien 2.2, we obtai 
lim ZÜ (Gr) = £0, (7) for all ZC #. It follows that 0,(%) e Us(T) 10 
= att T)o, which concludes the proof. i l | 


N ' | 
2, 7 COROLLARY. If U is Ne-compact and if there exists a set of power 
< Na total on U(X)o, then U(X) C U(X)o which is Na-separable. | 


| 

2 5: l j : ; | 
. Given Ze Žž, let w be any finite subset of Y. Then [r] is a directed se 

(<= means set inclusion). By Helly’s theorem (14), there exists for each r an 


re X such that both Ü (J) = £0 (G) for Jer and || rr || S || TESE 


2A subset of X will be called separable if it contains a strongly dense set of 
power 5 Ny Í 


H 
: 


| 
I ` 
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As U(X,) is S-compact for all N (Lemma 2.5), there exists a ye U(X)o 
(Lemma 1.3) for which 2U(#) = lim JU (ar) = Y (Yo) for all JeF. By 


definition of Ü, U (ž) - yo. U(X )o is Sa-separable, by Theorem 2.6, since U 
satisfies the same conditions that U satisfies. 


2.8 THEOREM. If {Un} is a sequence of Na-compact transformations and 
limn || Un — Uo || = 0, then Uo is Sa-compact. 


Suppose [£r | re directed set of power = Na] C Xi. Let X, = [zr ]zo. 
Then there will exist a subset of ¥ of power < Na total on U(Xo)o (see the 
argument used in Theorem 1.9). By Lemma 2.5 we infer that Un((Xo)1): is 
~ S-closed. Let [æ] be the class of all pairs (9, n) where He Y ahd n is one of 
the integers (0,1,2,:--). We can now apply Lemma 1.8 to the numbers 
[aar = YU» (a7) |]. Hence there exists a directed set [o] such that lim YU, (an) 
exists and 

lim JUa (2r) < lim JUa ltn) < lim JUn (Tr) 

Ta o T 
for all ye Ë and n = (0, 1,2,; - +). As Un((Xo)x) is N-compact for n = 1, 
there exists a Yn € Y such that lim YUn (Tro) = ¥(yn) for all Y e ¥ and n21. 


Now given e, there exists an N such that for n,m = N || Un — Un || Se. 
Hence | Y (yn — ym) | = lim | 9 (Un — Um) tro | || G || E so that || yn— yn || 


< e for n,m = N. The T Yn Will therefore converge to an element yo 
of Y. As lim YUn(Er) = YU (£r) uniformly in v, the iterated limits theorem 


gives him gU (an) — 4 (yo). By the above inequalities 


lim Us (£r) S (Y) 5 lim JUo (az) 


T 


for all ğe Ë. U, is therefore Na-compact. l ' 


3. The convex extension of Xo compact sets. The principal theorem of 
this section proves that the closed convex extension of an Ne-conıpact set is | 
likewise Sg-compact. Making use of this theorem, we obtain a characterization 
of Na-compact subsets G of X which is independent of the separability of X. 
The set of numbers [%(a)| Ze ğı, x eG] can be considered es a class of func- 
tions having the range X, or as a class of functions having the range G. Our 
characterization of Ne-compact sets exhibits these two function classes as duals 
of one another. | 


~ 3.1 THEOREM. If G ts an 8)-compact subset of a separable Banach space 
X, then U(£) = [&(x)| xe G] on X to Meg is No-compact: 


| 
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Since @ is bounded (by Corollary L 7); [Z(x)| ze G] belongs to Mo. 
Suppose that {%,} is a sequence of functionals bounded by one. As X lis 
separable, X, is a compact metric space in its #(X) topology (1, pp. 185-186). 
Hence there exists a subsequence, which we renumber for convenience, and an 


Žo € Ž such that lima Tn (£) == žo (x) for all ze X. We will show that Tim bu ( Eh) 
= BU (Zo) or that lim bUGn = 0 where GJ, = %, — % for all be if. By| a 


theorem TA to Hildebrandt (13) this is equivalent to lim f Yn(z)dgB = 0 
n G i 


for all finitely additive bounded set functions 8 on all subsets of G. Suppose 
this were not the case. Then by a theorem due to Banach (1, p. 219), en | 
exists a ‘sequence {ti} CG such that lim a | n(z:)| >e >0. Since ý 


ods No- -compact there exists a ee a ;} which converges weakly as 
elements to an Toe X. Therefore ma | Fla)! = | Y(T) |. However lim Üa (20) 
== 0, which is in contradiction to our supposition. i | 

3.2 COROLLARY. If G is an No-compact subset of a Banach space X, he 
[Zott | Se | ae | S 1] is No-compact. 


Suppose Tr = b> a”gi” where z | a” | S1 and 2;"«G. We shall show 


that {£n} is sited in an No sare subset of X. Let Xo == [z:”]ze and 
Go = G Xo ‘Then Ga is No-compact (by Lemma 1.3) and is contained in 
the separable space Xo. Define T (a) = Ze, dss where Xe, | @z | < 0. As Gi is 
bounded (by Corollary 1.7), T is linear on Ig, to X. T(#) = [#(#)| ve Gd] 
on X to Mg, is by Theorem 3.1 No-compact. By Corollary 2.3, T is likewise 
No-compact. Therefore 7'[ (l¢,)1] which contains {£n} is So-compact. l 
Krein (15)' has demonstrated the slightly weaker result that the conv x 
extension of an N, compact subset of a separable Banach space is likewise 
%,-compact. His proof made use of the Fubini Theorem. The following lemma 


is due to Smulian (25). For the sake of completeness we shall give another 


proof of this result. . | 


. | 
3.3 LEMMA. If G is So-compact, then Go is No-compact. 


If {an} C Go, then there exist ya in @ such that || t,—yn|| <1 [h 
As G is Nao-compact, there exists an % for which 


n 


| 
lim (yn) = E(t») < lim E(yn) | 
z i | 


for all eX. Now if ||#|| 51 and n=k, then @(a,) —1/k S E (yx!) 
= E(t) + i Thus | : 
| | 


i 


—_- 
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lim € (an) — 1/k Slim (yn) S F(a) Slim ë (yn) S lim F(a) + 1/k 


for all k. In other words 


lim €(an) S Ë (20) Slim (£n). 


n 


Hence ky Theorem 1. 6, Go is No-compact. 
8.4 THEOREM. Ij Gis Na-cempact, then Go is No-compact. 


If [£r | we directed set of power <= Na] C Go, then there éxist elements 
vx” in G such that || tr — Ta” || < 1/n. As G is Na-compact, there exist x” 
in X for which . 3 i 
lim Z(¢mn") S Z(a2") S lim &(an") 
Pa T 


for all že. It follows that 


lim (tr) —I1/nS f(e") S lim ë (£r) -+ L/n 
pig T 

for all ž e £1. By Lemma 1.3 2 belongs to the closed convex extension of G 
which, according to Corollary 3.2 and Lemma 3. 3, is c Hence we 
` can find an Zoe X¥ such that 


y 


lim #(z") S (to) S lim #(z") 
ry n 


for all Ze. Finally 


lim &(ae) Slim &(2") + 1/n < (2) < lim &(a2") — 1/n < lim (zr) 
7 a n . T 

for all Žž e ï.. 

l We remark that the same argument shows G Na-closed to imply Go Na- 
‘closed. The only lemmas used in the proof concerned No-compactness which’ 
is equivalent to N»-closedness. 


3.5 LEMMA. If G is 8-compact, then [Saart |.3e | de | 5 1] is 8-compact. 


Let Sy == [5 Cit | > la| S41, Li € G]. We first show that Sn is $-com- 
i= 
pact. Suppose [ar | ae directed set] C Sn. That is g+= Dy ciT£;T where 


$ | e | S 1 and rek. Let azr be the point in a 2n- dimensional euclidean 
q=1 


space having the codrdinates (Z(a1,7), (La), © <, (Ln), 21, Caf, © +, Cn"). 
The set [age | me [z]] is contained in a bounded and hence bicompact subset 
of.this space: We can therefore apply Lemma 1. 8 and obtain a directed set [o] 
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such that lim E(ai"*) exists for each i and eX, and lim Cp" = C; exists for 
each 1. fhe G is S-compact, there exist z; eX such that ‘lim Tige) == a(z 


for all @eX. Consequently lim E(cg™n,7) == E (Cit) ati hence 


n n 
lim (3 cs"¢a,77) = €(¥ citi). 
o 1 : 1 


. vi 
if to =>! 61%, then 
1 


i n a 
lim Ë (Lz) <= lim z(> Cito") = E (Zo) <= lim (Er) è 
E S C 1 T 


t 
. ; : | 
Now for a given 7» there exists a oo such that ms = mo If o = oo Consequently 
| 
H 
i 
i 
| 
l 
; 
ý 
| 


We shall next show that S == ZS, is N-closed for all 8. Suppose therefore 
that [ay | pe ordinal numbers < Q]}CS. Let H, = [u | tee Sy]. Then 
ZM, = [p | p< Q) and Hna > Tn. As Sn is N-compact and Il, is a directed 
set, ‘ities exists an Ta e Ño by Lemma 1.3 such that | 


lim %(Zp) S Z(t) S lim Z (£u) 
Helin BETIn 


| 
for all eX. By Lemmas 3.5 and 3.3, So is No-compact. Thus there existi 
an ze X such that 7 
lim Elan) Z (to) < lim (an). | 

! 

For a given # eX and © > 0, there exists a py such that p = uo implies &(ap) 
= L (su) —e. Fur ther there exists an N such that n = N implies Ho € T, 


sid. hence lim (z4) = lim (ap) —e. Therefore (>) = lim (v4) —e for 
pellin i a Ea 
alle. A symmetric argument gives 


lim @(ty) S (£0) S lim E (£a) 
ik p ue 
foral #eğ. ` m - 7 


| 
l 
| 
| 
Í 
S is certainly convex and hence by Theorem 1. 10, S is 8-compact for all N! 
Finally the set [S¢acr | Ze | @s | S 1] is N-compact by Theorem 3. 4. | 

| 

[ 

! 


3.6 THEOREM. If G is Na-compact, then [Sates | Se | de | S 1] is No 
compact. 


Suppose [Tr | me directed set of power <= Na] C [Seder | 3elae|S 1). 


i 00 ` ' 
Hence £r == X, az" where z; eG. Let X, == [z:"]zo. By a familiar argu» 
t=1 | 


ment, there exists a set of power < Na totalon Xo. By Lemma 2.5, Go = =G A Xi 


| 
| 
| 
| 
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is $-compact: Since [X¢,de | Xe, | de | 1] is by Lemma 3. 5 N-compaci and 
contains [ar], there exists an £o e X such that 


lim # (£r) < €(a) Slim Z (£r) 
Ea r 


for all Z e £. 
Combining this result with Thecrem 3. 4; we obtain 


| 8.Y COROLLARY. If G 1s Na-compact, then its closed convex extension is 
likewise Na-compact. 


We are now in a position to justify one of the introductory remarks, 
namely, @ is Na-compact if and only if the w(X) closure of G is Na-compact*. 
For if G is Na-compact, then its ccnvex closed extension (which is weakly 
closed) is Na-compact and hence by Theorem 1. 9 this set is Sa compact*. The 
weak closure of G being a weakly closed subset of an Ne-compact* set is likewise 
N.-compact*. The converse follows from Theorem 1. 9. 

If G is a bounded subset of X and £ a finitely additive set function on all 


subsets of G, we shall define f zd8 to be an element zo of X for which 
G 
(a) = f £(«) dp tor all «eX. 
‘JG 
3.8 THEOREM., The following are equivalent: 


1). G is S-compact. 

2). (cv(G@) )e ws S-compact. 

3). Í x dB exists and is unique for all B. 
G l 

4). lim o(x) = 0 for all seX implies f fo(x)dB—>0 for all B;. 

o i i G l 

and G is bounded. - 

5). - U (2) = [2 (x)| z e G] is N-compact on Ž to Mg for all X. 

We shall show that 1) ~ 2) — 3) > 4) = 5) > 1). 


That 1) implies 2) is a restatement of Corollary 3. 7. By Lemma 3.5, 
S == [$ ass | X | as | = 1] is N-compact. Let r be a subdivision of G into a 
G G 


finite number of subsets {ri}. Define £r == Xr: (rı) where sı is some 
element of ri Then i. &(v)dB=lim (zr). As [zr] C S, it follows that 


there exists an zae X such that 
(ay) — lim Z (2r) = f _ 2(2) ap 


for all @eX. If (ay) = f Ë(s)dg for all eX, then #(£o— xo) = 0 for 


4 
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all @¢X which implies £o =x’). Therefore 2) implies 3). That 3) implies 
4) is obvious. oe 
If G is bounded, we can define the linear transformation T (a) = $, &s® 

G 


where D | de | < co on Ig to X. Then 7(%) = [€(x)| ve G] on ¥ to Me. 
G : | 
We shall show that T is S-compact as a consequence of 4). Given [#q |e 


directed set] C %,. Applying Lemma 1.8 to the numbers [an(r)| re X, 
me[7]] we obtain a directed set [o] such that lim %,,(2) exists, and given ro 


there exists a og such that re = mo for all o È oo. Now lim %z,(v) defines an . 
element ïo of X, namely, (x) —lima,,(z). For every be Mc, 67 (2) 
a gF : 
= f „ 2(2) 4g. By 4) lim bT (Zro) = bT (20) and hence lim bT (ër) < bT (2) 
< lim bT (ër) which proves 5). By Corollary 2.3, T :is likewise N-compact 


for all 8. Therefore GC T ((le)ı) is 8-closed. This concludes the proof. 

An application of this theorem gives a criterion for the interchange of 
order of integration for finitely additive set functions. Let f(s, t) on SX T 
have the property that [f(s,.)|seS] is an S-compact subset of Mr. Then 
for any finitely additive set function « on all subsets of S and any finitely 
additive set function £ on all subsets of T, | 


J J tetaaae— f f F648 da. 


If G is an Na-compact subset of X and H C X is such that for æ e G 


kı || æ || S sup | (2) | S ka || æ [| where ky, ka > 0: 


then V(x) == [%(x@)|%eH] maps G isomorphically into a subset © of My. 
Clearly © is likewise Na-compact (see Lemma 2.1). Further U(@) = [#(2)|| 
a2eG| maps H into a subset § of Mg since G is bounded. The following 
theorem states that © = [. (x)| re®] is Nc-compact if and only if 6 = [#(.)| 
eH] is Sa-compact. In this sense the sets © and, § are the duals of one 
another. To make this duality more striking, let us consider the real valued 
bounded function f(s,¢) on SX T. Then Gs=[f(.,¢)| te] is a subset 
of My and ©=[f(s, .)|s¢S] is a subset of My. Using these definitions of 
®© and § we have 


3.9 THEOREM. @ is Na-compact if and only if © is Na-compact. ; 


By symmetry we need only show that if © is Na-compact, then § is Na- 
compact. Now W(a) = Sia:f(.,¢) where 2 |ar| < o is a linear trans- 
T > 
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formation on lp to Mg since © is bounded. As © is Ng-compact, Theorem 3. 6 
implies that W((lr).) is So-compact. Hence W is- Na-compact. By Theorem 
Can, W on ï s to Mr is Na-compact. Since a(x) = g(s) on Ms to real 
numbers is an element of (If), it follows that $ = [W (Z) == f (s, . ) | s €58] 
is Ne-compact which was to be proved. . 


3.10 COROLLARY. A necessary and sufficient condition that G be Ne- 
compact is that both 1). G be bounded, and 2). U(#) on a determining 
. manifold è? Tin X to Me be Ne-compact. 


In the above notation let H be the unit sphere in I. Then §=U(#H) 
` is by Theorem 3. 9 Na-compact. U is therefore Ne-compact on T to Mg. Con- 
versely it U is Na-compact, then § is Na-compact. By Theorem 3.9, © is then 
Na-compact and consequently G == V-*(@®) is Ne-compact.* 

We conclude this section with the following theorem: 


3.11 THEOREM. If G is Na-compact and there exists a subset of X of 
power = N, total on Gro, then Gre ts Ra-separable. 


Let T (a) == >) ass where X, |a2| < œ. T is linear limited on le to X 
G G 


. and by Corollary 3.10 T is $a-compact. Hence by Theorem 2. 2, T is Na-compact. 
As Gro = (T (le))o, the conclusion follows immediately from Corollary 2. 7. 


4, S-compact sets. In this section we shall consider certain restrictions 
on the geometry of the space under which N,-compactness implies 8-compact- 
ness. Lemma 2.5 is an instance of this type of theorem. ‘The principal. 
problem here is still open. This is the problem of determining whether or not 
No compactness always implies N-compactness. A subproblem to this is that 
of determining whether or not every space whose unit sphere is No compact is 
necessarily reflexive. i 


4,1 Definition. A face is a convex set of constant norm. 

Milman (17) has introduced considerations of the type employed in the 
following theorem. In view of Theorem 3.11, this theorem is an extension 
of Lemma 2. 5. 


4:2 THEOREM. If G is Sq-compact and if there exist strongly dense 
subsets in every face of power <= Na, then G is 8-compact. 


By Corollary 3.7, (cv(@))c¢ is Se-compact. Theorem 1.10 reduces the 


3 A determining manifold T in X is a closed linear subset of ¥ such that l. u.b. 
[| öl) | ser, [z] s1] = || æ || for all we X, 

+ In this case V is an isometric tr ansformation on X toa a cleeed linear subset of 
Af,, on Which V~-i is defined- 


i 
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problem to that of proving a closed convex set G which is Na-compact to! be 
S-closed for all N. Suppose [£y | we ordinals <Q] CG. Define Fu = cvr | 
X= pu] and Ap = (Fu)c. We first show that the Ap have a common point. 
Since Ap C G is So-compact, convex, and weakly closed, it contains an element 
yp such that da = || yu || = g.1.b. [|| 2 || | 2 e Ay]. Now if Hı > pz then 
Ay, C Ap, and consequently du, > due Thus nn du = d exists. We have the 


two following cases: 1). There exists NO fo sich that dy = d for all p= bo. 
In this case we can obtain a spanning sequence un such that | dy,—d| <1 fn. 
Then a subsequence of {ym} converges weakly to an £o, which is pee shown 
to lis in f) Ap. 2). There exists a wy such that dy = d for all p = po. The 
set [yp | u = wo] therefore lies in a face. By hypothesis there exists a strongly 
dense subset in this face of power < Ng. . Let X, be the linear closed extension 
of this face. By a familiar argument, there exists a set of power = Na total 
on Ay. Therefore Ge == Gf} Xe is by Lemma 2.5 S-compact. Hence there 
exists an z, such that 

lim €(yu) S (T0) < lim £(yp) 

n H 


er ee aaan pe re 


for all eX. If a were not an element of A, then we could find an ieX and 
a constant c such that ¢(A,) Scand Z(%) > (8, p. 3381). Thus (yn) Se 
for all a = À, contrary to the above inequalities. In both cases we can there- 
fore find an toef) Ap. For a given e and po there exist p, p2 © * 5 Hn > m 
such that || 3 civp,—2 || < e where c; = 0 and $c: == 1. For one of these 
pes, (tp) S F(x.) + © while for another Z(ap) = ¥(a)) —e. Hence 


for all eX. “ 


A space is said to be strictly convex if every face contains but a single 
element. We obtain as a corollary | 


j 


| 
mae | 

lim (£p) S £(a) Slim #(ap) _ | 
m p 
| 


. 4.8 COROLLARY. If G is No-compact and X is strictly convex, then G is 


8-com pact. , 


Clarkson (7) has shown that every separable space is isomorphic to 4 
strictly convex space.” By employing the same method, one can easily prove 
that any space on which there exists a total set of power = &, is isomorphic 
to a strictly convex space. This, however, gives no more than Lemma 2. 5.) 

Let a(r) be a non-negative measure function on the sigma field & of 
subsets of T. We assume that T == Xr; where a(r) < œ. Define M(T) to 
be the class of all essentially bounded measurable functions on T. M(®) isa 

! 


5 The author has shown that the space Mp (where the power of T > ẸŅ,) is not 


isomorphic to a strictly convex space.—-Added September 1942. ! 
TE 
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Banach space under the norm {| ¢@|| ess. lLu.b.[|¢(t)|¢e7]. Let us 


define . 
ee 2 œ% | o(t)| ? da É 


i= Dil. afri) 


Then || ¢ |/= Ile |15 ll ||. Now 


f: | p +y |? da 


aea a e, 
e+ iv a -lli yy 


f lo+yl ide 


Herel)? . 
ee 9 +> Zit. afri) 


< Usti 4 


Ri. (ri) 
Thus if || +y lla =2|lġll=2 Ylli then f Jġ—y|*da=0 for 


all a That is ẹ(t) == y(t) a.e. The renormed t(Z) is therefore strictly 
convex and isomorphic to the original Wi(2). Making use of Corollary 4. 3 
we have ; 


4.4 THEOREM. If G is an No-compact subset of W(X), then G is RN- 
compact. 


4.5 THEOREM. If G is an No-compact subset of R(X), then G is N- 
compact.’ | 

Dunford and Pettis (8, p: 876) have shown that G C (2) is So-compact 
if and only if 

1). G is bounded, 

2). given £ > 0 there is a ô > 0 such that a(r) < 8 implies if. pda|- 

T 
< £ for every ġe, , 
(98) 
3). for each decomposition {ri} of Tlim>| 4 ¢daz|—0 uniformly 
- “POO M Tt 


HL 


over G. 
We shall now show that these conditions are sufficient to imply that G is N- 
compact. Suppose [¢r | re directed set] C G. Let arı == f $r dæ. Since 


.& is bounded, we can apply Lemma 1.8 and obtain a directed set [o] for 
which lim arrg == är exists for all re. a, is clearly finitely additive on © 
o i : 


1 LiT) is defined to be the class of all summable functions on F where kal 


=f | @(t)| da and T= Zr, [a(r,) < 0}. 


| 
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and by condition 2) absolutely continuous with respect to a. If {rn} is) a 
monotonic ascending sequence of sets rn e © and lim ra = 7, then by condition 
3) lim Arz == üre uniformly in rm. Hence by the familiar iterated limits 
Meore oe ür, = ür. ar is therefore completely additive and by the Radon- 


i 


. Nikodym leoien the indefinite integral of an element ¢ of 2(Z). If w isa 


j 


bounded step function on Z then np Í, Wpro da = f Ye da. Since the 


bounded step functions are strongly A in M(T) = Q(T), it follows that 


lim Í, pro da = Í, yd da for all yeM(Z). Finally, for every zo, theke 


ae a oo such that ro = ro for all o == co. Consequently | 


lim f yge da f yp daslim f ype da 


for all y «0t(2), which was to be proved. 

For purposes of the next theorem, we define co to be the class of all real 
valued functions s(t} on an abstract class 7’ which converge to zero for any 
sequence {4} CT. With || 2 IS lu.b. [| e(t)||teT], co is a ee i 
space. | 


ee ere ee 


4.6 THEOREM. Jf Gis an o-com pact subset of co, then G is N- onoi. 
We first show that if @ is No-compact then 


! 

1). G is bounded, 

2). for all sequences {t;} of distinct elements of T lim {g.1. b. [| e(t:) |: 
i= 1,2,- + -,n]} = 0 uniformly over G. 


1) follows from Corollary 1.7. Let us suppose that a No-compact does not 
imply 2). Then there exists an € > 0 and a sequence {t;} of distinct elements | 
such that for every n we can find an a G for which | z,(¢;)| =e, i= 1, 2, 
-,7. As G is No-compact, a subsequence {z,,} converges weakly to some 
ToeCo Since n,(¢) > z(t) for all te 7, it follows that | to(ti)| Ze a 
all t;, This is impossible for Zo € Co. 
We next show that conditions 1) and 2) are sufficient to make G ee 
Suppose [£r | ae directed set] C G. By 1), the numbers a(t) are hounded, 
Applying Lemma 1. 8, we obtain a directed set Lo such that lim Trolt) =a (t) 


exists for all te T. If a(t) did not belong to Co, there a exist an £ > 0 | 
and a sequence {t:} of distinct points such that | a(t;)| = for all i. By 2), 
there exists an N such- that g. 1. b. [| e(t)| | i= 1,2, © +, N] < £/2, for all 
xe Q. This is contrary to the fact that we can find a øo such that o = a 


HE 
bss 
| 
i 
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, implies | rag (ti) — a(t) | < €/2 for i = ,N. Hence a(t) eco Since 


Co == ly, it is easy to show that lim i ae ma all Zelm: Finally, for 

every 7, there exists a sọ such that ro = ro for all o = op. Consequently 
lim (wr) S Z(a) < lim Z (Tr) 

for all Z e lr. y i 


4,7 THEOREM. If G is an Ro-compact subset of lr, then G is N-compact. 


To prove this, we show that lp is isomorphic to a strictly convex space. 
The result then follows by Corollary 4.3. Define 


Halls [CS] 1) 


Then || a || || a || 5 2*- ||] a ||. The remainder of the proof is similar to 
that of Theorem 4. 4. 

The corresponding theorem for Mr = lr is, to our knowledge, unproved. 
Such a theorem would settle the general problem since any Banach space is 
equivalent to a subspace of an Myr space. We shall conclude this section with 
a characterization of No-compact subsets of My in the hope that this charac- 





terization may be found useful in attacking the general problem. 


4.8 THroreM. GC Mp is No-compact if and only if G is bounded and 
for all sequences {ti} there exists a subsequence {t,,} and an Ze My such that 
for no e > 0 and no subsequence {ti ,, } 28 “ 


Mle | lelt) —4(2)| > 2] AO 
for all n. 


We can apply Theorem 8.9 to f(t, 2) =a(t) on TX G. The following 
statements. are equivalent: 1), G==@=[f(.,2)|ceG] is No-closed; 2). 
§=[f(t,.)|teT] C Me is Ro-compact; 3). Given any sequence {t} there 
exists a subsequence {t;,} and an element y(x) of Mg such that Hi lim | an (ti) 


— y(xn)'| = 0 for all sequences {sn} C G. The last equivalence follows from 
a theorem due to Banach (1, p. 219). Now y(x) can be extended over Mr 
to be the functional (x) = Lim s(t; ) where Lim stands for the Banach 


generalized limit function (1, p. 34). 3) can be restated as: given any 
sequence {t,} there exists a subsequence {t,,} and an 7e Mr such that for no 


€ > 0 and no subsequence {ti,,} of {t} islim | an (ti, ) — T (21) | > © for some 


sequence {£n} C G.’ The required condition clearly implies this. Suppose the 

converse were not true. Then there would exist an € > 0 and a subsequence 

{ti,,} of {tu} such that ()"[2| |a(ts,,) —@(x)| >] 0 for all n. Choose 
Ket 


9 


| 
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Ta out of ole || Eltin) —£(e)| >e] Then lim | an (tip) — Ë (2) | =e. 
1 a S 


in contradiction to our assumption. | s 


5. Integral representations of absolutely continuous set functions: 
The principal theorems of this section deal with an extension of the Radon- 
Nikodym theorem from real valued set functions to certain abstract valued 
functions. Gelfand (11), Clarkson (7), Pettis (19), and Dunford and Pettis 
(8) have obtained’ many results on this problem. By assuming that the set 
function lies in an “ essentially ” N»o-compact subset, we have been able |to 
extend these results to sigma fields which are not separable. As an application, 
we obtain the general form of the weakly completely continuous transformation 
on (2) to an arbitrary Banach space and prove that it is separable valudd. 

We shall consider an abstract class 7’ of elements ¢ possessing a sigma 


field & of-subsets + of T. a(r) will be a single-valued, non-negative, com- 
pletely additive measure function of ©. We shall assume that there exists a 
denumerable decomposition {r:} of T such that a(7:) < œ. It will be con- 
venient to designate by |7] the value a(7). We shall define the class of 


additive X valued set functions o | 
| ye (x) se le(r)| [aS MD bee%[e1<el | 
Finally we shall define B©(X). to be the class of weakly measurable point 
functions y(t) on T to X whose values are contained in a separable N-compact 
subspace of X. With the norm | a(.)|[=l.u.b. [C]| ei |l] 7 ]) | re, 
0< |r| < ©] for V(X) and || y(.)|| = ess. 1. u. b. [|| y(¢)|| | że T] for 
B(X), both of these classes become Banach spaces. | 
Integration with respect to a will be realized by means of the Bochner 
integral (2). Since y(t) e B(X) is contained in a separable subspace of X K, 
y(t) is measurable (20, theorem 1.1) and hence integrable on all sets re X of 
finite measure. . 
5.1 THEOREM. If 2(.) « V(X) and S=[(a(r)/|r]0< |r| <.0 | 
is So-compact, then there exists a y(.) e BY (X) such that a(r) = f y(t) da 
~ T 
for all + of finite measure, | 


| 
If R is the space of real numbers, then by the Radon-Nikodym een 
there exists for each f(.)«V°(R) a g{.)¢«B°(R) such that i 


= f g( t) da for all + of finite measures. V(f(.)) 9.) defines an mie 


valence between V®(R) and B°(R). Hence by Theorem 4. 4, No compal t 
subsets of V°(R) are N-compact. Define W(t) == [(é(a(r))/| + I) | re, 
0<|r|< ]'on £ to VO(R). Since S= [(z(7)/| r|) | re®, O< [a] 


| 
| 
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< œ] is No-compact, it follows by Corollary 3.10 that W is No-compact. As 
W(X) is an No-compact subset of V®(R), it must be 8-compact. Hence by 
this same corollary S is 8-compact. 

Let r be a finite number of disjoint sets r of T for which 0 < |r| < œ. 
mı = m, Will mean that Xr! D 37? and that every set r+ em, is either a subset 
of some r? em or that 7' is disjoint from every r° ems. For each r, we define 
Ya (t) == a2(ri)/| r4 | for ter: and yx(t) = 0 elsewhere. Then if V(2(e(.))) 
== 93(t), lim | g3(¢) — &(yr(t))| = 0 for all te T and uniformly for any set 

r a 


of finite measure. As [yr(t)] © S is N-compact, there exists a function y(t) 
such that ž(y(t)) =— iim (Yr (t)) = g(t) for all eX. y(t) is clearly 
weakly measurable. By Lemma 1.3, y(t) belongs to (cv(S))¢ which is N- 
compact by Theorem 3.6. Further, it is clear that £(2(r)) — f gz(t) da 


= f #(y(t)) do for all 7 of finite measure. 


We shall now show that y(¢) is separable valued. Actually we shall prove 
a stronger result, namely if | ro | r < œ, then. [x(r)| r C ro] is compact valued. 
This is equivalent to the statement that [@(#(r))| r © ro, & e Xi] is a compact 
subset of M (r Cr} (21, theorem 3.1). As (cv(S))¢ is 8-compact, it follows 
from Corollary 3.10 that given any sequence {€,} C 2X, there exists a sub- 
sequence {n} and an «eX such that lim Zy (£) == žo (x) for all re (ev{8) )e. 


y(t) is bounded. Consequently Zw (e(r)) = f Ëw (y(t))da converges to 


€)(a(r)) uniformly for all r C re Now T = Sr; where:| r; | < œ. Conse- 
quently [a(7)|reX, |r] < oo] is separable valued. But S ,and hence 
(cv(8) )¢ is contained in the closed linear extension of this set.which is clearly 
a separable subspace of X. Therefcre y(t) is separable valued. Thus y(.) e 


B(X). That e(r) -Í y(t)da follows from #(æ(7)) =f E(y(t)) da 
for all eX. i i 


5.2 THEOREM. The general form of the weakly completely continuous 
transformation U on R(T) to X is 


1) Ul) = f a(tyy(tax 
where y(.) eB®(X) and || y(.)|| =|| U ||. U is separable valued and N- 
compact for all X. 


Lez xr be the characteristic function of the set reX. Define s(r) = U (xr) 
for all re such that | r| < o. Itis clear that z(.) belongs to V°(X) and 
that [(z(1r)/|r|)] reZ, 0< |r|< ©] is No-compact. Applying Theorem 


y 


| 
| 
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5.1, we obtain y(.) «B°(X) where z(r) = f y(t)da for all + of finite 
T J> 
measure. Now (1) is satisfied by all step functions in &(%). Since | 


a 
* 


NF 6OaOae SN oH Hy 


and since all functions in 3(Z) can be approximated by step functions, (1) js 
valid in the general case. By (2): we have || UI S]||y()i As 
(Heir) Sj] OA er ||] S|] 0 |, it follows from the way in which 
y(t) was found that || y) | SlLub.[(][2@)||/jr|lo<c7r< ofS || U i. 


Hence || U || = || y(.)||. Further f b(t)y(t) da ely(t)]re. Therefore 


U is separable valued. Conversely, it is easily seen that (1) defines a linear 
limited transformation. Suppose ||¢|| 51. Then f (t)y(t)da 1s 


approximated by elements of the type 3(¢4) | ri | y(é;) where t; er; and {ri} 
is a decomposition of T. But these are contained in the set [> ary (t) 
T 


| S| as | = 1] which by Theorem 3. 6 is N-compact. Therefore U((Q),) lies 
T 


in the closure of this set which by Theorem 3. 4 is also N-compact. This con- 
cludes the proof: | . 

An alternative proof for Theorems 5.1 and 5.2 will now be presented. 
This argument is not as direct, depending upon a long chain of results. 
Suppose T == Xr; where 7; are disjoint sets of © of finite measure. Set : 
‘ | 
Ca= [6(t)| | o(t)| Sn for te $ Ti, ġ(t) == 0 elsewhere]. | 

4x1 


As shown in Theorem 4. 5, Cy is So-compact. Suppose that U is No-compact 
on Q(T) to X. It can be’ shown that U(C,)} is conditionally compact (21, 
theorem 5.5) and'hence contained in a separable closed linear subspace Xi, 
of X. Now 3C, is dense in 2(2). Therefore 7(%) C (3X2)o which is | 
separable subspace of X. U is therefore separable valued. The general form 
of the weakly completely continuous separable transformation has been shown 
to be that given by Theorem 5. 2°(21, theorem 5.4). From this one can easil 
obtain Theorem 5.1. | | 

We remark that Theorem 5.2 can not be extended to the general space 
of Lebesgue integrable functions where T" is not the sum of.a denumerable 





number of sets of finite measure. For suppose & = Ir where T=. Let 
_X se ly? s= [ar | E r< o]. Define U(a) =a where a: = g for all tef. 
a 


Now ie” | 
|| 7 (a) || = [Ba] S [(S a: = a ! 


” 
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U is therefore bounded and certainly not separable valued. Finally since ly? 
is reflexive, U is N-compact. | 


5.38 Lemma. If s(t) is a completely additwe a-absolutely continuous 
set function on © to X where a(T) < œ, then for each n there exists a decom- 


position (To, Ti T° °°) of T into disjoint sets of & such that 
|; 2(7) || San]r| | for all tC ro 
and [| a(r)|{ =n |r| for all tC r; ¢=—1,2,°- 
Given Ž e £, it follows from a theorem due to Hahn (22, p. 82) that there 
exists a set rz¢X such that é(a(r)) = n|r|-|| || for all rC rz and 
(slr) S n'|r|- || e]] for al r Tri Let O= [r |7 C rz for some 
#,|r|>0]. We define a transfinite sequence (ri, Ta: °° ptet t ttt) 


as follows: 7, is an arbitrary element of O. Suppose 7, to have been defined for 
all Aà <p. If there exists r such that + : > mn = 0 and re O, then set + ==.Tu. 
<4 


- As @ is bounded, a(r) cannot differ from zero on a nondenumerable number 

of disjoint sets. The sequence therefore contains only a denumerable set of 

elements. Let us put this set into one-to-one correspondence with the natural 
OO ‘ 

numbers. Define ro = T — $ ri. Then if rC ro it follows that | r- 73 | = 0 


i=l 
for all @eX. Hence Z(a(r)) Sn|r|||ž]|| for all eX, so that || e(7)|| 
Snr]. On the other hand r; is a subset of some rz, Thus if rC r; then 
&,(a(r)) =n |r| || Z || and therefore || z(h =| + |. 
Lemma 5.3 can obviously be extended to the case of T == 5r; where 7; is 

of finite measure. In the following work we will consider such 7’. 

We define x(r) to be of p-bounded variation for p=1 if for all finite 
sets += (11,72): * `, Tn) of disjoint sets of finite measure different from zero 


Vo(x(.)) = 1h = b. [2 (|| @(rs) ||?/| rs PATa 2 


.5.4 LEMMA. If (r) is a completely additwe a absolutely continuous set 
function on X to X and of p-bounded variation (p= 1), then there exist sets 


{ra} such that tn tau, lim|rm{| =0, and || a(r)||<n|r] for all 
eC T — r. | 
Applying Lemma 5.3 to n, we obtain the decomposition (o°, ot, a°, > -) 


of T into disjoint sets such that || #(r)||<n| + | for all 7C o°, and 
[| e(r)|| 2 n| | for all rCot (i= 1,2,- -). As e(r) is of p-bounded 
variation, there exists an M such that 


k k 
M = Š (|| e(o) ||2/| of |) = w| Sot |, 
4-1 qal 


00 
Consequently if we define on— Dot, then- (on) SM/n? Let o= 


i=1 


| 
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on (T —on-1). Then ee Lae rl ere ate ere Thus 
|o-ot|—=0 and hence | e | = 0. Define m= > or. Then | tn ae The 
{rn} clearly satisfy the conditions of the Nor | 


5.5 THEOREM. If a is a completely additive a-absolutely eee I 
set function on T to X of p-bounded variation such that 


Ll) DIC eD r] S a] 


| 

| 
is No-compact for all n, then there exists a measurable function y(t) such Ni 

| 

i 

| 


o for all t if p=1 
g(r) = f. y(t) da for all r finite measure jif pol 


and 
Vo(1(.)) =La. b. TEC (e) [P/r == f, Kol 


We can ea Lemma 5. 4 and obtain sete ra such that rn D Tuss lim | ra | 


== 0, and || #(r)|| Sn | 7 | for all r Œ T — ra. By Theorem 5. 1 there a 


for each n a Ya(.) C B(X) such that yn(t) == 0 for all tern and al. 


== a(t —T' Tn) = f yn (t) do for all + of finite measure. Since the yn(t) 


are separable valued yn(t) == Ym (t) a. e. on T — ra We define y(t) = aO 
for t erTn-1 — Tn: Where T == ro. Then as |r ]—> 0, y(t) is measurable and 
y(t) = Ya (t) a.e. on T—ty 


| 
Now if a(t) is measurable and 1 [| z(t) ||pda < 0, one shows ny 
step function approximations that V»(z(r)) = f. || z(t) ||?dæ where a4) 
f z(t) da. Consequently f || yn (4) ||Pda = Vn(aa(.)) SVe(z(.)). a 


f, Olda = Vo(2(.)). Since || ya(t) —y (A) IIPS Il vel, it iq 


lows that lim f [| yn(t) — y (t)i [Pda = 0. Therefore for all r of finite 


measure @(r) — lim Tar) == lim f yn(t)da— f y(t) da. If p = 1, this 
© a B afl T T i 


holds for all r. For given a r there exists a monotonic ascending sequence of - 


sets t, of finite measure such that lim rn =r. g(r) = lim (ra) = lim 

n on n 
f yda — f y(t)da when p=1. | | 
a? Tn T a | 


A 
5.6 COROLLARY. If a(r) isa completely additive -absolutely continuous 


1 


w 
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set function on © to a reflexive Banach space X of p-bounded variation, then 
there exists a measurable function y(t) such that . 


a = for all t if p=1 
S Í, aXe) ae l for all t of finite measure tf .p > 1 


-and 
Vo(a(.))—= f, 19C) lira 


We shall conclude this section with an application of Corollary 5.6 to the 
spaces L?(X) introduced by Bochner and Taylor (3). For this purpose we 
do not insist upon the usual decomposition of T into a denumerable sum of | 
sets of finite measure. J?(X) is defined to be the class cf all measurable 


functions g(t) on T to X for which || #(.)|| = Cf, || a(t) | |?dt)/? exists. 
P k 


Let U be a linear functional on Le (X) where p œ> 1. Define y(r, <) =£ 
for all ter and x(r,xz) = 0 elsewhere. If r is of finite measure then 
x(r, £) eL” (X) and U({x(r,x)) exists. Following the reasoning of Bochner 
and Taylor (3, theorem 3.2), one can show that U(y(7,x)) is a linear func- 
tional &(r) on X, that Z(7r) is additive on sets of finite measure, that |! U ||q 


VE) pe, gad ee) = f dz(r) -a(t). Since 
Vq(Z(r)) < œ, (7) is completely additive and «-absolutely continuous on all 
subsets of a set of finite measure to £. Further one can easily prove V¢g(#(r)) 
< œ implies the existence of a set rọ which has a denumerable decomposition 
into disjoint sets 7; of finite measure and for which r' rto = 0 gives s(r) = 0. 

If we assume X to be reflexive, then X is likewise reflexive and we can 
apply Corollary 5.6 to the sets {7;}. On each of these there will exist 
a function (t) such that (r: rti) = f &i(t)dt and Vaļ(ā(r'ri)) 


-f || &:(¢)[|¢dt. Define Z(t) = (t) for hery (i = 1,2,- ) and 
Z(t) = 0 elsewhere. Then (£) is measurable, (7) -f Z(t)da ior all 


sets of finite measure, and || U || = Vq(@(.)) = f || (4) |[¢de. In other 
~ T 
words LP? (X) = L4 (Žž). 


5.7 THEOREM. If X is refesive, then L?(X) = LI(Ž) and hence 
Le (X) is reflexwe. 
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CONTINUA OF FINITE LINEAR MEASURE L.* 


By SAMUEL EILENBERG and O. G. HARROLD, JR. 


1. The «-dimensional measures. For a metric space X and numbers . 
oO 
a=0, «e>0 define? Le(X) =g.l.b. $, [8 (X:)]* for ,all decompositions | 
t=1 


A= X, + X+, (X) <e. If no such decomposition exists set 
Le(X) =+ œ. Since L£ is a non-decreasing function of e we may define 


Le(X) = lim Le (X), «> 0. 


This number (which may be + œ) is called the -dimensional measure of X.’ 
The number Le(A) is also defined for all subsets A C X and is an outer 
Carathéodory measure [10, p. 581. 

It is agreed that [8(4)]° = 0,1 according as A is vacuous or not, and 
hence L°(X) is the number of points in 4 if it is a finite set and + œ% 
otherwise. 

The value of L*(.X) depends strictly on the choice of the distance func- 
tion p in X. „For the sake of clarity we shall sometimes write Le(X, p) 
instead of L°(X). 


2. Szpilrajn’s theorem. The problem. The connection between a-di- 
mensional measures and the Menger-Urysohn dimension of X was studied by 
Szpilrajn. [11, 7] who, among other results, has proved that a separable metric 
space X has a dimension = n if and only if there is a metrization p of X such 
that L! (X, p) 0. This implies that if dim X =n, L”(X, p) >0 for 
every metrization p of X. 

If Xo is a compact metric space consisting ‘ts a countably infinite set of 
points and X, is the cartesian product 1” X Xo, where I” ig the n-dimensional 
cube, it is easily seen that dim Y,==n but D"(Xn,p) ==-+ œ for every 

metrization p. This suggests the following 


: PROBLEM. To characterize.a separable metric space X of dimension n 
for which there is a metrization p such that L*(X,p) < + œ. 


* Received July 31, 1941. 
1 For AC X we define 6(4) =l. u. b. atoy), meä. 
2 The numbers in brackets refer to the bibliography at the enc of the paper. 
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| 
I 
3. The integral theorem. A necessary condition which the space must 
satisfy can be easily obtained from the following ? 


| 
| 
THEOREM 1. Gwen a metric space X and a real valued function Ha) 
on X such that | f(a.) —f(#2)| S p(z v2) for all tı, t26 X, then | 


+00 
f LE Jdt S L(x), a20, 
af -00 - è 

where the integral is to be understood as an upper integral in the sense of 


| 

| 

| 

| 

p 
Lebesgque.* 
} 


Since all the’ quantities involved are non-negative it follows that if 
L(X) <4 œ (or =0) then Lef >(t)] << -+ © (or =0) for almost 
all ¢ In particular if (X) < + œ, then f(t) is a finite set for almost 
all ¢. . : 

If zo is a fixed point of X and f(x) == p(T, zo), we get the following 


COROLLARY. If [1(X,p) < œ and toe X then the set 


| 

i 

| 

| 

S(t) = {2 | e(z» 2) =t) 
is finite for almost all t. 


Using the function f(x) = p(%, £) we also-easily deduce from Theorem '1 
that if L”! (X) == 0 then dim X =n, which is one half of the theorem of 
Szpilrajn mentioned above. 


aranne me ee 


4. Rectifiable continua. In this paper attention is restricted to the case 
n= 1 and X is a continuum (i.e. a metric, compact and connected space 
containing at least two points). For this case the problem will be completely 
solved (see Section 6). This case, the authors believe, is of particular impor- 
tance on account of its connection with the problem of rectification of con- 
tinuous curves. A continuum X is called rectifiable if there is a con- 
tinuous mapping, f(Z) =X, of the closed unit interval J, 0S¢<1, such 
that the path-length S(f) is finite.© Since the inequality Z1(X) = S(f) is 
readily established from the definitions, it follows that, if X is rectifiable, the 
linear measure of X is finite. The converse of this is a consequence of the 
following 4 





| 
* This is a generalization of a theorem of Hilenberg [2]. | 
+$ We understand the upper Lebesgue integral of a function f=0 to be the g. 1. b. of 
Lebesgue integrals of all measurable functions g =f. 
5 For a definition of S(f} and simple properties of this functional see Saks ai 
p. 121)... 


ere — a 
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THEOREM 2. If I (X). < œ there is a continuous mapping f(I) = 
such that K(f) S2- (X) —a(f£). 


This is a generalization of a theorem) of Ważewski [12] (see also [8] 
and [9]). 


5. Continua of finite degree. The point p of the continuum ¥ is said 
to be of finite degree provided that to each e > 0 there is an uncountable family 
of neighborhoods {Ua} of p such that (a) 8(Ua) < e, (b) for arbitrary Ua, 
Ug in {Ua} either Ua C Ug or Üp C Ug and (c) each Ua — Ua = F (Ua) isa 


finite set. If each point of X is of finite degree, the continuum X is of finite 


degree. A continuum of finite degree is already regular in the Menger- 
Urysohn sense. 

The point p of the continuum YX is called a local separating point pro- 
vided that some pair of points, of the component C containing p of an arbitrary - 
neighborhood Æ of p, are separated by p in R. The development of these 
concepts is due to G. T. Whyburn who has shown. that a continuum X is of 
finite degree if and only if every subcontinuum of X contains uncountably 


. many local separating points of X [13]. This theorem of Whyburn implies . 


that if X is of finite degree at all points except perhaps those of a compact 
0-dimensional set it is of finite degree. l 


6. The main theorem. Denote by J the unit interval 0 & t.S 1. If 
f(X) = Y, denote by ®(f) the set of all points in = such that f-*(y) is a finite 
set. We come now to the principal 


THEOREM 3. For every continuum X the following conditions are 
equivalent : ° 


(A) X can be imbedded in the Hilbert cube Qu so as to have a finite 
linear measure. 


(B) X has a homeomorphic image of finite linear measure. 

(C) X is of finite degree. | 

(D) Gwen any two disjoint, closed subsets Xo, X, in X there is a con- 
tinuous mapping F(X) == I such that 


(di) F(z) =i, for ve Xi,1— 0,1; 
(de) ®(f) ts uncountable. 


e For the equivalence of (A), (B) and (D) see [3]. For the equivalence of (B) 
and (C), originally established by other methods, see abstract 45-9-321 of the Bulletin of 
the American Mathematical Society, vol. 45 (1989), p. 668. 


w 
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(E) Gwen any two closed, disjoint subsets Xo X, in X there is a còn- 
- tinuous mapping f(X) = I such that 

(e1) f(x) =i, for ce X, t= 0,1; | 
(e2) for every irrational tel, te (f). | 


(E) Every subcontinuum of X contains uncountably many local sepa- 
rating ponis of X. 


(G) X is locally connected and for every pair of closed, disjoint subsets 
Xo, X, in X there is a finite collection of disjoint, perfect sets Ny, Nay © ° Nx 
such that any continuum in X intersecting both X, and Xy contains some N i. 


(H) Gwen a sequence Xo, Xis X2: + + of subcontinua such that lim x i 


= © 
== Xo there is an integer n for which J] X; is uncountable. 
' n 


The problem, as to whether or not the 3-dimensional cube, Q*, can , 
substituted for the Hilbert cube in (A) is opan. | 
In applications the condition (F) proves most useful in deciding whether 
or not a given continuum has a homeomorph of finite length. | 
It is evident that (A) -> (B). The implication (B) —>. (C) is a conse- 
quence of the Corollary to Theorem 1. The theorem of Whyburn mentioned 
in Section 5 states the equivalence of (C) and (F). The equivalence of (0) ; 
(G) and (H) has been proved elsewhere [5]. Hence only the implications 


` (C) > (D) > (E) > (A) 


i 
need to be proved. These proofs as well as the proofs of Theorem 1 and 
Theorem 2 are given in the following sections. 


7. Proof of Theorem 1. Given a subset A of X define 


(A, t) = 1 if tef(A); (A, t) =0 if tnonef(4). ` 
Let now l 
Tear 8(4:”) < 1/n 
be a sequence of decompositions such that 

0o 

(7. 1) ; i lim >> {8(Ai”) yari = [0 (X) ; 
i n=>00 {z1 > 
Define 


| 

| 

| 

| 

] 

| 

| 

| 

Pe | 
(7.2) a(t) = lim inf X {8(4:”) }*d(A’*, t). 
n> j=l } 

| 
| 
i 
| 
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Since d(.4;", t) is a measurable function of t, 
(7.8) d(t) is measurable. 
In view of the definition of Le we have 
L9[f+(t)] Slim inf È (8[4"- f(t) ]}* 

But since j 

{8[ Ai": f(t) 1ye = {8[ 4” - f(t) ]}e d(A:”, t) S {81 Ae) Jo d(4:”, t) 
it follows that 
(7.4) Le[f2(t)] Sd(2). 


From (7.2) and the lemma of Fatou [10, p. 29] it follows that 


fat Slim int eame f d( Ad, t)dt. 
“OO n—>00 ¿=i -00 
But since 


oO FE eae 
f| ACA", t) dt — meas FAP) S SIF (4)] S840) 
-00 
it follows that 
œ , oO 
f d(t) dt SS lim inf X {8 (4;”) Jet. 
-00 RICO izi 
This implies 
oO 
(7. 5) f AdE LE) 
“OO 
because of (7, 1). ‘The theorem is a consequence of (7.3), (7.4) and (7.5). , 
Notice that the case « = 0 needs no special proof provided we understand 
that {8(4) }° == 0 if A = 0 and that {8(A)}®°=1 if A £0. 
8. Proof of Theorem 2. We shall first establish the more general 


THEOREM 2a. Let X be a continuum such. that I7(X) < œ and let 
AC X be an arc with endpoints do, a. There is a mapping f(I) =X such 
that f(0) == ao, f(1) =a, and (H S2b4(X) — D(A). 


Proof. In case X is a tree (i.e. a connected graph containing no closed, 
curve) the theorem can be established by an easy induction with respect to the 
number of ramification points of X. 

Since [7(X) < œ, X is a locally connected continuum and therefore 
there is a sequence of trees {7';} such that 


ACT;C X; Lim T; = X. 
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neoe ee ie m ee 


Hence we obtain a sequence of mappings fi(ZJ) == T; such that f;(0) = fo, 
fi (1) = a and | 
(fi) S2L(T;) — L (4) S 2L*(X) — L(A). | 

Since the functions {f;} have a uniformly bounded variation there is a sub- 

sequence {f} converging uniformly to a mapping f(Z) C X which clearly 
will satisfy all the requirements of Theorem 2a. | 

To prove Theorem 2 we notice that since D(X) < œ, X is arewise con- 

nected and we can chose the arc A so that 8(A) = 8(X). Since 8(A) SD (4) 
we have 2 (X) — L (4) S207 (X) — 8(X). | 


9. Proof that (C) —> (D). Let X, and X, be two disjoint closed satis 
of X. Identifying all the points belonging to Xo one obtains a continuum 
which is a continuous image of X. If X is of finite degree then X* is of finite 
degree at every point except perhaps the point 2, which is the image of X p» 
As we have remarked in Section 5, Y* must therefore be of finite degree albo 
at zo This implies the existence of an uncountable family {Ua} of open 
. subsets of X such that: X¥,C Ua, Ua:-X,—0, Ūa— Ua is finite, either 
Ue 6 rs ar me U | 

By a theorem of Kuratowski* a continuous mapping f(X) =I can be 
constructed such that f(x) == 0 for x e Xo, f (£) = 1 for we X, and that for all 
indices a, except for a countable number of them, the equality 7, — Ua 
== f1 (t) holds. for some t Consequently ®(f) is uncountable and (D) is 
established. | 

| 


10. Proof that (D) — (E). We shall use the following 
l | 


Lemma 1. Given a perfect set NC I there is a continuous mapping 
g(1) = I such that g(0) = 0, g(1) = 1, and for every irrational teI the set 
g> (t) is a single point of N. l 


We omit the proof. 
Let now f be a mapping given by (D). Since (f) is uncountable and 
= (f) is a Borel set (in fact, a Gee) there is a perfect set N C ®(f). Let 
g(1) =I be the mapping given by Lemma 1, and define f, = gf. For every 
irrational t, we have g> (t)eN C &(f) hence te ®(f,). This proves (E). ! 


11. Regular decompositions. A decomposition 


X =F, +F 4 Hh | 
| 


| 

a Kuratowski, “Sur les familles monotones d’ensembles fermés et leurs appli- 
cations à la théorie des espaces connexes,” Fundamenta Mathematicae, vol. 30 (1938), 
pp. 17-33. 


| 
I 
| 
| 
| 
| 
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will be called regular if (a) F; is a continuum for i= 1,2, +, k and (b) 
By: F; ig finite for 154 7. | 

LEXMA 2. A continuum Xis regular in the Menger-Urysohn sense if 
and only if for every e > 0 there is o regular decomposition cf mesh? e. 


Proof. It is obvious that if the condition of Lemma 2 is satisfied then X 
is ragular. Assume now that,X is regular. There is then a decomposition 


X =U, 4U + HUn 


where U; is open, 8(U:) < «/2 and B(U;) = U;, — U; is finite for t = 1,2, 
+++ m. Consider the finite set | 


- 


B= > B(U;) m= (U1, To’ * *, Ur) 
į=1 ` 


It is clear that every component of X — B has diameter < «6/2 and only a 
finite number of components of ¥ — B have a boundary consisting of more 
than one point. Hence we have a decomposition 


X — B = Dı + D: +: ' "+ Dr + Dm +: -e Dy 


where for 17, D; is the sum of all components of X — B with a; as bound- 
ary and Dm: © t, De are the remaining components. Taking F; = D; we 
obtain a regular decomposition of wesh e. 


12. The condition ,(I). In terms of regular decompositions we can 
formulate the following condition for a continuum X. 


(I) Given any two disjoint, closed subsets Xo A, in X there is a con- 
tinuous mapping g(X) C I such that ) 

(i1) g(v) = 0 for ce Xo, gl£) > 0 for ce 44; 

(is) for every regular decomposition {Fi} of X, X 8[g(Fi)] S1. 

Lemma 3. (E) > (I). 

Proof. Let f be the function given by (E). Let (t) denote the number 
of points of f(t) if f*(¢) is finite and let k(t) == œ otherwise. It follows 


from. (e2) that k(t) < œ for every irrational te T. 
We define the mapping g(Xò C I as follows 


f(z) dt 
g(x) =f Oa 


8 A decomposition will be said to be of mesh e provided the diameter of each element 
is < e. 
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If z eX, then f(z) = 0 and g(x) =0. If zeX, then f(z) —1 and 
1 di 
g(x) pots 7 k(t) ’ 


therefore g(x) > 0 since k(t) < œ on a set of positive measure. Condition 
(i1) is thus fulfilled. 

Now let a regular decomposition {F:} be given. Since F; is a Se 
f(F:) is an interval or a point: 


T(#,) z= [ a, bi] where i < b;. 


= 
TEE ee ee 
Bhs Sites le ee 
s 


Ed 


It follows that 


“a dt òd dt 
8[9(Fi)] = J. x ta ee Baa | 
Lg (F ) I o k(t) a b(t) | 
and therefore a 
. | 
Let 0 = co < c1 > © < Cr= 1 be the sequence obtained by arranging the 
points {a;}, {b;} in the natural order. Each of the intervals [a:, b;| will be 
the sum of a number of consecutive intervals [c;, cia] and therefore from 
(12.1) we obtain 


(12.2) Z alg (P)] = Sky f ey 


' where k; is the number of indices ¢ for which [¢;, cza] C [ai bi]. It follows 
that [cj cja] C f(P:) for k; different indices i Since F;:F; is finite for 
i4 we deduce that f(t) contains at least k; points for every ¢ « [¢;, Chall 
except perhaps a finite set. Hence k; S k(t) for almost every te [c;, Chari] 
and therefore | 


É Ci+t 
| 
| 


Using (12.2) we obtain ne 


13. Proof that (E) —> (A). Let Ui, U2,: - * be a sequence of open sets 
forming a base for XY. Let {(Xo", X,")} tbe the sequence of all pairs 
(Xo", X.") such that Xo" == U, X,” = X — U; and X”: X” —0. 

Since (E) implies (I), for every pair (Xy",X.") we may consider a 
function gn satisfying (I). Given we X the sequence 


h(s) = {g (1), 2g: (2), i N? gn(2),° ` i. 


is a point of the Hilbert cube Qu. Clearily the mapping A(X) C Qw is con; 


| 

| 

i 

i 
š ! 
tinuous. 1 
| 
! 
| 
t 
i 
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If £o, tı cX and % A 2, then for some index ‘n we have To € Xo", Tı € X” 
and because of (31), 9n(%o) < ga(zı) and consequently h(a) = h(2). 
Hence h is a homeomorphism. 

Since for Lo, Tı eX 


pLh (20), A(21)] = (3 n° | ga (20) — gr (aa) | PP 
it follows that 


B[h(A)] S (Z n (lga (4)1) E S È n lga (4)] 
for every subset A of X. | 


Given a regular decomposition {F;} of X we have 


CO 


E [A(R] SED nelga (P:)] S È n I alga (F:)] 


and since X 8[gn(#:)] 5 1 because of (i2), we obtain 
e i ae ioe) 
(13.1) > h(Fi)| Sd n°. 
t n=1 


Now, since X satisfies (E), it is clear that X is regular and therefore in 
view of Lemma 2 ‘there are regular decompositions of XY of arbitrarily small 
mesh. Hence (18.1) implies that 

OO 
DAX) Sdn? < ow. 
: n=1 

This concludes the proof of Theorem 3. Notice that in proving (A) 
we have used (I) and the fact thet X is regular. Since (E) implies (I) we 
therefore obtain 


THEOREM 3a. For a continuum X regular in the sense of Menger- 
Urysohn conditions (A) — (H) and (1) are equwalent. 


UNIVERSITY OF MICHIGAN. 
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A FUNCTION-THEORETIC IDENTITY.* 


By D.C J. SPEN CER. 


1. Let n(r,w) denote the number of roots of f==w in |z| <r. We 
have then the following rather general result: | 


THEOREM 1. Suppose that g(&), defined for R = 0, is absolutely con- 
tinuous * and that 


Gay | a(R) = f g(R)d(in R). 


Then for any f regular in lz] Sr we have 
(2) rf" GUA) Jag 
= f, SO SOTD IFI IF | odode + 2ng (0) (1,0) 


(except in cases when g(0) £0 and f = 0 on | 2| =r). 

Since the derivative appears on the left-hand side of (1.2), the additive 
constant implicit in the definition of G(R) does not matter. 

For functions meromorphic in |z| = vr, the identity becomes 


ref aC Fre) |)ag 


= fo JG CED IFI LP | ododo + 249 (0)n(r, 0) —2ng(co)n(r, 0). 


This can be seen almost at once from the argument given in Section 5, the only 
modification (which is rather trivial) being in (5.3) of Theorem 6. For 
convenience we suppose throughout that f is regular® in |z| <1, and that 
0<|z|=r<1. 

-= Taking — == 1, so that g (R) =0, G(R) = ln R, we obtain 


(1.3) ref. nifl E 0), | 


* Received August 24, 1941. 

1 Absolute continuity on the set of values of | f | is of course sufficient. 

2 There is no loss of generality whatever in pane a regular functions; the 
method given here is applicable with trivial modification to meromorphic functions. 
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which is Jensen’s formula. Next if A > 0%, the choice g( fh) =AR* give 


aa og foita f7 SOI I pdig, 


ee ES a ee Eh eee 
‘ 


=i 





the identity of Hardy-Stein. Thirdly, if f +40, we may take g(R) = In| j 
obtaining | 
d T r erid z 
(1. 5) ane In? | fl deme f f 2 mf papdd. | 
This formula may also be found by dividing both sides of (1.4) by A? and 
! 


letting à — 0. 
Taking g(R) —R/(1-+ B), G(R) —In[(1+|a/) +2) 3, we 
have (since g(0) == 0) | 


(1. 6) ref EH LAO TPA 2 f S a Fy 


Replacing f by f—a in (1.8), subtracting the resulting identity from a 2 
and then integrating, we obtain, in the notation of Ahlfors,‘ 


(1.7) zJ nra dp + N (r,a) = f PP) ap, 


This is, Ahlfors? formulation of Nevanlinna’s first main theorem; similar 

identities were found earlier by Shimizu (3) and Ahlfors (1). Both ee 

use methods quite different from that given here. 
Finally suppose that A> 0, and take g(R) = Min (AR^, à). Then if * 

f(0) = 0 we obtain, after integrating, the following curious identity, | 


(1.8) a f wlr f SS ir Potea} fir pa 


where In* | f | == Max (In | f |, 0), and where the integration on the right-hand 

side is extended pa over values z for which |f| <1. Integration by \¢ 

alone refers (as above) to the circumference | z | =r. ! 
2. We write 


(2.1) A(r) =4,(r) = Í i 


s i 
A(r), an area-functional, may be given the following geometrical interpre- 
| 


| 





VT FI LP Pedpde. 


"If f#0 in |z] Sr, (1.4) is true for all real A. | 

4 Ahlfors (2). (r) is the area, divided by m, of the stereographic projection on 
the Riemann sphere (of diameter unity) of the transform of |2|< + by f; and [a, b] 
is the straight-line distance between the projections of @ and b on this sphere. | 


i 
i 
d 
| 
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tation. We suppose first that g (E) is non-negative and non-decreasing. Let 
W(r) denote the map of |z| <r by f, w = Rett a point of W(r), and let 
V(r) = V(r) be the aggregate of points v == [2g(R)|2-e'® for which 
Rett C. Wir). Then V(r) is a uniform distortion of W(r) in the radial 
direction, and A(r) is the area of V(r), multiply covered points being counted 
multiply. In general, since g() is absolutely continuous, we may write 


(2. 2) g(B) =g: (E) — g: (E), 


where g, and gz are each non-negative, non-decreasing, and absolutely con- 
tinuous; and . 
(2. 3) A(r) = Ai(r) —A2(7), 


where A, and Az are the areas of Vp, and Vy, respectively. 


3. We define 
(3.1) p(r, R} = = f. n(r, Be*®) de, 
(3.2) n(w) =n(1, w) =lim n(r, w), 
rl 


(3.8) p(B) = p(1,R) = lim p(r, E) = = f n( Re) as, 
rol W af or 


the limits (though perhaps infinite) existing in virtue of the fact that 
n(r, Ret®), and so p(r, #), are non-decreasing functions of r, 0< r < 1.. 
If i 


BA fF rD <p f a] 


for all R, > 0, where p is a positive (though not necessarily integral) number, 
we say that f is mean p-valent (y). Here we suppose throughout that y is an 
absolutely continuous, non-decreasing function, and that (0) ==0. Then 
(by absclute continuity) (3.4) becomes 


Ry Ry | 
(3.5) f p(R)dly(R)]— f p(B) (BARS pR) (R> 0), 


In particular, p-valent functions are mean p-valent (y). The special case of 
(3.4) when y = R? is ordinary mean p-valency, and this has been discussed 
elsewhere.® Roughly, (3.4) is the stronger the more rapidly wy increases 
with R. . 

We note first that mean p-valency (y) implies that n(0) <p. For 


5 See Spencer (4), (5), and (7). 


150 l D. C. SPENCER. 


| 

| 
there is a circle of radius ẹ = 8(f) > 0 every point of which i is covered exactly . 
n(0)-times, and if n(0) > p we should have 


(8.6) f (DANDIES aep f a, 


in anai with (3. 4). If p=n(0), we say that f is mean 7(0) -valent 
(4). Since j is regular in |z| < 1, p(%) = 0, and | 


| 
j 
| 
! 
i 
| 


(7) f °al—p(R)] = p(0) — plo) — p(0) = n(0). 


Mean n(0)-valency may therefore be written in the form 


| 
| 
r ns : 
(8.8) f PDSR S af—p(R)] (> OF 
| 


Secondly, since p(r, E) S p(#), we see that 


Fy - Ri l my 
(8.9) f pe DARIE f PAE] (0< <1 R > 0). 


Therefore a mean p-valent f is a fortiori mean p-valent inside |z| < r < 
The following theorern is useful when combined with Theorem 1. 


Ea 


THEOREM 2. Suppose that f is mean p-valent (y). Then 


(3.10) f “pty(R))al— p(B)] = ps { =f yeap) } 


if ẹ is convex (that is, if p= 0) and if (9) = 0; and 


(81) f“sv(2))al— p(R)] pd E f yea oR) | 


if $ ts concave (that is, E” = 0) and if (0) = 0. 
When f is mean n(0)-valent (yì, we may replace p 2g n(o) 


=x x d|— p(&)] in (3.10) and (3.11), and these inequalities assume la 


i 
more elegant form. 


_ The restrictions that $(0) be non-positive and non-negative respéctively 
in (3.10) and (8.11) arise from the fact that a mean p-valent function f is 
a fortiori mean p,-valent if p, > p, and may therefore be dropped when f i is 
mean: 2(0)-valent and p is replaced by 1(0). To see the necessity of thege 
conditions we have only to take ¢(#) = E -+ ò, 8 positive in (3.10), negative 
in (3.11), to obtain lace of both if p is large enough. | 
Choosing now ¥(R) = R*, 6(R) = 9([F#]), so that mean p-valency o) 


| 
! 
| 
! 
i 
| 
i 


th 
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becomes ordinary mean.p-valency, and g(R) = ¢{y(#)}, we have, on inte- 
grating by parts, | 


(3.12) f $¥(B)}dL—p(r, B)] 
= f PC B)aLsy(R)} + o{y(0)}- m(1, 0) 
since p{«o) = 0; | , 
= È p(n, R)alg(B)] + 9(0) “m7, 0) 
= > Ss. n(r, Rett). no ace RaRa® + 9(0)- n(r, 0) 
=> f f (FI) IEI: LP Pedede + 9(0)- (1,0) 
=r if edra 
by Theorem 1. Finally 
(3.18) f iDapt R= [Ral pe R= fn. RAR, 


and so, by Theorem 2, we obtain 


_ THEOREM 3. Suppose that f is mean p-valent. Then 


ey reaf edazp] [2 Sf remm] t 


if g (EP) ° is conver and g(0) 5&0; 


(3.15) réf adras] FS, pe mage] } 
if g(LR]E) is concave and g (0) = 0. 


If in addition f(0) = 0, g{0) = 0, and G(0) = 0, we obtain by inte- 
grating (3.14) and (3.15) from 9 tor, 0 <r < 1, the following result: 


THEOREM 4. Suppose that f is mean p-valent, and that f(0) == 0, 
g(0) = 0, and G(0) =0. Then 


(3. 16) mS atnaeze fr} L f rema] } A 


if g([ R]? is conver; 


Gan = =f. nT, 0} [Ef rema | tS 


if g(LR]4) is concave. 
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Taking in particular g == AF, G(R) == RÀ, we have 


1 1: is r ~~ MM 
(3. 18) z f rP s poma f f ple, B)a(R) | dp 
2 EEE Gy h/2 
== pM). AÀ- f, a f. Lf’ dpd | oe 
= pA. A a | 3 v | a tot | ae 
P. 
if 0 < A 2, where 


(8. 19) fm S wat 


| 

| 

| 

| 

| 

| 

| 

| 

| 

| 

pol 

and the reverse inequality is true if A > 2. Writing | 
| 

(3. 20) M(p,f) = Max | f|, 
z|=p ! 

mean p-valency implies that ! 


oO . M (ps | M (p, 
(8:21) f emam — f pe BiR =f PA) < par (o,f), 


and substitution of (8.21) into (3.18) yields the weaker result . (proved id 
my paper (4) ) 


1 T. r i d ‘s 
(3.22) g fres p f Wf)? (0 <à 52). 


The significance of these inequalities becomes clearer when they are 
expressed in terms of integrals taken over the boundary of W (r), the trans; ~ 
form of |z| <r by f. For simplicity we consider (3.18). Taking g = AR) 

G = RA, in formula (5.1) below, we have 


| 
| 
| 
| 
| 


(3. 23) ZJ | f Pdo =a f Rd, | 

= jel=r 
where f(re#?) == Re*®, If now i 
(3. 24) db = 0 | 
for 0<r< 1, we have for 0 <A <2, by Hélder’s inequality applied to the 


right-hand side of (3. 23), 


. (8. 25) raf" | f [Add Sal f dya) « { f Rede}? 
= jzl=r ; jel=r 
== A{ an (r, 0) FOV) - { f Rede}? 
lel=r 


by the argument principle, if f5<0 on | z | =r. But, by formula (5.3) belo 
with g = KF, 


| 
| 
| 
| 
| 
i 
| 
WwW 


| 
| 
| 
| 
| 
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(3. 26) f Rd® = 2r f ” p(r, B) a(R). 
Jel=r‘ i 

Substituting from (3.26) into (3. 25), and integrating from 0 to r, we obtain 
(3.18) (with p replaced by n(r,0)). Similarly if A > 2 we have the reverse 
inequality. | 

But (3.24) is much stronger than mean p-valency, and is not satisfied 
even by schlicht functions. We see, however, that integrals taken over the 
boundaries of mean p-valent domains behave like integrals in which dë = 0. 


4. The final result of the paper lies in a somewhat different direction, 
and is an application of the Ahlfors-Shimizu identity (1.7) in which wé 
obtain a localization of the following well-known theorem of Nevanlinna: 


(N) If 
(4.1) T(r) =0(1) (0<r<1), 


where T(r) is Nevanlinna’s characteristic function, then for almost all 6,f 
tends to a limit as z tends non-tangentially to et, 


We suppose that 0 < a < 7/2, denote by Ta(0) the domain defined by 


[z| <1, | e8 —2| < 5/4, | arg(e# — 2) —0 | <a, 


and write 


THEOREM 5. Suppose that ne is regular for | z |, < 1, and that to each 
6 of a set E, 0 < mE = 2x,® there is a positwe number a = a(0) for which 
Salb) is finite. Then for almost all 0 of € and for every B, 0 < B <2/2, the 
function f(z) tends to a finite limit as z — e in Tg(0). 


We note that 


(4. 3) Sa(0) < f f IP Prarde— 4a (0), 
Ta(0) 


say; hence if Áa(0) is finite in € the result of Theorem 4 is true a fortiori. 
Theorem 5 with the hypothesis replaced by the stronger condition that A,(@) 
is finite in € was suggested to the author by Professor A. Zygmund. 


€e m& denotes the linear measure of €. 


154 D. C. SPENCER. 


| 
Let Ña (0) be the subset of Te (0) in which |f| <1, and write | . 
(4. 4) Aa(@) -Í f P rdrdð. 
P (6) 
{ 


Using the identity (1.8) in place of (1.7) and noting that 


(4.5) fn |f | dg = 0(1) 


is equivalent to (4.1), a trivial modification of the proof given in Section! 7 
shows that the statement of Theorem 5 is true with Sa (8) replaced by Aa (0). + 


5. - We turn now to the proofs of Theorems 1, 2, and 5, and begin with 
Theorem 1, the proof of which is striking i in its simplicity. | 
Theorem 1 is equivalent to the following theorem, in which we write 
| f= Ret: 
THEOREM ô. | 
| 


(6.1) f oma=rg FTA fre) Da 


jel=r 


i 
r T 00 l 
(5.2) i STUPID IFIP Fododo — 26 f, p BAIE) | 
{ 
of g (R) d = 2n T n(r, R)d{g(R)} + 27g (0) - n(r, 0). 
le[=r 
We have given elsewhere’ a proof of the special case of Theorem 6 when 
g == AR^, and the idea, here is similar. The main difference is that we must 
now consider the possibility that g(0) 40. | 
We suppose that f0 on |z! =r, and we recall again that, by the 
absolute continuity of g, | 


1s 


| 
CO 00 | 

(54) fp BHIE) = f, p(n. BR) g (B) dR. | 
Pr } 

We begin with (5.1). Since fs40 on |z| =r, nf=mMF+ wo j 
regular on this circumference, and we have 


d(In R) 08 | > r OR 
ar 10” ðt Rr’ 


Since, differentiating both sides of (1.1), g(R) = RG (R), we have by (5. 5) 





(5.5) 


1 
| 
} 
i 
| 


T Spencer (6). 


| 
| 
| 
| 
| 
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(5.6) f PR gaa 


r Ea d 7 
=f mgp =r ST oma, 


and this is (5.1). 
Next, 


EnD ff" WFD IIP loded 7 
Z f j f " n(r, Rei®) I). papas : : 
—2e È” p(r, B) -g (B) dR—=2e f p(r, B)d{g(R)}, 


which is (5.2). 
Finally, since g() is absolutely E 
(5. 8) g (E) = q (E) — g2(2), 


where g, and gz are non-negative, non-decreasing, absolutely continuous func- 
tions, and 


(5.9) J (Ryde f. naa f geas. 
We write TE 

(5. 10) ` 3h? = gi (B), . 

so that Es 

(5.11) f g.(R)do =} | Baw. 


As above, let W (r) denote the transform of |z | <r by f, and let B(r) 

be its boundary (B (r) is then the transform of | z | =r by f). Also let V(r) 
be the set of points v == [291 (RF) ]#-e#® for which Ret C Wir), B(r) its 
external boundary—that is to say, B(r) is the curve composed of points 
_ v= [29,(2)2- ett, Reit C Bir). Then (See Fig. 1) V(r) and 8(r) both 
lie in the annulus [2g (0) P S BS [2g,() |], and B(r) bounds a domain 
D which, if g, (0) ~ 0, is composed of two parts: (i) Vir); (ii) the circle O, 
O=R< [291(0) ]?, every point cf which is covered eaucuy n(r, 0)-times since 


(5.12) L +f a= = f i — n(r,0) 
Bir) lzl=r 


by the argument ‘nee l 

We write A(G) for the area,  multiply-covered points counted multiply, 
of a domain G. Since D is closed by the curve w == Re?®, the right-hand side 
of (5.11) is the integral over this domain of a sectorial element, and therefore 


i 
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a PEE A a’ | 


(5.18) f a= f Rav —4(D) ~ A(V(r)) $40). 


N ext, n{r, g> (gR?) ett} sheets of V(r) lie over the point Rett, and | 
hence | 





. : (205(00)1# z | 

(5.14) A(V(r)) = fi" nr, ast GB) : t) BARIO — 2 S” plr, B)dligs(R) 
Finally m gt 
(5.15) A(C) = n(r, 0) -w{[2g.(0) ]8}* = 27g: (0) ` n(r, 0). 


Fig 


R=Vv2g,(00) 





y 


Fig. 1. 


Substituting (5.14) and (5.15) into (5.18), we obtain (5.3) with g replace 
by gı. But the same formula is true for g., and by subtraction (using (5. 8) 
we obtain (5.3). l 


This completes the proof of Theorem 6, and só of Theorem J. 


i 
; 
) 


‘ 


6. We take next Theorem 2, and we may suppose that 


(6.1) fT vaip) = p yR) < o. 


| 
| 
| 
| 
| 
| 
7 
For, having proved the theorem in this case, the general result, follows by ' ë: 
trivial passage to the limit. We define | ; | 

| 

| 

| 


pP, if 0S R< Ro 
0, otherwise, i 


(6.2) p(B) = | 
and then 
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COES (2) aly(2)1 = Min (PCR, Ra) — f” po(R)aly(R)] 


by the hypothesis of mean p-valency and (6.1). Next, aaa: twice by 
parts,’ 


(6.4) f “o(v(R)}a[—p(R)] = [— pe) $0) +f Pais] 
=n(0)-9(0) + f p(R)g(R)} -W/(R)aR 
= n(0)6(0) + [PUR f p(Ryaty(Ry IT 
— f° Cf RAAR) R) y Ran, 

since y(0) = 0, p(0) = n (0), and p(%) = 0; 

—n(0)$(0) + $C )} + p(B) 

— f° Cf neato ey gR) va) aR 

by (6.1); 

(6.5) = po(0) + 4'(y(%)} py (Re) 
— f° Cf po R)aly(R)1) gR) ) y (Ra) dR, 


if ġ is convex and (0) = 0, since y = 0 (by hypothesis) and n(0)5S p; 


=f, SUH po(B)] = poly (Re)} = pHs f~ ydi pk) 


by (6.1) and (6.2). If ¢ is concave and (0) = 0, it is plain that we have 
the opposite inequality. 


7. It remains to prove Theorem 5. Let En be the subset of € for which 
a> 1/n. We may suppose that €, is measurable; then since mEn > mê as 
n —> co, it is enough to prove the theorem for En. Jn other words we may 
suppose that, for some fixed « > 0, S.(6) is finite in €. 

Next, given «> 0, we can find a perfect subset E€, of E such that 
m(€E—€,) < «e and 
(7.1) Sa(O) < Ki (e) 


for 6 of €. That is to say, we may suppose that (7.1) is satisfied in €, and 
that € is perfect. 


Í 8 If p'{p()} == OO, we suppose that p(R) = 0 for MSR < œ, repeat the same 


argument with f 


ee M 
replaced by f throughout, and then let M - œ, 
o 0 
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We write 
(7. 2) D* = $ Ta (0), 
tok ZTE 


and A for the set complementary to D* with respect to |z| < 1. Then A. 
consists of an enumerable set of “triangular” domains Av. Let P,(v), Pa(v) 
be the two boundary points e#, ¢ of Ay for which 6,C €, 0a C E, and let 
Cr be the circle |z] < fo <1. We shall require the few simple facts about 
D* which are summed up in the following lemma: 


Lexma 1. (i) The distance d of the boundary of D* from z=0 
satisfies , 
(7.3) i d = sina > 0, 


(ii) To any real number 0 which does not belong to €, there corresponds 
a v = y(6) such that 


; 4 
(7. 4) l Ta(0) = > Tz, 
kel 
where T, C Ay, Te C Ory T's C Ta{Pi(v)} and Ty C Ta{Po(v)} (ro depending 
only on a). . pa 


In fact, let Po(v) be the point on the boundary of Av which is nearest the 
origin (Pù is the “ vertex” of Av), and (See Fig. 2) let @ be the angle POP.. 





Fig. 2. 


Then we have - 
` sin & 
(7. 5) OP. = sin (a + $) 
As for the second part, since 6 is not a point of €, there exists a v = v(6) 
such that 0, (v) <9 < 62(v), where Pi(v) = et, Pa(v) = e, We construct 


= sing > 0. 
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angles OQR and RP,S each equal to a, and then triangles OQR and RSP, are 
similar. We have, writing y = angle P,SR = angle ROQ, 


| PS P, 1— OR 





eee) sin (+y) “sing siny ’ 
and 

sin & 
(7. 7) . | ogi ie e Mer 


Substituting from (7.7) into (7.6) and simplifying, we obtain 
(7. 8) P,S = cos g — sin @- tan 4/2, 

and it follows that, if y < w(a), then - 

(7.9) PS = Ka(a) > 0. 


Hence if y < Yo(a), part (1i) of Lemma 1 is true. But if y = yọ(@), (1i) is 
obviously true, and this completes the proof of the lemma. 

By (i) of Lemma 1, z = 0 is an interior point of D*, and there exists a 
function A(2,) which maps the unit circle | z |< 1 on D* with h(0) =Q. 
We write F (21) = f{h(z:)}, 21 = pett. It is, then, sufficient to prove that 


. (7. io f Se(r)ar— Í, BE f C aE pdods } dr < o. 


For then 7'r(7") = O(1) by (1.7), and so, by (N), for almost all ¢, F tends 
to a limit as zı > et% in any T',(¢) for which y < 7/2. Also h(2,), a bounded 
function, tends to a limit for almost all $ as zı — etb in Ty($),y < 2/2. Since 
the boundary of D* is rectifiable, it has a tangent almost everywhere. Hence 
almost everywhere the angle between the right-hand and left-hand tangents is , 
w, and it follows at once that lim f(z) exists in every I'g(@), B < 1/2, almost 
everywhere in £. 

Let (r) be the transform of |z| <r by h, ad let D* (r) = D* ^ Q, 
(C; being the circle with centre at z == 0 and radius r). Then since | h| S1, 
h(0) == 0, 

t(r) C D* (r) ` 

by Schwarz’s lemma, and so 


(7.11) Sr (r) =; f "eT deig 


-iS S arans S S ar peia 
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Next, writing 
yle b) =< (1+ | f [?)?’ : 


0, | otherwise, 


we have, for suitable K; == K;(«a), 


a ff shee etelt = J f re Podeas — $ S f Si+ E 


Ta(#) 


if 0 €, by (ii) of Lemma 1 and (7.1); and (7.12) is true a fortiori if 
gC E. Hence by (7.11) and (7. 12) i 


(7.18) f Sr(r)drs { 1S S oti pnd } de 


=f fF (1— p) -¥(p, ) pdpde 

: 1 0+Ks. (1p) or 

== 7a dé S 1 FD. 
am S81 LS, eee elede | <3 OK +) < 


This proves (7.10), and completes the proof of Theorem 5. 


STANFORD UNIVERSITY, CALIFORNIA. 
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ON FUNCTIONS OF CLASS 1 HAVING THE PROPERTY OF 
DARBOUX.* 


By Isatan MAXIMOFF. 


1. Definition 1. A point To of a perfect set P is called a point of second 
species of P if it is a both-sided limit point of P. Let # be a linear B- 
measurable set. 


Definition 2. We shall say that a point 2 of E is a point of second 
species of # in the segment [a,b] if there exists a perfect set P(#.) having 
the following properties: 


(i) P(ao) contains zo and is contained in [a,b] F; 
(ii) ifa < za <b, then To i$ a point of second species of P (xo). 
Let f(x) be a finite function of class 1 on [a,b]. 


Definition 3. We shall say that a perfect set P(x) is a ere road 
for f(z) in [a@, b] at the point xp if 


(i) to is a point of second species of P(x) in [a,b]; 
(ii) f(s) is continuous at the point £, relative to P (zo). 


The author has established the following theorem : 


If a finite function f(x) of Baires classification has the property of 
Darboux in [a,b], then there exists for every point £to of [a,b] a perfect road 


Q(z) for f(x) in [a,b]. 


Definition 4. A finite function f(s) will be called partially continuous 
at the point x, of the segment [a,b] if there exists at 2 a perfect road P (£o) 
for f(z) in (a, b]. 

The author has also proved the following theorem: 


A necessary and sufficient condition that a finite function f(x) of class 1 
have the property of Darboux in [a,b] is that f(x) be partially continuous at 
each point of the segment.? This theorem will be called the first theorem on 


, * Received May 3, 1939; Revised August 14, 1940. 
1“ Sur les fonctions ayant la propriété de Darboux,” Prace Mat.-Fiz., vol. 43 (1935), 
“pp. 241-242, 258-259. ; 
2 Loc. cit.*, p. 260. 
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functions of class 1 having the property of Darboux. ‘There is an analogy 
between this theorem and a well-known theorem of Baire on functions of 
class 1: La condition nécessaire et suffisante pour qu'une fonction quelconque 
finie ou infinie soit limite de fonctions continues, est qu'elle soit ponctuellement 
discontinue sur tout ensemble parfait. 


Furthermore there is a well-known theorem of Lebesgue on functions of 
class 1: 


_La condition nécessaire et suffisante pour que f, supposée discontinue, sott 
de classe 1 sur P, est que les ensembles de points de P, E(f > A), E(f < A), 
soient des sommes ensembles fermés quelque soit A.* 


2. We thus have two theorems on functions of class 1, a) Baire’s theorem 
and b) Lebesgue’s theorem. The author has obtained the analogue of Baire’s 
theorem for functions of class 1 having the property of Darboux; it is of 
interest to obtain the second theorem on these functions analogous to Lebesgue’s 
theorem. In order to formulate and to prove this theorem, we consider any 
two rational numbers w, v (w < v) and the set E,” of all points of the segment 
[a,b] such that w < f(z) <v. l 


Lemma 1. If f(x) isa finite function of class 1 having the property of 
Darboux in [a,b] and if x is a point of the set Ey”, then there exists a non- 
dense perfect set P(x) such that 


(i) P(ao) is contained in the set Hy” ; 
(ii) 2 is a@ point of second species of P (£) in. [a,b]; 
(iii) f(x) is continuous at the point wp relative to P (zo). 


It is obvious that P (zo) is a perfect non-dense road for f(z) in [a,b] at 
the point zo. | 


Proof. Since f(x) is a finite function of class 1 having the property of 
Darboux in [a,b] we can find a perfect road Q (æo) for f(z) in [a,b] at the 
point Te. Let % be any point of Hy”. This means that w < f(a) <v. The 
function f(z) is continuous at the point æ, relative to Q(z) and so we can 
find a segment s = [To — €, % + €] [a, b], where e > 0, such that sQ (a) C By”. 
Let R(a)) denote the largest perfect set contained in sQ (z). It is readily 
seen that R(2,) is a perfect road at the point so for f(x) in [a,b] contained 
in #,”. Evidently, there exists a non-dense perfect set P(2)) such that 


3? R. Baire, Leçons sur les fonctions discontinuea (1930), p. 124. 
4H. Lebesgue, “ Une propriété caractéristique des fonctions de classe un,” Bull. de la 
_ Soc. Math. de France, vol, 32 (1904), pp. 229-242. 
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(i) P(a) is contained in R(zo); . 


(ii) Zis a point of second species of P(a) in [a b]. 


\ 


This set P(a) satisfies all the conditions of our lemma. P(r) will be called 
a perfect non-dense road for f(x) at the point ap. 

If y is any positive number, let H[f (xo), y] denote the set of all points z 
of [a,b] such that | f(a) —f(a) | < 7. 


LEMMA 2. A necessary and sufficient condition that the function f(x) 
be partially continuous at the point xo of the segment [a,b] is that To be a 
point of second species of E [F (£o), ņ] in [a,b] for every posite n. 


Proof. Zo is a point of second species of Ly, == E LF (%), 1/n] in [a,b] 
and so there exists a perfect set Pa such that 


(i) 2 is a point of second species of Pp in [a,b]; 
(ii) Pa is contained in En. 


Now we form the sats 
HH’, = — Lo) Pns H” n = (£o £ -+ 1/n) Pa 
and the sets n in such a manner that 


(i) if the set H'n — lanl Hn — A nis} is nee then G’n{@n} 
is a perfect set contained in A’, — Hn { Hn — H” nay; 
(ii) if the set Ha’ — Ay’. {Hn — H”nn)} is at most countable, then 
GnG n} is null. 


If a < To < b, then the set 25 + > (On + Gn) is a perfect road for 
f(x) in Ia, b] at the point a. If x == ate == b}, then the set zo -+ by Gy 
{ao + 2 G’,} 1s the perfect road for f(x) in [a,b] at the point £, == ee = b}. 


From this we conclude at once that f(z) is partially continuous at each point 
To of [a, b]. 

We next assume that Fæ) is partially continuous at a point z, of [a,b]. 
This means that there exists a perfect road P(z,) for f(z) in [a,b] at the 
point To Let 7 be any positive number. We form the set Pn(%) = P (z0) ` 
E[f(zo),74]. The function f(x) is continuous at the point £o over P(2o) so 
that we can find a segment s == [To — €, To -+ €] [a, b], where e > 0, such that 
sP (£o) = 8 ¢ Pa(£o). Since x is a point of second species of P(g) in [a,b], 
To is a point of second species of sPy(%) in [a,b]. But sPy(ao) is contained 
in E[f(20),7], so that vo is a point of second species of H[f(2o),y] in [a b]. 
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8. Let (y) Yı Y2 Yz;* ` ` be the ‘sequence’ of all rational. numbers and 
consider any system of nace sets . i i 


where yr < Yp- We shall say that this system H possesses 
ee the * Property (F—1H) if . | 


(1) _'s ee By —lim Hy [r+ p +s]; 


i e 
0,1,2,3,-- 

1, 2,3,4,-- 
1,2, 3,4,* - 


Ne 


Ne 


(H) Hyr + e+ s] (= 
f ae ee p= 


t 


b) the property - (HC E) iE 


(28) : glee +a CBE 
c) the property (H C H)if 
(3) He [r+ p-+e]C He ETE ; 


d) the property (H - H) if every point of Hsr [u +- s] where M is the 


greater of the integers. r a Po t+ T, 18 a point ae second species whenever 
Yt L Yr < Yp L Yr 


We now state the second theorem on functions of class 1 having the ` 


property of Darboux. 


THEOREM 1. A necessary and sufficient condition that a finite function 


f(a) of, class 1 have the property of Darboux is that there exists a system of. 


perfect aore 
a A ' Sa 0) 1, a 
(P) Prirt+ pts] (= 12,8, 45° - ) 
p P: o 
having the properties : l 
a) (E—1P), -b) (PGE), «) (PCP), d) (PCP). 


Proof. Let f(s) be a finite function of class 1, then Æ # is the sum of © 


perfect - sets On = 1,2,3,4, >) and of,a countable set of points an 


(n = 1,2,8,4,- +). On the other. hand, f(x) possesses the property. of: 


Darboux in [a,b] so that we can find by Lemma 1 a perfect road P(z_) at 
the point £a for f(a). contained in HY var. It is clear that Hye i is the suni of 
ee sets Qm and P (an) oe 2, 3, A ae ea dee ee) 

may thus write | | i 


(4) py Sap [r+ p +k] 
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where Au [r + p-+ k] are the perfect sets. Hence, we obtain - 
(5) Be = lim H” r+ +s] 


where H - [r+ p +s] are — sets defined by. the relations oe 


Hrs = Ay, + Ay, H Ars 
tide ea Lege a Te : 


T+3 


(6) 


It is obvious that the see H of these perfect sets HY ne -+ p + s] possesses 
the properties (F == IH) and (H C E). 
Now we consider any system of perfect sets 


l s= 0, 1,2,3; 4, +> 
(H) Hy [r+ +s] |1523, 45] 
í p= 1,2,3,4, 5, -> 


which posseses the properties (E = 1H) and (KC E}. ` 
Let P be an operation which transforms the system H of sets 


rE a s=0,1,2,3,:°- 
(H) Ys ds [r+ pts], r= 1, 2,3, 4,° ce 
i p = 1,2, 8, 4, O 
into a system PH of perfect sets | 
(PH) Pir k +e +s]. 


Here the system PH is the result of the operation P on the system H. We 
denote by P P,H the system of perfects sets which is the result of an operation 
Pz on, the system P,H. It is obvious that the system P,P,H may be con- 
sidered as the result of the operation P,P, on the system H. ` 

We shall now find an operation P which transforms the syen H into 
the system P of perfect sets 


s = 0, 1; By Bowe 
(P) as [r-+p+s] =e 1, 2,3,4,°° - 
p = 1,2,3,4, + 
where l 
(7) Pe [ri pte] = PH [rtp ts] 


Yp 


satisfying ali the conditions of our theorem. Formula (7) may be written 
in the form P = PH. 
We define the operation P by the formula 


(8) P =- -Pae Ps Pae Pa: Po, 
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where Pa is an operation such that if the system H possesses . properties 
(E = 1H) and ce C E), then the system ?,H of perfect sets 


a E A 
(PaB) Payr [r+p +s] r= 1,2,3,4, °° 
p= 1,2,3,4, > 


> i i a 


posseses . 
a,) the property (E == IP nll), i.e. Er == lim Pa Hur [r+p+s]; 
bı) the property (H C ?,A C E), i.e. 
He [r+ pts] C PaE [r+p +s] C Ee ; 
cı) the property (PaH C P,H); for all integers k S n, i.e. 


OHH [r +o +s] C Py Papagai 
whenever t+pts+1 seks n; 


dı) the property (Pall C 9,H),, for all oo k =n, i.e. every point 
2 


of the set P, H? A [2k] is a point of second species a the set PnH? vt [2k] 
whenever k = =n, 


Yt L Yr < Yp < Yr, tS k, r& k, pS& k, tk 
e1) if the system of sets 


Se 0, 1,2; 35° .% > 
He [r-+p+s] r= 1,2,8,4, > 
p= 1,2,3 a 
possesses properties (F = IH), (HC E), HC A), and (HC HA), fork&n, 
g 2 


then for all k Sn we have (PH = H)x, i.e. Pa M [2k] = H 2 [2%] when- 
ever k&n rk, pk. 

We define the operation Pa by the formula 
(9) - Pn = BiSaT n 


as the combination of certain operations Ta, Sn. Bn We define the operation 
Tn by the formulas 


Tale [r + p +s] = Ae [r +e] + He [rte t1]: 
(10) + He [r + p + s] for all r +p +s S 2n; 
TH [r + p +s] = He [r +p +s] 
(11) for all r +- p -+s >n. 
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It is easily seen tha tthe operation T» possesses the properties 
az) (E = ITH); bs) (HC TaHC E}; c2) (nH C Ta), for all 
k & w; d2) if for all k S n, (H C Hr, then (Tu H =H), for all k S n, i.e., 
8 
THY [r+p+s] = He [r + p + s] for all r -+ p -+s E 2h S Rn. 


We denote the set Taly [r +p +s] by Dy [r -+p +s], ie. TH =T. 
We now define the operation S, by the formulas 


Sn e [3n] = © Prr [23n] whenever 
ma { i [2n] = E Pe [2n] 


PSntSnpSntSn; yt Ser SE Yp S yr; 


ai [ers +r +s] = THs] 


in all other cases, 


Here $ extends over all integers r, p for which yt S Yr S yp Synt En tSn, 
Tp ` : 
r&n. We readily verify that the operation Sn» posseses the properties 


as) (E=18.T);bs) (TCS.T C E); c) if (TCT), for all k&n, 
8 
then (5,7 C 8,7), for all k S n; da) if for all k Sn we have (T C T)p, i. e. 
f y f 
T A [2k] CT A [2k] whenever 
Yt L Yr < Yp < Yr tE k, ek pP&k, tTohSn, 
then for all k & n we have (S,7' == Tx), i.e. 
Sale [2k] =T 7 [2%]. 


We define the operation Fn in the following manner. We first denote the 
operation SaTn by Vy and define the system N of sets 


s == 0, 1, 2, 3, 
(N) Vette ts] (Erga | 
p= 1,2,3,4, °° 
by the formula 
(14) Ny [r +p + s] = Vall [r+ +s]. 


Evidently, Vn posseses the properties 


a) (E =1VnH); bs) (HC VHC E); &) (VaH C V,H)y for all 
k&n; da) (VaH C Viff)x for all k Sn, because Va H == SnT, and therefore 
Y 
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the properties a4), bs), cs), d4) coincide respectively with the properties as), 
ba), Cs), ds). 

Now we suppose that y: < Yr < Yp L Ynt Snr SEn pn r&n and 
that X j [2n], X kd [2n] are any perfect sets such that 


Xur [2n] C AY [2a] C in. . 
The set of all points wre which belong to the set X de [2n] and which are not 
points of second species of the set X A [2n] in fa, b] is countable, It is. clear 
that art is the extremity of a contiguous interval (a,b) of the set X 1 [2n]. 
Let P(ar ) be a non-dense perfect road at the point 27? contained in X vi [2n]. 
We now adjoin to the set Xv [2n] the set [a, b] X z! [2n] or the set [a, bj. 
P(art ) according as the point x7 is or is not a point of second species of the 
set Xv [2n]. Denote by A (x7 ) the result of this adjunction and consider 
the composed operation Art which consists of the A (art ) for all points ert, 


Let Ya Yao’ ` * Ya, be an increasing sequence of the numbers Y1, Y2,* * + Yn. 
We shall define the operation £n by the formula 


Ra = A geans S++ + Att ta Sy A Bota By A Oat Bn, 
iranti the operation A, possesses the properties 

as) (E = IRN); bs) (NC RNC EY; cs) (Ra C RN); for all k Sn, 
because in virtue of c4) we have (V2 = Vall), Or- (N = N), forall k&n 


and the operation #, changes only. the sets N ie [r +p +s] of order n, 
r -+ p + s= 2n, in ‘such manner that 


Ny [2n] C RNY [2n]; | 
ds) (BaN C RN); for all k Sn; es) since (E =— 1N), (NC E), (NC N)ua 
2 g 
and (N C N)e for all k Sn, then (Ea N = WN), for all k&n. It is easily 
: l 


shown that the operation Pn = RiSnT» possesses all the properties a,), bi), 
e:), d:), e:). For this purpose it is sufficient in as), bs), cs), ds), es) to 
substitute R,N instead of P, H because RaN == Pa H. 

It is obvious that the operation 


P =. Pa: a D- DPP Pr 


furnishes a system of perfect sets 


i $ oe a 
(P) Prir+e+s] (t= 12,34 °° 
p = 1,2,3 ag 
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where | 
| Pu [r+ p +s] = PHY [r-+p+8] 


which satisfies all the conditions of our theorem. ` Besides, the operation P 
possesses the following property: if (W=/H), (HC E), (HCH), and 
: | 


(HC H), for all k S n, then PH {r+ p+ s] = He [r -p +s]. Thus, 
2 - Yo > * 


the conditions of our theorem are necessary. To prove that these conditions. 
are sufficient, let 2» be any point of the segment [a, b] and let yo = f (z0). 

Then, if ņ is a sufficiently small positive number we have integers t, 7, r, p 
~ such that. 


| Yo— 1 < Yi L Yr L Yo L Yp L Yr < Hot 
The point T, belongs to the set Ew -E yi. Consequently, za belongs to the set 


Pv [2n] : Prt [2n] 


for sufficiently large n if rS n, pS n, t&n, tón. Therefore v, is a point 
of second species of P»! [2n]. But if E[f (zo); ņ] is the set of all points z 
of [a,b] satisfying the condition |f(s)—f(s)| <n, we have Prt [2n] _ 
C E[f (zo), n] so that 2 is.a point of second species of F[f (zo), n] in [a, b]. 
Consequently, in virtue of Lemma 2, the function f(z) is partially continuous 
at each point zo of [a,b]. But f(s) is a finite function of class 1, therefore 
from the first theorem on functions of class 1 having the property of Darboux 
it. follows that f(x) possesses the property of Darboux. 
Our theorem is thus proved. 


4. We now turn to the functional equation 


g(x) = fl d(x) ] 


where g(x) and f(y) are given functions, and (x) is sought.’ We consider 
the case where ¢(x) possesses the property of Darboux in the segment [a, b]. 
Consider the sequence of all rational numbers (4) 41, Ya Ya,° °°. Let E A 
be the set of all points (w, y) such that 


glz) =fly), a@SeSb, Yr <<yY< Yp. 


Denote by PE the orthogonal projection of a set Æ on the x axis. ‘Suppose 
now that M is the greater of the AGRATE p+r, 7r+# and assume yt < Yr 
< Yp < Yr 


6 S. Braun, “Sur lequation fonctionnelle g(#) =f[¢(#)],” Fundamenta Mathe- 
maticae, vol. 28 (1937), pp. 294-302; W. Sierpinski, “Sur les fonctions dépendantes,” 
Fundamenta Mathematicae, vol. 28 (1936), pp. 66-70. 
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THEOREM 2. A necessary condition that there exist a finite function 
p(x) of class 1 having the property of Darboux and satisfying the equation 
g(x) = fl o(x)] is that there exists a system P of os sete (P) pr [r+ p 
+ s] such that 


(i) lim A [r +p +s] CP r; 
Pe [r 4ps] C Pe [r +p +s +1] C PEY ; 
(ii) .every point. of oH [M+ 9] is a point of second species of the set 
Pr [M + 8]; 
(ïi) lim $ P» [r + p + s] = [a,b] 
's=00 ro "P 

Proof. We assume that a finite function of class 1 having the property 

of Darboux satisfies the functional equation g(r) == f[¢(%)]|. It is clear that 


every point [z,¢(x)] belongs to the set Eyr . Since d(x) possesses the 
_property of Darboux, then there exists a system P of perfect sets 


(P) Pe [r +p +s], Yr < Yp 
satisfying the second condition of Theorem 1. Besides, it is easily seen that 
lim Py [r +p +s] C PEZ, 
Pu [r+ pHs] C Pe [r+ p +s +1] C PEY, 
lim 2 Pop Unt e+ +s] = [a,b]. 


$00 


Thus, our theorem is proved. 


TCHEBOKSARY, U. S.S. R. 


THE CALCULUS OF NON-CONTRADICTION.* 


By GLENN EDWARD DEXTER. 


In this paper an especially simple calculus of propositions, requiring only 
one assumption, is presented. The principal symbols used are the letters 
p,q,7,° > > and a horizontal line, “ .” The line forms a parenthesis—thus 





p qisa parenthesis in which p and q occur; p is a parenthesis in which only 
p occurs; p g Fisa parenthesis in which p, q and # occur. It should be 


noted that r does NoT occur in p g F. The accompanying table correlates 
the new notation with ordinary language and with the notation of Principia 


Mathematica? We see that “not (not p)” becomes p; “if p and q, then r” 








becomes p q 7; and.so on. 


TABLE 
not p ~~ p p 
if p, then q pq p @ 
ne  pyg Pt 
porgorr pyqyr p å F 
p and q- p'q aa 
- pandgandr p gr p qT 


The word proposition will denote, indifferently, a letter or a parenthesis. 
To say that we have a certain proposition will mean that that proposition can 
be written without being covered by a line. Thus if we write 


pq F3 


* Received August 29, 1941; Revised February 16, 1942. 
1A, N. Whitehead and B. Russell, Principia Mathematica, vol. I, 1910. Cambridge 
University Press. 
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ti 


we evidently have three propositions—p, G and # S. To say that we have a 
contradiction will mean that we have a parenthesis, P, and have also every 
‘proposition which occurs in P. Thus we have a contradiction in 


BOP ee q 7, 
or in 








eae 


GF pat p 

The working of the calculus will depend upon one assumption, as follows: 
If.P is a.parenthesis such that if we had P we would have a contradiction, then 
we have every proposition which occurs in P. 


A calculation may or thay not start from an hypothesis. In either case, 
the object is to prove that we’ have one or more propositions designated 
conclusions, (Where there is no hypothesis, as in Example 8, the conclusions 
will be universally valid propositions.) This can be.done, in accordance with 
the assumption, by showing that there is a parenthesis, P, in which the conclu- 
sions occur, and such that if we had P we would have a contradiction. This 
parenthesis will be called the trial parenthesis. Sometimes, as in Example 2, 
it will necessarily contain propositions other than the conclusions. 


Example 1. Given ~ (~ p); to prove that we have p. 


Mop 
(1) (2) 


We have (1) by hypothesis. Let the trial parenthesis be (2). In (1) and (2) 
we would have a contradiction. l 


Example 2. Given p:q'r; to prove that we have p. 





Pqr pqr 
(1) (2) 


We have (1) by hypothesis. Let the trial parenthesis be (2). In (1) and (2) 
we would have a contradiction. . 
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Example 3.. Given p'and p q; to prove that we have q. 





G) (@) (8) 
We have (1) and (2) by hypothesis. Let the trial parenthesis be (3). In (1), 
(2) and (3) we would have a contradiction. 


Example 4. Given p ; to prove that we have ~ (~ p). 


Iil i 


p p 
(1) (2) (3) 


We have (1) by hypothesis. Let the trial parenthesis be (2). But if we had 
(2) we would have (3), by ee 1. In (1) -and (3) sve would have a 
contradiction.  --- 

In the proof of Tamb 4, A itio from (2) to (3) constitutes a 
step. A step, in this calculus, can be thought of as a subsidiary calculation, 
using as hypothesis (if an hypothesis is needed) one or more propositions 
already established in the principal calculation. In subsequent proofs, steps 
will be indicated by the formula “- - -—>- - -,’ where the two groups of dots 
represent, respectively, the hypothesis and conclusions of the subsidiary 
calculation. 


Example 5. Given p and q; to prove that we have p-q. 





P g PY P4 
D (8) A 


We have (1) and (2) by hypothesis. Let the trial parenthesis be (3). 
(3) > (4). In (1), (2) and (4) we would have a contradiction. 


Example 6. Given p; to prove that we have pvq. 





P ; 
(1) @) (3) 


We have (1) by hypothesis. -Let the trial parenthesis be (2). . (2) — (8). 
In (1) and (3) we would have a contradiction. 
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Hrample Y. Given (p-q) vp; to prove that we have p. 


Fol 


| 
il 


SS 
AR 
3] 
3 ] 
ge 
KR 


(1), (2) (8) 


We have (1) by hypothesis. Let the trial parenthesis be (2). (2) —> (8). 
In (1), (2) and (3) we would have a contradiction. | 


In Example 7, the step (2) > (3) is a subsidiary calculation which in 
turn contains subsidiary calculations. - 


Example 8. To prove that we have (qr) > [(pvq) > (pvr)]. 














(1) D (8) a 8) 
por 
(6) (7) (8) 


Let the trial parenthesis be (1). (1) —~(2)(8). (8) — (4) (5). (5) 
—> (6)(7). (2)(7)— (8). In (4), (6) and (8) we would have a 
contradiction. 


It will now be demonstrated that if we have pi---pPm 41° °° ‘Qn and 


Qi’ `> On Pr" ` * Pm (m = 1, 2,: "+5 n= 1,2, > Js then Jis °° 59 Gn col- 
lectively can be substituted for pı, ' * `, Pm collectively in any formula where 
Pis’ * *5 Pm are not covered or are all covered by the same lines. 

To take first the simpler case, assume that p,,- © -, Pm are not covered. 
We have gi,° © *, Qn by calculation as follows: 


M’ *.* Pm Di’ . * Pm qi’ “8 On q1° e da 
(1) (e) (3) 


We have (1) and (2) by hypothesis, Let the trial parenthesis be (3). In (1), 
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(2) and (3) we would have a contradiction. Hence qı,’ * *, qn can be written 
without being covered, and can be substituted for p,,- - >, Dm. 

But if p.,- °°, Pm are covered by j lines (7—1,2,---) then we find 
that pi, * +, Pm occur in Pı, Pi occurs in Pa,’ >+, Pi- occurs in P;; where 
P,,: - - , P; are parentheses, and P; is not covered. Now consider Q;, obtained 
from P; by substituting 91,° © *, Qn for Pis © t, Pm We find that q1,- °°, 
occur in Qı, Q, occurs in Qa’ <, Qj- occurs in Qz; where Q,,: - +, Qj; are 
parentheses. We also find that P, can be represented by pi’ * "Pm 81° * * Sky 
and Qı by qi "°° gn 81 °°* Se (kK =0,1,2,---), where s:,:- +, are the pro- 
positions other than p,,: - +, Pm which occur in P,. (In our notation here we 


take advantage of the circumstance that propositions within a parenthesis can 
be written in any order without affecting the calculus.) | 





We have P, Q, by calculation as follows: . 


dı a . > dn Pı « » ” Pm Pı . ry ry Pm S1 . . . Sk Gr . a . dn By s » . Sx 
(1) (2) 
Pi’ °° Pm §$1° Se Qn S Sk 
(3) (4) 


(5) (6)  (®) 


We have (1) by hypothesis. Let the trial parenthesis be (2). (2) —> (8) (4). 
(4) > (5) (6). (1)(5) > (7). In (8), (6) and (7) we would have a cor- 





tradiction. Similarly we have Q, P.. 


Again, let i be any integer 2,3, :,j. If we have Pia Qi- and 








Qi. Pi-1, then we have P; Qi and Q; Pi by a calculation similar to that 
in the foregoing paragraph. (Let Pi-ı take the place of pı,’ ` +, Pm; Qi-1 the 
, place of g1,’ ° °, Qn; Pi the place of P,; Q; the place of Q.) But we have 














Pa Qı and Q, P, ; therefore by induction we have P; Q; and Q; P;. 


f 
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Since we have P; and P; Q;, we have Q; by Example 3. Hence Q; can be 
written without being covered ; in effect, q1,* °,Gn can be substituted for 
Da a Da aes l i 
Thus in all cases, g,,°--, dn can be substituted for pi,°--, pm. Similarly 
Pi,’ ` `, Pm can be substituted for q1,° * >, Qn. | 
The principle demonstrated above can be used to shorten a great many 


t 


calculations. We have pı’ ''`Pm Pı`' `Pm and P1’ ` ' Pm.. Pit’ * Pm by 


calculation ; therefore pı, * :, Pm collectively can be substituted for Pı’ ° * Pm; 
in effect, two lines of the same length, one above the other, cancel each other. 
Thus in Example 8 we might go from (1) to (2), (4), (6) and - (7) simply 
by cancelling pairs of lines in (1). 

Another rule for cancellation can be stated as fellowes If we have a 
proposition, p, and have also a parenthesis in which p occurs, then p may be 
cancelled in the parenthesis (unless p is the ONLY pr oposition in the paren- 
thesis—in that case we have a contradiction, and the calculation is alr eady 
complete). Thus in Example 8, by referring to (7) we might cancel the F 
in (2), making (2) equivalent to (8). 

We see that the entire proof of Example 8 could be accomplished by 
cancellations in the trial parenthesis. The same may be said of any theorem — 
in the first three chapters of Principia Mathematica. 

It remains to be demonstrated that the Calculus of Non-contradiction is 
not weaker than the calculus of propositions in Principia Mathematica. 
Examples 9, 10, 11 and 12, below, and Example 8, above, correspond to the 
five axioms of Principra—propositions “1.2, *1.3, *1.4, *1.5 and *1.6 
respectively. In Example 3 we have the principle of inference. In Examples 
13 to 20 we have D D D’ and D’ 2 D, where D is the definiendum and D’ the 
definiens, for each of the following definitions in Principia: *1.01, *2. 33, 
*3.01, *4. 34. It is evident, then, that we can prove any theorem which can 
be proved by the method of Principia Mathematica, for if necessary we can 
imitate that method. 

The proofs of Examples 9 to 20 can be accomplished, in each instance, by 
cancellations‘in the trial parenthesis, using only the first rule for cancellation. 


Haample 9. To prove that we have (pv p)> p. 


Si 


———— 


Let the trial parenthesis be p p P. 
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Example 10. To prove that we have g D (pv q). 


A 
a T 
anay 


Let the trial parenthesis ke q p g. 


Example 11. To prove that we have (pvq) > (qyp). 


maraner 


——>———$aereme 


Let the trial parenthesis be p @ @ P. 





Example 12. To prove that we have [pv (¢vr)] © [g v(pvr)]. 


nt 








Let the trial parenthesis be 5 gf @ Dp F. 


Hzample 18. To prove that we have (p >q) 2 (~ pvq). 


Let the trial parenthesis be p @ 5 Gj. 


Erample 14. To prove that we have (~pvq) D (pq). 


| 


Let the trial parenthesis be i G på 


Example 15. To prove that we have (pvqvr) D [pv (qvr)]. 





Let the trial parenthesis be p @G@ 7 P @ F. 


Example 16. To prove that we have [pv (¢vr)] > (pvqvr). 


——e 








on 
~~ 


Let the trial parenthesis be p g@ F P @ F. 
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Example 1%. To prove that we have (p:q) D [~ (~ pv ~ q) |. 
Let the trial parenthesis be p q p q. 


Example 18. To prove that we have [~ (~pv~q)]— (n°q). 


\ 


| 


ene gee meet 
terete pee 
i 


q. 


RS 


Let the trial parenthesis be p q 


Ezample 19. - To prove that we have (v9: q' 7) ~ [p: (7-1) ]. 








me. 


Let the trial parenthesis be p q r, p r. 


Example 20. To prove that we have [p- (q'1r)] > (p'q:r). 


| 





i 
ee 


Let the trial parenthesis bep q r p q 7. 


208 Howe STREET, 
SEATTLE, WASHINGTON. 


- 


SPLITTINGS OF A LATTICE.* 


By Purp M. WHITMAN. 


In another paper ([11] Lemma 1.1) the author has shown that in 
FL (n)—+. e., the free lattice generated by %1,- + *,@n; see also [10]—when n 
is finite, given any lattice polynomial b and index p, then either zp b. or 
bsy, pti» the two cases being mutually exclusive. This is a special, case 
of the general situation considered in the present paper: we say a lattice is 
split if it is partitioned into two classes, an ideal and a dual ideal (detailed 
definitions are given below). Birkhoff and Stone have investigated this situa- 
tion to some extent (cf. 3), chiefty showing that any distributive lattice can 
be split in certain ways. Ward and Dilworth ([9] p. 332) have generalized 
the notion in the case of residuated lattices. In the present paper, we consider 
the properties of splittings and successions of splittings in general lattices. 

In 2 we study their existence in terms of relations between the generating 
elements of the lattice. The relation of splittability to modularity and other 
properties is discussed in 3 and part of §. In 4 we make definite the intuitive 
notion of the “edge” along which the splitting seems geometrically to take . 
place; under suitable conditions the two partition classes (“splinters”) have 
isomorphic edges. In 5 we reverse the process of splitting and study the con- 
ditions under which two lattices may be combined to form a single lattice of 
which they are splinters. Here too we find that a principally split lattice is 
modular (distributive) if and only if each splinter has this property and the 
edges are convex in the splinters. In 7 we observe that the splinters from a 
splitting may themselves be splittable, leading to a discussion of successive 
splittings—or chippings, as they may appropriately be called. 

For guidance in the preparation of this paper, the author is indebted to 
Prof. S. MacLane in the'earlier stages and Prof. G. Birkhoff in the later stages. — 


1. Definitions and notation. For general definitions and notation in 
lattice theory we refer the reader to Birkhoff’s book [8] ; for instance = or = 
denotes the order relation, ^ and u the meet and join of two elements, A and V 
the meet and join of more than:two. A + B is the set union of A and B, 
while © means set inclusion. We may recall some pertinent specialized 
definitions: 


* Received September 13, 1941; Pr esented in part to the American Mathematical 
Society September 10, 1940. 
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DEFINITION 1.1. In a lattice, an element a covers *” an eléinent. b, o 
denoted a >> b, if a >b but for no c is a >c >b. ; LESE: A 


DEFINITION 1.2. A lattice polynomial in t: ©- , Zn’ ° is ‘any finite 
- combination of the x; by © and v, repetitions being allowed, e. g., l 


(xı u t) 9 {£n [zu (4%, 92,) ]}. 
Cf. [3], p. 21. 


DEFINITION 1.3. A lattice E is generated by elements tay sis Day 
if L consists of all lattice polynomials in the a. | 

The set of all elements of the lattice makes up one set of generators, but 
there may be much smaller sets. For instance (Birkhoff [1] p. 463-464, [2] 
p. 451; see also the author, [10] p. 330, [11] § 5), there are lattices with only 
three generators which have infinitely many elements. 


DEFINITION 1.4. The length of a lattice polynomial b, denoted by L(b), 
“is the number of generators appearing in it, counting repetitions. 

Thus L(2,) 1, L([z1v z1] 2.) =3. Note that £(0) —1 if and only 
if b is a generator. It may of course happen that a = b, yet L(a) ~&L(b); 
the length is concerned only with the formal polynomial. This definition (cf. 
[10] p. 325, 326) is of technical use in proofs by induction ; it of course 
presupposes a choice of generators. 


DEFINrtion 1.5. An ideal J in a lattice L is a set of elements of L 
such that aeJ, bed, and ceL,imply avbeJ and aoceJ. An ideal is 
principal if it is the set of all elements of L which are contained in. (i. e, S 
some fixed element po; we say that po generates the ideal. An ideal J is prime 
if anbe ee aeJ or ibe J. Dual prefixed to any of these means that 
a and v, = and = are to be interchanged,’ 

Two equivalent properties ({3] p. 78) will illuminate the situation: 


LEMMA 1.1. An ideal J in a lattice L is prime if and only if the set 
complement of J in L (denoted by L— J) is a dual ideal. 


LEMMA 1.2. An ideal J in a lattice L is prime if and anty af J is the 
set of antecedents of 0 under some homomorphism of L on the two element! 
lattice [0 < T]. 


DEFINITION 1.6. A lattice L is split if it is partitioned into an ideal 
J’ and a dual ideal J”, each non-void:; it is principally split if J’ and J” are 
principal. 


1? Some authors say, “is prime over.” 
2 Dilworth [5] interchanges “ideal” and “dual ideal.” 
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ae i a The “appropriateness of the term “split” (Birkhoff [4] ‘speaks of a 
ie a “ cleavage ” ; ; Ward and Dilworth, [9] p. 382, have used “cleavage” in 


3 7 a ie idea in a somewhat different direction) lies in a rough non 


. with the case of a log or timber placed on its side and diagonally, split. We 
‘call J’ and J” the bottom and top splinters of L, and the partition a splitting 
of L. ‘If/J/ and J” are principal we frequently denote them by P and D and 
the elements: generating them by po and do, and say that po and dy split L. 
| ‘There exist lattices which cannot be split; e. g., the characteristic five-element 
modular non-distributive lattice (Birkhoff [3] p. 75, Corollary 2). On the 

other hand, the lemma cited in the introduction shows that FL(n) can be 
split, for given p; then the set J’ of all b such that b = V itp ht constitutes a 
-principal ideal and the set J” of/those such that z= b forms a dual principal 
ideal. By the lemma cited, J” and J” are disjoint and exhaust FL (7) as 
required by Definition 1.6; we may also conclude by Lemma .1.1 that each 
is prime. 


2. Existence theorems. In view of the preceding remarks, we seek 
conditions under which splittings will exist. For clarity we first state the 
results in case the lattice has a finite number of generators (Theorem: 1) and 
then state and prove (Theorem 1’) a more general theorem. We observe that 
if a lattice L is split, the generators are theteby partitioned into two classes 
{o} CJ’ and {y} C J, and for all finite sets R and T, Aieryied”, 
Verti € J’, so that 

Nery E Viera. 


It turns out that we may essentially reverse this statement. 


THEOREM 1. Let L be a lattice with a fimte number of generators, and 
let the generators be exhausted by two (possibly overlapping) non-vord sets 
‘{ay,° ++, a} and {yu +, ys}. Then, given any element b of L, either 


ee j=8 j=8 i=r 
(1) b= Vay or (2) Ay; Sb. If moreover Ay; € V v; (then a fortiori 
#1 fsi i=l q=1 


{xi} and {y;} are disjoint) then the partition of L into the sets J’ and J” 
satisfying (1) and (2) respectwely is a principal splitting of L. 


THEOREM F. Let the generators of a lattice L be exhausted by two non- 
void sets {xi} and {y;}. Gwen any element b of L, then (A) either (1) 
b S Viert; for some finite set R, or else (2) Ajerys SS b for some finite set T. 
Moreover (B) the set J’ of all U for which (1) holds is an ideal and the set 
J” of all b for which (2) holds is a dual ideal. (C) If for all finite sets R 
and T, Ajertj € Viervi, then J’ and J” wre disjoint and L is split into them. 
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(D) If besides the conditions of (C), also po = Varn iti and do = Aati iHi 
exist and are in J’ and J” respectwely (e. g., if the number of generators is 
finite) then J’ and J” are principal. 


Proof. That either (1) or (2) must hold is obvious for L(b) = 1; we 
proceed by induction on L(b). If b= Vba and the statement were not true 
of b, then for all finite sets T, Ajery; £ b. Hence, given k, then Ajery; Æ bz 
for all finite T. By induction, given k, by S Vier,v; for some finite Rp. 
Consequently b = Vizyx;, where U is the set union of the Ry and so is again 
a finite set as desired. The case b == Ab; is dual. Thus (A) is proved. The. 
-other statements are then obvious. 

Since in the free lattice FL(n) the conditions of Theorem 1’ C hold by 
[10] Corollary (17) or [11] Theorem 1, we have: 


CoROLLARY 2. , Any pa tition of the generators of FL(n) into two 
non-void classes determines a splitting of FL(n) with the elements of the 
first class in the bottom splinter. Hence FL(n) has 2"—2 splittings. 


Theorem 1 specializes Theorem 1’ to the case of a finite number of 
generators, yielding principal splittings. But we can discuss principal splittings 
even if there are infinitely many generators: 


THEOREM 2. 9) = Vat iti and dy = Aai jy; principally split a lattice 
L generated by the zı and y; if and only if they exist in L and do po. 
Whether or not these conditions hold, there are no other principal splittings 
of L. If the conditions do hold, then po = Viens: and dy == Ajery; for some 
finite sets R and T. 


Proof. In the first sentence, “if” follows from Theorem 1’, while 
“only if” is required by Definition 1.6. Now consider any principal splitting, 
say by p and d into P=J’ and D==J”. Let {zi} be the generators of L 
which lie in P. By hypothesis v; = p for all +. But by the remarks at the 
beginning of 2, the first condition in Theorem 1’ is satisfied, so p= Vuertr 
‘for some finite R. Thus xı = Vert, for all i, so Vierte is the least upper 

bound of the z, and : l 
Po = Vati its = Vierti = p 


and dually in D. Thus the splitting ig of the form specified, and so are Po 
and do. 

dy and po will exist, for instance, if the number of generators is finite or 
if the finite chain conditions hold or if J’ and J” are complete ([3] p. 17), , 
but in general they need not, since L by definition consists of the finite com- 
binations of the generators. For instance, they fail to exist in a chain of 
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ordinal type o + w“ udi into splinters of type w ada w*, We may 
extend § 4 of [10] and Theorem 3 of [11] slightly: - 


COROLLARY 2.2. In FL(n) fork<n< œ, 


(7 tı) u ( A Ti) covers i i 
4=1 i=k+1 i=l 
8. Relation of splittability to other properties. Splittability and 

modularity are completely independent.’ Sometimes both hold, as with free 
modular lattices: with more than one generator, especially that with two 
generators (4 elements), sometimes only splittability, as with free lattices 
with more than two generators, sometimes only modularity, as with the typical 
five-element modular non-distributive lattice ([3] p. 75), and sometimes 
neither as is the case if an extra element is interpolated in one of the chains 
of the lattice just cited. Likewise suitable examples show that splittability 
and the existence of coraplements are completely independent. 


On the other hand any distributive lattice with more than one element 
can be split. This was shown by Birkhoff, [1] Theorem 21.1 and [4] p. 449, 
and Stone, [8] Theorems 6-7. In fact, they show that given elements a and b 
such that a Œ b, then there is a splitting with aeJ” and be J’. A much 
simpler proof * can however be given if we wish to show only the splittability. 


4, Edges of the splinters. The geometrical interpretation of splitting 
pointed out in 1 suggests that the imaginary “line” along which the 
- splitting takes place should in some sense represent an edge of the two 
splinters. For principal splittings, a natural sense seems to be this: in this 
section, we suppose a lattice L is principally split into P and D by po 
and d, and make the following 


DEFINITION 4.1. An element a of D is in the edge of D, denoted 
a<«H(D), if a covers some element of P; dually for the edge of P. The edge 
of the splitting is the set union of E(D) and E(P). 


The following lemma ‘assures us that the edges as thus defined really 
exist—that there is not a pair of infinite chains of elements approaching the 
intuitive line of cleavage, one from each side, so as to avoid having any element 
of one cover any element of the other. 


3 In the sense that the presence or absence of one neither assures nor forbids that 
of the other. See however Theorems 5 and 6. 
t Not published. See the author’s thesis, Harvard University, 1940, p. 58. 
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LEMMA 4.1. If ae D and beP, and b Sa, then 
bs (b v do) ^ Po [< b v h = [ (b v do) A a] u do <= tl. 
Thus bv doe E(D) and (bu do) ^p E(P). Also dually. 


Proof. beP implies b = po by Definition 1. 6, so b= (b v do) ^ po. 
Likewise b v do Sa. eboney 


es do) © pol v dy < b v do S [ (b v dy) ^ po] v do. 


As for the covering relation stated, we have 


(b v do) ® Po < b v do 
(equality cannot hold since they are in different splinters), and if 
(1) (budo) 9° ppo<ec<budy 


then either ce P or ce D. In the former case however, ¢ = pe so c & (bu do) ° Pos 
a contradiction, and in the latter case do = c and 6 = po so by (1), 


by do mes [(bv do) ^ Po] v dy = Cw do — C; 


contrary to the sharp inequality in (1). Thus the covering relation is T 
and the rest of the lemma follows immediately. 


COROLLARY 4.1. beH (P) is covered by exactly one element of E(D), 
namely by bu dy, and dually for.be H(D). 


LEMMA 4.2. (i) If a. and a are în E(D) s0 t a, va, The dual. 
refers to E(P). (ù) If ae E(D) and beP, then avbe E(D). 


Proof. (i) Say a; covers b; e E(P). Now AE since P is an ideal, 
so if a, vd, is not in E(D) then 


bi u b < € < Mu t \ 
for some ee E(D), by Lemma 4.1. Thus, by Corollary 4.1, | 
cette eri msc haved) ae A T 
which is impossible. (ii) bv dy E(D) by Lemma 4.1, so 
avu b = (avu do) v b = t&u (doub) 
is in E(D) by (4). l 


THEOREM 3. E(D) and E(P) are lattices, though nor aa iyi sub- 
lattices of D and P, ae as such are isomorphic. 


č 


‘2 ¥ i eal 
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Proof. By Corollary 4.1, their elements are in a natural one-to-one 
correspondence. #({D) and E(P) are partially ordered by the inclusion rela- 
tion of L. If a, and asin E(D) cover respectively b, and ba in E(P), and 
Oy Sa, but bı Æ be, then ba < biv ba S as; but bı vu bee P,'s0 bru be < ae 
and a> could not cover ba Hence E(D) and E(P) are isomorphic as partially 
ordered sets. By Lemma 4.2, any two elements of E(D) have a least upper 
‘bound in #(D), namely the same as in L. Dually, any pair of elements of 
E(P) have a greatest lower bound, so by the isomorphism as partially ordered 
sets, greatest lower bounds exist in E(D), which is therefore a lattice. Dually 

for E(P). 


Note 4. 1.. do is the zero of E(D), dov po the unit, and dually for F(P).. 
That the edges, though lattices, need not be ees of D and P (nor 
of L) is readily, shown by an example. 


COROLLARY 4. 2. If ae D, ce H(D), and c Sa, then eS (a9 po) u do 
which is in E(D). | 


Proof. By Lemma 4.1, if c covers d e H(P), then CS 4° po by the 
isomorphism, ¢ = (@ po) v do. 


5. Combination of splinters. Having considered the existence of prin- 
cipal splittings and the properties of their edges, we turn now to the converse 
problem: given two lattices P and D, what about putting them together to 
get a lattice of which they are splinters? 


DEFINITION 5.1. Let there be given disjoint partially ordered sets A 
and B, and subsets #(A) and E(B) thereof, and a correspondence (not neces- 
sarily one-to-one) between the elements of H(A) and E(B). Extend the 
inclusion relation of A and B to the set union A + B by setting e, + €z if and 
only if 

6,¢A, Cze A, and c & c in A, or 

G e B, Cae B, and ¢, & ca in B, or 


cı € Á, coe B, and there exist ece H(A) and eze E(B) such that c = 
in A, ez & c in B, and e; corresponds to es under the given correspondence. 


- LEMMA 5.1. Under x, A -+ B is a partially ordered set, and 8 and’ 
< coincide between elements of A, Likewise between elements of B. 


Proof. Note that b <a is impossible if ac A and be B. It then follows 
from the construction that the postulates for partial ordering ([8] p. 5) hold 
and that < coincides with = in A (and in B). : 
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THEOREM 4. Suppose that disjoint lattices D and P and subsets E(D) 
and E(P) thereof are given, such that 


(1) E(D) and E(P) are tsomorphic partially ordered sets under the 
inclusion relations of D and P, and — 


(2) D has a zero do, and P has a umit po, and 


(3) the zero of Dis m E(D), and gwen be D then there is a greatest 
element c of E(D) such that.cS b in D, and 


(3’) the dual of (3) holds for E(P). 


Then taking the correspondence which gwes the isomorphism as the corre- 
spondence of Definition 5.1, the set union L==P-+ D is a lattice under 
+e , with top splinter D and bottom splinter P and edges E(D) and E(P). 


Conversely, conditions (1)-(3) are necessary that L be principally split 
into.D and P with those edges. — 


| Proof. The necessity is shown by Theorem 3, the definition of principal, 
Note 4, 1, and Corollary 4.2. To prove sufficiency, we first observe that L is 
partially ordered, by Lemma 5.1. To show L a lattice, we need to find a least 
upper bound for elements a and b. | 


Case 1. Ifa gand b are both in P: Then avb (their lattice join in P) 
is an upper bound in L. In fact it is least, for suppose ae and be. If 
ee P then avb e by construction and Lemma 5.1. Otherwise ee D. Then 
of the fe E(D) for which f < e there is by (2) a greatest, say ¢,. Since a < e, 
then fı e for some fe E(D), where fı corresponds under the isomorphism 
to f,eH(P) and af. Likewise b1 f'a fae with similar conditions 
on fa and f2. By choice of e, we have fire e, and fa” e, Say e, covers 
ee E(P) ; then by the isomorphism, Pı < e’, and f2 e’, and all of these 
are in P, so @ub e e’; e as desired. 


Case 2. aand b both in D. Then any upper bound is in D too, soav b 
serves also in L. oe o . : 


Case 3. beD and aeP. Let a, be the least element of #(P) contain- 
ing a, by (3’), and let it correspond to a,”<«H(D). Then a < a”, and if 
feD and a» f then a,” <f by the dual of the construction of e’, in Case 1. 
Then the lattice union in D, b u a”, is the least upper bound of a and b in L, 
for bg and ag imply g«D and a,” s g. Thus l. u.b. always exists; by 
duality Z is a lattice. l 

L can be principally split into D and P, for let dọ.be the zero of D and po 
the unit of P. By construction aeP and beD imply be a; hence do 8 Do. 
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e 


Yet given a, then either qe D or aeP, so do a or ar ii ‘This completes 
the proof. 

Thus the top and. bottom re and edges completely determine the 
lattice unless the edges admit automorphisms; in the latter case, if one corre- 
spondence of the edges vields a lattice, so does any correspondence resulting 
from an automorphism.. However, the two lattices obtained may be non- 
isomorphic, as may be shown by suitable examples. 

If S is a subset of L, then S is said ([3] p. 9) to be convex in L if when- 
ever a and. b are in S, cin L, and a < c < b; then cis also in S. If Sisa 
convex set with zero a and unit b then we call S an interval sublattice, for it 
consists of all x in the interval a S z b, and it will be a sublattice of L. 
We recall ([3] p. 34) that a lattice is modular if and only if it does not’con- 
tain a certain five-element sublattice, graphed on page 35 of [3], which we 
shall call NM5.- Its elements obey the relations | 


(i) f<e<ca - (ii) evc=evb =a 
(u) f<ccb<ca (w) erc=erbh =f. 
THEOREM 5. If a lattice L is principally split into P and D, then D 
is modular (or distributive, respectively) if and only if 
(I) P and D are modular (distribute) and 


(II) the edges are interval sublattices of the respective splinters.” | 


Proof. Condition (I) is obviously necessary, As for (II), we note that 
d is the zero of E(D) and dv po the unit by Note 4.1. Thus to show (II) 
necessary, We suppose the contrary, that 


do < c < dov Po but c not in E(D) 
(or dually). Let a = c^ py; then ac E(P) by Lemma 4. 2 (ii) eitie poe H(P). 
Let a be covered by a” «H(D). Then we assert that a, po, a”, c, and dov po 
form NM5. As proof, we see that (i) a < po < dou po, since aeP implies - 
aS po and a= m would give dow foc contrary to hypothesis, while 
Po Po v do since one is in P and one in D. (i) a <a” < c< dov P since 
a” Æc (because one is in E(D) and one is not) and yet `a” = a v do Sc. 
(tit) Po v € = M v €” = do v Po, since 
do v Po =O’ u P S € v Po S do u Do 


by construction. (iw) po^ c == po^ g" =a, since 


aE am E ca p =a 


* We may replace “ interval sublattices of ” by “ convex in,” thus formally strength- 
ening the sufficiency but weakening the other half of the theorem. 
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by construction. Thus if (II) fails, E contains NM5, so (II) is necessary 
for modularity, and a fortiori for distributivity. 

To show sufficiency, suppose that (1) and (II) hold, but L is not modular. 
Then it has a sublattice NM5, consisting of elements a, b, c, e, f with the 
relations (1)-(w). If all five were in D or all in P then (1) would be violated. 
If four lie in one splinter and one in the other, then the definition of the 
splinters as ideals is violated (e.g., if feP and the others are in D, then 
be D, ce D, hence by definition of dual ideal b” c =f is in D, a contradiction) 
and similarly the only possibility is that 


(1) a,b,c are in D; e,f are in P 


(or dually). In this case, we shall reach a contradiction to hypothesis (I), 
via steps (2) to (8) below. By Corollary 4.2, we may 


(2) - -let g be the least element of E(P) such that e S z’. 


By Lemma 4. 1, e’ = (evu dy) ^ po is covered by e” = é u do; thus e” ssa. By 
construction e” e E(D) and 


do Sead Ebad se 
so by (II), bo e” and cae” are in E(D). 
(3) Set db” = b^e” and c” = ca eg”, and suppose that they cover b’ and c, 
in E(P), respectively, o” Sb’ Se” by construction. 


(4) - = bn’ = he and omc’ ae mcr’, 
Proof. . 
l b =b an Eang =H" a m = b, 


the first equality coming from. the isomorphism of the edges and the fact that 
b” <= e” by the construction of b”; similarly for c’. 
(5) a==e” and c” = b” cannot both hold. 
Proof. If they did, then 
l C == Ca q = e a g” = g” mm bh” — he’ = Goa hll D, 
whereas ¢ < b by hypothesis. 
(6) c==c” implies a = g”. 


Proof. Then 
a = Cvl ZE cug” mm Ove mcl E 


(7) c”, b”, and e” are all distinct. 
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Proof. ce’ Sb" Se". If V = e” then eb whereas by hypothesis 
0<a=evb, so b” Ae”. If &’ =b” then by (5), a5£e”, so by (8), ce”. 
Then a, b, c, e”, and c” = b” form an NM5 in D, for 

a = cve Seve’ Sbe” Sa 


so that (wi) b v e” = cv g” =a and (iw) bage” = g” = c^ e”. This contra- 
dicts (I). Hence c” < b” < e” and 


(8) co’ <b’ <e, by the isomorphism of the edges. We proceed to show 
e, b’, c’, e, and f an NM5 in P. 


(i) f<e<e and (Ww) fE LV <e. 


Proof. frceSe mdf S <b’ < e by (4) and (8). If e = g then 
f = c^ e =c ^ ¢ =c by (4). Conversely if f= then e= g by (II), so 
if e =e’ or fc’ then both hold and 


l =f =b ae =bn gd lb 
contrary to (8). Thus the inequalities are sharp as stated. 
(m) bue =t ue =t. 


Proof. All are in E(P) by (IT) and contain e, and g is the least such 
by choice, whereas Cue Sb ve Se. 


(w) ba e= cah e =f, for otherwise f < b^e ba e whereas b ^ e = f 
by hypothesis. | 

Thus we have NM5 in P contrary to (I), and so the theorem is proved 
in the modular case. It remains to show the sufficiency if P and D are dis- 
tributive. Then L is at least modular, as we have just shown, and if not 
distributive it must have the standard five-element modular non-distributive. 
sublattice of [3] p. 75, first part of Figure 10: 


l 
4 v b = Q v € = b v C = e, aab = 4a c= bac [lf]. 


But as in the first part of the present sufficiency proof, such a configuration 
must by definition of ideal have all its elements in P or all in D, contrary to 
the hypothesis that these are distributive. The proof is complete. 


COROLLARY 5.1. If the edges admit automorphisms, and tf L, as con- 
structed in Theorem 4, is modular or distributwe for one correspondence, then 
it is so for all correspondences for which the automorphism holds. 


Nore 5.1. If the edges of a principal splitting are convex in the splin- 
ters, then the edges are sublattices of the splinters. For the convexity and 
Note 4. 1 imply that if a and b are in an edge so are ab and avb. 
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Lemma 5.2. If a complemented lattice L is principally split, then the 
zero and unti of L are in the edges. 


Proof. d has a complement d'o. Now d’y«P, for if d's cD then do^ d'o 
= 0 e D by Definition 1. 6, and P would be void. Hence by Lemma 4. 2 (ii), 
do v d'o =I e E(D). Dually Oc E(P). 


( 
THEOREM 6. If a complemented modular lattice L can be principally 
split then L can be partitioned into two isomorphic interval sublattices. 


: Proof. Theorem š (II) and Lemma 5.2 imply DERU) and 
P= E(P). Then Theorem 3 completes the proof. 


Remark. We observe that by 3 every finite Boolean algebra satisfies 
the conditions of Theorem 6. In this case however the theorem is easily 
- obtainable from the representation by point sets ([3] p. 89): In connection 
with complementation, we may add. 


THEOREM 7. In the free lattice PL(n), for 2<n < ©, no element 
other than 0 and I has a complement. 


Proof. Suppose the contrary: 


(1) avb =I =Y z; (2) aab = 0 =A t 
From [10] Corollary (17) and from hypothesis (1) it follows that, given 4, 
either a Sa or # Sb; likewise, given i, either a S q; or b S ti Say 
vS a. Case 1: a2, Then z, =. But z; S z; if and only if i=j, 
so for 1541 we must have z= b and b & gza. Thus z: = b == 4s, a contra- 
diction. Case 2: ba, Then b S£ g, S a, so I = a u b= a and 0 =a ^ b =b. 


6. Non-principal splittings. We seek now to generalize the results of 
the preceding sections to the case of non-principal splittings, though in doing 
so we must sacrifice some of the geometrical interpretation which inspired the 
nomenclature. Suppose the lattice L is split into J’ and J”. Let Y stand for 
the set of all ideals ° in the bottom splinter J’, X” for the set of all dual ideals 
in the top splinter J”. We observe that in particular, if S is any fixed subset 
of the elements of J”, then the set of all elements of J” which are contained 
in every element of & is an ideal and hence is an element of Y. 


° We may recall in this connection Dilworth’s result ({5] Theorem 2.1): In a 
lattice L, let B be an ideal and (a) a principal ideal such that B= (a) and B# (a); 
then there exists an ideal C such that BỌ and (a) covers Ọ in the lattice of all 
ideals of L. At first sight this would seem what was needed to generalize the idea of ` 
edges, but the author has had no success in this direction. 
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DEFINITION 6.1. F is in the pseudo-edge of J’, denoted Fe E(J’), 
if F is the set of all elements of J” which are contained in every element of 
some ee necessarily proper) subset S of the elements of J”. Then we write 

3 (8S). €(J”) is defined dually. 


In view of the remarks above, we have these. relations between sets: 
E(J") CY and E€(J”) CR”. It is readily observed, that 


Corotnary 6.1. W(S’(L)) =T if and only if T «€E(J’); that is, if 
as (S) for some 8. Also dually. 


We: consider now the special closure operations X—>(X*)+ and 
Y — (Y+)* discussed by Birkhoff ([8] p. 24-25). He begins with a dyadic 
relation p defined between the member's of any two abstract aggregates “I”? 
and “J*”, If X is any subset of “J”, then he denotes by X* the set of , 
ve e“ I*” such that v p æ* for all x «eX ; reciprocally, if Y is a subset of “J*”, © 
Yt denotes the set of ve“ I” such that vp y for all ye Y. In particular we 
may take J’ as “I” and J” as “I*”, and the inclusion relation of L as p. 
Then in the-notation of the present section, X* is $’(X) and Ft. is yy (Y). 
By Birkhoff’s Theorem 2.11, we may conclude that the lattices of subsets 
closed under the closure operations named above are dually isomorphic. What 
are these closed. sets in the present case? By Corollary 6.1, they are precisely 
the members of € (J) and €(J”). This is reminiscent of Theorem 3. We 
may do even better: in the lattices of closed sets in Birkhoff’s theorem, the 
inclusion relation is set inclusion ; suppose we reverse the order relation in 3”. 


DEFINITION 6.2.2 If F and G are in & and FCG, then FRG. 
If F and G are in X” and GC F, then F KG. 
Thus the dual isomorphism becomes an isomorphism, so 


THEOREM 3’. €(J’) and E(J”) are isomorphic latices under =, 


In case. J’ and J” are principal (and then in accordance with earlier 
practice would ordinarily be denoted by P and D) we may apply this to prove 
Theorem 3, as follows: 


Lemma 6.1. I f J’ and JY are principal then each F which is in E(J’) 
or ©(J”) is principal, and its generating element is in E(J’) or E(J”) 
respectively. Conversely, if J” and J” are principal and F e E(J” ): is covered 
by F e H(J”), then Y¥({f"}) is generated by F. 


` 


1 Not ‘to be confused with the unit element of a lattice. Also “I*” is not “I”* 
in the sense of his next sentence. 

® The reader will observe below that the order relation of Definition 5.1 and 
Theorem 4 as applied to ideals is an extension of the relation in Definition 6. 2. 


~ 
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Proof. Then dọ and py (as used in 2- 5) exist. Suppose F = %’(S), 
s is any element of S, and J’ is generated by po. Then Fl is the ees 
ideal generated by pa^ s, for po“ seF by definition, and if fe F then fs 
and f=p sofSms. Also pos is in E(J’) by the dual of Lemma 
4,2 (it). The converse part of the lemma is obvious. 


Note 6.1. IfJ’ and J” are principal then F = G for elements of €(J’) 
generated by f and g if and only if f S g; likewise for €(J”). Thus we may 
obtain Theorem 3 as a corollary of Theorem 3’ and Lemma 6. 1, though if the 
details of the proof of Theorem 3’ ([3] p. 24-25) are taken into account 
the proof is no shorter. | 


Note 6.2. The ideals of any lattice form a complete lattice” under 
set inclusion, for their set intersection will serve as meet, and the ideal 
~ generated by their set union as join. This seems well known though seldom 
stated ; Dilworth ([5] p. 329) essentially gives it (the set of all ideals in a 
lattice does have a unit, namely the whole lattice). We observe however that 
(unlike the ideals of a ring [3] p. 36) the ideals of a lattice need not form a 
modular lattice; this is shown by the ideals of the lattice N.W5 used in 5. 
_ We now consider the generalization of Theorem 4, starting not with a 
splitting of a lattice but rather with two lattices which we seek to exhibit as 
splinters. We have at once, using the correspondence between the pseudo-edges 
given in Corollary 6.1, 


Lemma 6.2 (5.1). If the construction of Definition 5. l is applied to 
Y, as, C(7), and EJ”) then the inclusion relations of X and X” are 
extended to the set umon & =Y + Y” which ws thereby partially pe pe 
If in J’ 4 I” we set ard i the elements of Q generated by a and b are 
in this relation, then L == J’ + J” is partiaily ordered and is isomorphic to 
2 or a subset thereof. | 


fee 4’, If conditions (1) and (3:)-(3’) of Theorem 4 hold for X” 
and X (the sets respectively of dual ideals in a lattice J” and of ideals in a 
lattice J’) and subsets € (J) and © (J’) thereof, then the set union Q=% +3” 
is a lattice under the construction of Definition 5.1, taking = of that 
definition as the < of Definition 6. 2. 


Proof. X and X” are principal with J’ and J” in the rôles of po and do, 
and ‘they are lattices by Note 6.2. Then Theorem 4 applied to Y and 3” 
gives the result stated. > 


° In the sense of having unrestricted meets and joins. 
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COROLLARY 6.2. If the conditions of Theorem 4 are fulfilled and each 
element of E(J’) and E(J”) is principal then L as constructed in Lemma 6.2 
is a lattice—the same lattice as obtained by applying Theorem 4 to J’ + J” 
directly, with suitable choice of H(J’) and ECI”). 


Proof. Then in particular J’ and J” are principal. Take for #(J’) and 
E(J”) the generators of the elements of €(J’) and €(J”). Then Theorem 4 
is applicable to J’ + J”, and ab from Theorem 4 if and only if a =< b from 
Lemma 6. 2. 


THEOREM 4”, If a lattice L and a splitting thereof into J’ and J” are 
given, then the conditions of Theorem 4 are satisfied. L is isomorphic to the 
sublattice of & consisting of the elements of & generated by the elements of L. 


Proof. That condition (1) of Theorem 4’ holds follows from Theorem 3’. 
As for (3), suppose that there is given Be <3’. Then 3” (J (B)) serves as 
the desired C. Also J” eE (J), for J” = Y (Y (J) ). 

Tt remains to show the stated isomorphism; that is, if @ and b in L 
generate A and B in the lattice 2 of Theorem 4’, then a* b generates A B 
and dually, Case 1: A and B both in 3. Then by Note 6.2, AB is just 
their set intersection. Buta} isin AB since ‘A and B are ideals, and if 
ceAoB then ceA and ce B soca, cb, andc=ab. Thus AB. 
is generated by ao}. Case 2: A and B both in Sf”. Then by Theorem 4’ 
their meet A 9% B in X” (that is, the dual ideal generated by their set union) 
is likewise their meet in &. Then for ceA™B we have that a°b =c by 
Dilworth ([5], Definition 2.1).1° Thus again a> b generates A ^ B. Case 3: 
Ace’, Beg”. Then by Theorem 4, A^ B= AQ’(B). Now. AoS’(B) 
‘is generated by a*b, for as be AD (B), and if ce AY (B) then c=a, 
cb, so c= ard. a | l 

THEOREM 5^. For any splitting of a gwen lattice L, B= VY +B is 
modular (distribute) if and oniy if conditions (I) and (I1) of Theor em 5 
hold for €(J’) and EI’) in X and X”. 


Proof. From Theorem 4” it follows that £ is split into Y and X”. That 
the splitting is principal is shown by the proof of Theorem 4’. Thus Theorem 
5 is applicable. 


COROLLARY 6.3. If the lattice & obtained from a gwen lattice L is 
modular (distributwe) then so ts L. ` 


Proof. By the isomorphism stated in Theorem 4”. 


10 This condition was aivosi a by the author (cf. footnote 4) but 
not published. 
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Nore 6.3. In this connection we call attention to-a result of Dilworth . 
({5] Lemma 2.2) in a slightly different situation: -The lattice of’ all’ ideals ue 
of a fixed lattice L is modular (distributive) : if and only if, A is ea 7 
A EE o a 


om, Chippings. Hach splinter of a ETN L Js again: a “(sib ee Í 
under the original inclusion relation, Thus a splinter’ may: itself be. splittable, = 
and so'on. This leads us to ‘consider the result.of successive: ‘splittings: Si, 83, 
etc. We view the S; as operations on the. lattices which they: split- and indireetly. ae 

on pate and call the ee partitions of the elements of L. chippings, denoted” : 
| = (L,5,,82,- © >, Sm). We suppose m “finite ‘though ‘perhaps unbounded, 


A partition class c of. the. chipping Om is called a chip of. Om and we’ ` 


write €eCm. Each chip is a convex sublattice of E, “but the conver seis not | 


true; cf, 3. The operations S; are obviously permutable if thé ‘chips which . ji 


they split have no elements in common; thus the sequence of splittings—the- 
path—by which a chipping can be obtained 1 is not unique. ‘The differ ence can 
be even greater, as may ‘be seen- by considering FL(2). However, the number ` 
of chips of Cm ee the number or splittings "7 which it is" elena) is 
invariant. | 
We shall say C’ > c if and me if O” can. be obtairied bean oa by 
further splitting. This direction of the inclusion sign is contrary to. the con- 
cept of C” as a successor of C’, but accords with ony usage for partitions 
i [3] p. 6; [6]). Obviously, for chips c’ e O’ and é” e 0”, ‘the set intersection 
c'c” is a convex sublattice of L; if-C’ = 0”, then cef isd” or void. If ce Om 
== (L, Si, +, Sey y Sm), sna k is given, we denote by Je (Cx, Sheers “tty Sm) 
the smallest number of the given splittings by which one can ' obtain -from- On 
a chipping with c as-a chip. We may sy iat c is oi the goth generation 
after Cie ‘We write 


g (Ci; Sis, a) Sn) a max gela, 3 i ` 3a) 
By definition, ge( Or, Ska © > , Sm) and g (Ox; Brat, r++) Sm), are inde- 
- pendent of the path by which Ox is obtained, hus they mey se ea on 
Sera,” A Sm. ‘Obviously i 
LEMMA 7. 1, glOr °° y Sine) <9 (Cx, `, Bm) + 4(Cm: oa +1 Bs) 


T: Lemma Y. 2, Gwen O a Diy Se Pui n Sm) ind o. 
== (L, Dy“ i », Sp, 8” ety’ 7 8k als then there exists 0” == (L, a E 

Daa. +, 8p) = (y y Sm Bman | a 8%) such that (1) the chips of l 

O” are the non-void set a ce” where ce OC’ and Cre 0”, ånd, . 


(2) g(C%,---,8'r) E g(a 8n) and g0", E 8” D EAOn sa)! 
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‘Wea dances o”, which i is s uniquely determined by (1), by C^ oc": Condition 
i @) serves: for- induction. 


ay Proof... ‘The, intended aai being obvious, we abera g(a) 
. k g.(0"/0! a The lemma is, easily. verified if g(O;/C’) .or OJON is zero 


-= or both: are, 1: ‘Phen we proceed. by induction on 2 = g (C/C) + g(Cx/ 0”). 


on Suppose‘ the lemma ‘is true for z < 2 and that we have O” and O” with z = zo. 
* Tf. this: has. not already. been taken care of, then say g(Cx/C”) =? > 1. 
a It: 3$ = séen, that 'there-is another path to. 0”, say OW = (L, + -, Sk, 
Siris” ee) staan such: that: for some j, g(Cx/C* wi) ==1 and g(C* aC”) 
=p. Denote: CFs by c*. Now | 

E U WOOS FIOO) =g (O/O +1 < te 

l e so by ‘nlduction there’ exists Cra C*, and g(C*/C’#C*) S g(Cx/C"). Then 

‘gi LO) + (EG ie 0*) < p1 + g (C/C) < zo 
SO again. by induction there exists (Ca 0*) a, which we call 0%”. One can 


` verify. that. (1) and, (2} hold. Q:E,D. We may remark that it would not 
suffice to make. an induction on the length of the path, for this does not obey (2). 


| Drona’ 8. The set of all chippings of a ITA is a lattice. 


> Proof, We: use the inclusion relation defined above. The ^ Q” of 
Lemma. 7. 2 is a. lower ‘bound toO” and O” by construction; that it is greatest 
follows from. (1). of that lemma. As for least upper ‘bound, we observe that 
the ascending chain condition holds and that the set of chippings has a unit, 
namely (LY. Then least upper bounds exist by an x argument like the. proof of 
Theorem’ 2.2 of [8] (p. 17). 

Condition (1) of Lemma .7.2 shows that Ọ ^ o 7 is just- ihe common 
D refinement of .C’.and Q” às partitions ; however, examples (using the convexity - 
of chips) show that the join of C’ and C” as partitions need not be a chipping. 


E 5 Thus the lattice’ of chippings 1 is not a sublattice of the lattice of all partitions. 


In fact, though the latter is a matroid lattice (Birkhoff [3] p. 67) the former 
.need not be, as is seen in the case of FL(2).’ 

Fri omT'hedrem 8 we'see that the unsplittable chips of a.lattice are uniquely 
determined, From 8 it follows that any. finite distributive lattice has a chipping 
” whose chips consist of single elements. Also, we might consider only principal 


a splittings. The above arguments (e. g., Theorem 8) can equally well be carried 


- out-under this restriction. - In'this case we.can define the edge of a chipping 
as the collection of all the elements of the. edges ‘of the splittings involved,” 
i with proper multiplicity.: By examining simple cases as in the proof of Lemma 
te, and manean as in the Poor of: the J ordan-Hölder Theorem, it can be 
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+ 


shown that the edge of a chipping C is independent of the path by which C 
is reached. 


8. Unsolved problems. (1) Characterize lattices of partitions ™ ([3] 
‘p. 146). ‘This would, be partly done if one could show that FL(n) could be 
represented ag such a lattice. (2) Characterize C v O” (7). (3) Can Stone’s 
and. Birkhoff’s work (cited in 3) on splitting distributive lattices be generalized ? 
We know from 8 that not every modular lattice can be split. Ward and 
Dilworth have generalized this work in a slightly different direction ([9] 


p. 882). (4) What further pene has the lattice ‘of all chippings of a ‘fixed , 
lattice? | 
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1. Introduction. 


1.1. The Lebesgue area A(S) of a continuous surface S$ is. defined by 


the formula l 
A(S) = gr. l.b. lim E (I), 


where the greatest lower bound is taken with respect to all sequences of poly- 
hedra II, converging to S in the Fréchet sense, and E(U,) is the area of 
II, in the elementary sense.* 


1.2. Let us denote by A*(S) the quantity obtained by requiring, in 
the preceding definition, that the polyhedra Il, be inscribed in S. By re- 
stricting the polyhedra, we certainly do not decrease thé greatest lower bound. 
Hence A*(S) = A(S). Obviously then, we have surely A*(S) = A(S) if 
A(S) = œ. 


1.3. It may be argued that it would be more natural to consider A* (8), 
defined in terms of inscribed polyhedra, as the area of S. Still, A(S) is 
generally accepted as the area, probably because very little is known about 
A*(S). The problem of determining whether A*(S) == A(S) may properly 
be called the problem of Gedcze, because Gedeze was the first to study this 
question in a substantial manner. Several of his many profound papers on 
the area of surfaces are devoted to this subject.? The purpose of the present 
paper is to improve the result obtained by Geédcze concerning this problem. 


1.4, We shall be concerned with a sutface S of the special form 
(1) S: 2=—f(t,y), (2y) eTo, 
where Iy is the unit square 

| a Rh: OSes, Syl, 


and f(x,y) is continuous in Jp. For 02251, let L(x) denote the length 
of the arc z = const., 0S y S 1, z = f(x,y). Similarly, let us denote, for 





* Received March 9, 1942; Presented to the American Mathematical Society at the 
meeting in Chicago, April 1942. 

t For general information concerning the Lebesgue area of a surface, see for 
example Rado [1], Chapter I. 

“See Gedeze [1], [2], [3]. 
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0& y 1, by M (y) the length of the arc y = const., 0 S g S 1, z = f(x, y). 
Geöcze proved the equality A*(S) == A(S) under the following assumptions.” 


(i) The functions L(«), M(y) are bounded. 


(ii) f(a, y) satisfies a uniform Lipschitz condition with respect to one 
of the variables, say æ. That is, there exists a finite constant Lo such that 


| {(%2,y) — f (234) | S Lo | 2 — a; | 
for all OS 2,2:1,052.251, 027551. 
1.5. ` We shall extend this result by proving the following theorem. - 


THEOREM. Suppose that the function f(x,y), defining the continuous 
surface (1), 1s absolutely continuous with respect to x for a.e. yin0SySl 
(or, alternatively, that f(x,y) is absolutely continuous with respect to y for 
ae. cin OSeS1). Then A*(S) =A(8). 


1.6. Let us recall that A*(8) = A(3) if A(S) = œ (see 1.2). In 
proving the preceding theorem we can therefore assume that A(S) < œ. But 
then, by a result of Gedcze,* the functions L(s), M(y) of 1.4. are summable. 
Hence, in proving our theorem, we shall really use the following assumptions,.— 


(i)* The functions L(x), f(y) are summable. 


(ii)* For a.e. y in OS y S 1, the function f(2,y) is absolutely con- 
tinuous with respect to «. 


Stated in this manner, our assumptions may be more readily compared 
with those of Gedcze (see 1.4). 


1.7. Geöcze stated that he found a proof of A*(S) = A (8), for surfaces 
of the form (1), without any restriction upon f(x, y) beyond mere continuityS 
He also stated that his proof depended upon a thorough study of Riemann-type 
approximations to Lebesgue integrals and also upon a topological study of 
the sections 2 == const. of the surface z=f(z,y). While he did publish 
extensive and profound investigations in both of these subjects,® the present 
writer was unable to find in his published work either a general proof of the 
theorem A*(S) == A(S) or sufficient information to construct such a proof. 
The proof presented in this paper for the partial result stated in 1.5 makes 
essential use of the work of Gedcze on Riemann-type approximations, but the 
author was unable to utilize the topological results of Geöcze on the sections 








3 See Gedcze [1]. 5 See Gedcze [2]. 
1 See Gedcze [4]. ~ ® See Geöcze [2], [3]. 


ON A PROBLEM OF GEOCZE. 363 


z = const. of the surface which he stated were essential for his proof. For 
this reason, it is unlikely that our proof is similar to the one Geöcze had in 
mind for the general theorem. 


1.8. The method followed in this paper, in proving the.theorem of 1.5, 
is essentially a refinement of the method used by Geöcze 7 to prove the result 
stated in 1.4. Various changes were necessary on account of the greater 
generality of our assumptions, and substantial simplifications were achieved 
by properly modifying some of the auxiliary quantities introduced by Geöcze 
(see especially 3.7). However, a definite effort was made to disturb as little 
as possible the original line of thought of Gedcze. 


1.9. The literature on the area of surfaces contains many beautiful 
results concerning approximations by inscribed polyhedra.’ As far as the ° 
author is aware, no result of a generality comparable to that of our theorem 
in 1.5. has been previously obtained. For this reason, we restrict ourselves 
‘to a reference to the work of Kempisty [1,2], because he proved several results 
of great interest beyond the mere equality A*(S) =A(S). On the other 
hand, his assumptions are far more restrictive than ours (cf. Kempisty [1]). 


2. On Riemann-type approximations. 


2.1. In studying the continuous surface S given by (1), we can and 
shall assume that A(S) < « (cf. 1.6). As a consequence, condition (i)* 
of 1.6 is satisfied. Furthermore, condition (ii)* in 1.6 will be assumed 
throughout the paper. 


2.2. X will designate a subdivision of the interval OS c= 1 of the 
form 


A: O= Lr SoU Ka Lee L Er = 


It will be convenient to describe the generic interval of X by writing 
aw Sa". Henceforth, 2’ will always refer to the left-hand end-point and 
v” to the right-hand end-point of a generic interval of X. The fol-owing 
symbols will be used. || X |] will designate the norm of Y, that is the maximum 
length of the sub-intervals of X, q(X) the number of intervals of Z, and 
p(X) the parameter of regularity of X, that is the ratio of the longest to the 
‘shortest interval of XY. Thus always p(X) Z1. We shall also use sub- 
divisions Y of the interval 0 S y & 1 and the corresponding symbols y’, y”. 
IY, (Y), p(Y). A pair of subdivisions X, Y determine, in an obvious 
manner, a subdivision into rectangles of the unit square Ip: OSa1, 
0<yS1. This subdivision will be denoted by XY. 


T See Gedcze [1]. 
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2. 3. Let w(A) be an interval-function defined for all closed sub-intervals 
Ain O0SetS1. Then Ay will denote the sum of the values of ¥(A) for, 
the sub-intervals of X. The symbol Fy, will be used in a similar sense. 
If y(r) is a rectangle-function defined for all closed rectangles r: a’ Sa Sa", 
y Sy Sy" in the unit square Jy, then XF, will denote the sum of the values. 
of y(r) for the rectangles of the subdivision XY. 


2.4. Let us consider now the function L(x) of 1.4. Since L(s) is 
summable in 0 S&S 1, it is finite a.e. in this interval. We agree once and 
for all to use only subdivisions X such that L(x) is finite at every interior 
point of division of X. Of course, L(0) and £(1) may be infinite. For this 
reason, it may happen that in certain summations 1, the terms depending 
upon 2’ = 0 or g” = 1 are not finite. In such a ease, we shall write X*,, 
instead of X,, to indicate that such exceptional terms are to be discarded, and 
hence their influence should be studied separately. Similar conventions will 
apply to the symbols Y, Y* in relation to the function M (y) of 1.4. 

An important example is furnished by the summations 


X*L(a")(«”—a!),  X*L(#”) (a —2"), 
Y*M (y’) (y —y’), Y*M(y”) (y” — y’). 





It will be a matter of great importance for us to know that by proper choice 
of X and Y these summations may be brought as close as we wish to 


pS i 1 
f Leds, ELO 
0 ~/ 0 


respectively, and that furthermore XY, Y may be made to satisfy a variety 
of further conditions necessary in the sequel. The required facts will be 
summarized presently.® 

2.9. Let there be given two constants e, p such that O<e<1, p>. 
Then we have an 7 > 0, 0 <n < 1, such thai the following statements hold. 
Given any measurable subset es of 0 S a1 such that | e.| <n, and any 
measurable subset e, of 0S y= 1 such that | ey | < y, there exists a sequence 
of subdivisions XY, of the unit square J), depending upon e, p, €s, €y and the 
functions L(a), M(y), with the following properties. ` 

(a) |XvJ>0, | Pro. 

(b) (£r) =(P), (v= 1,2,° °°). 

(c) p) <p, py) <p (v= 4,2," >). 


8 Except for slight changes in wording, these facts are proved in Gedeze [3]. Sub- 
sequently, these results of Geécze were extended in Hahn [1]. 


b. 


ON A PROBLEM OF GEOCZE. 365 


(d) For each v, X i is a refinement of Xy and Fv, is a refinement of Y». 
(e) L(x) is finite at every interior point of division of X», and M (y) 
is finite at every interior point of division of Yv. 


(f) Y5, L(x’) (a — x’) <6 xX*, L (2) (2” — 2") <e, 
uw” Eta ` 


we ez 


Y*, M (y’) (y” — y’) < € Y*, M (4) (y” — y’) <e 
Y Yy eey 


y EC 


i al 
(8) | X*L(a")(2”—a!) — f Dede] <6 
0 
| X*)L (2) (a” —2") — f ' L(æjde| < « 
0 
1 
[Puy =y — f, Mody << 


i 
PANY’) (9”—y')— f Moyle 


2:6. In the sequel, « and p will be arbitrarily assigned and then kept 
fixed. Next, a corresponding 7, in the sense of 2.5, will be taken and then 
kept fixed. Then the sets es and ey will be selected in the following manner. 
L(x) being summable, we can select es to satisfy the following conditions. 
(1) |es| <y. (2) The complement Es of es, with respect to 0S 21, 
is a closed set. (3) Liv) is finite and continuous on Es? 


2.7. The selection of ey is more complicated, since we shall bring into 
play condition (11)* of 1.6. Since M(y) is sammable, we can first select a set 
ey In O&S y& 1 to satisfy the following conditions. (1) | ey | < 7/8. 
(2) The complement £’, of e’y with respect to O&S y 5&1 is a closed set. 
(3) M(y) ‘is finite and continuous on Ey. ‘Next, since f(z, y) is absolutely 
continuous with respect to œ for a.e. y in 0S y & 1, we can select a subset 
ey” of Hy with the following properties. (1) | ey” | <7/3. (2) The set 
ity” = Ey — ey” is closed. (8) For every ye Hy”, f(x,y) is absolutely con- 
tinuous with respect to v. Take now a ye #,”. Since then f(x,y) is abso- 
lutely continuous with respect to v, for every interval v’ & s & s” the length 


ome 77 


's of the arc y =y, V Sev", z= f(x,y) is given by 


(Q) s= f? [1+ (0f/ae)* Pade. 


Consider then any finite system.of such ares, with lengths s,,s2,: - °, corre- 
sponding to the given y« HH,’ and to a system of non-overlapping intervals 


°? See Saks [1], p. 72. 
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wy! S t S t, 87 SeS a”, - + of total length = 1/k, where k is a positive 
integer. Let w,(y) designate the least upper bound of sı -+ s2-+- - + for all 
such systems, with y and k fixed. By the absolute continuity of the indefinite 
Lebesgue integral, it follows from (2) that for fixed ye Ey”. 


wy) > 0 for k—> œ. 


Further, for fixed k, w,(y) is clearly a lower semi-continuous, and hence 
measurable, function of y eE”. Hence we have a subset ey” of Ey” with the 
following properties. (1) |e” | <»/3.° (2) The set By” = Ey” — ey” is 
closed. (3) ox(y) is continuous on Ey”, k= 1,2,- -. Thus we have, on 
the closed set Ey”, a decreasing sequence of continuous functions ox,(y) con- 
verging to zero. By the theorem of Dini, the convergence of such a sequence 
is uniform.” Hence if we define, for y > 0, 
w (uy) == ], u. b. wx (Y) 

then w{y) — 0 for y — 0. 

2.8. We put now e,=e, + ey’ + e”. Then the complement of ey, 
with respect to 0S y 1, is the set Ey” which we shall denote by E,, and 
the following statements hold. 


(1) lev] <>». 

(2) Hy, the complement of e, with respect to 0 = y = 1, is closed. 

(3) M(y) is finite and continuous on Fy. 

(4) We have a function w(w~), defined for y > 0, such that o(y) > 0 


for y — 0, and such that the following holds. If ye Epy and if vy S ge S&S g”, 
Go! SUE Tt, -+ are non-overlapping intervals in 021 with total . 
length = y, then the sum of the lengths of the arcs 


Y = Yo v Stan”, z = f (T, Yo), 
Y = Yo U2 E LS vy”, z = f (£, Yo), 


is = = o(y). 


2.9. For given 0<e<1 and p> 1, and a corresponding y > 0, we 
have now selected the sets €s, ep, whose complements, with respect to OS r% 1 
and 0 = y 5 1 respectively, we denoted by Es, Ey. Thereupon we select a 
sequence X,Y, as described in 2.5. Until further notice, e, P, ez, ey, He, Ey, 
w(wv), Xv¥y will be kept fixed. In. the sequel, we shall use the Landau symbol 
O in writing relations of the form A = O(B), with the following meaning: 


7? This is a well-known theorem of Dini. Sce any standard text on Real Variables, 
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there exists some finite constant r > 0, depending only upon the given con- 
stant p > 1 and the given function z = f (x, y), but independent of e, 1, €x, ey; 
Es, Hy, o(b), Xv¥v, such that A STB. 


2.10. For the sequence XY, we have (see 2.5, (b)) g(Xv) =q (Y>). 
Let us designate this common value by gy. From the conditions (a), (b), (c) 
in 2.5 we infer easily the following relations for the generic intervals 
esese’, yY Sysy” of Xv, Yy respectively. 


a” — e = O(1/qr), Y — y = O(/q), (7 — 2) Gy") = O(1/*), 


1 1 1 
;= 0 Yj». y e vjs oorr ee v) 
Fog Oleh y0 Go yyy 7 Ol 





a — a = O(y" — y), yY” — y = O(a" —2’). 

‘2.11. The sequence XvYy gives rise i9 two sequences of functions 
l (£), mv(y) defined as follows: i 

I(t) = Ply” — y)? + Ey) — tay) SeS, 
+ my (y) = X (a a) + (Fy) — F(a’, y) 24, Sya. 


Thus ly(v), my(y) represent the lengths of polygons inscribed in the sections 
g == const., y = const. respectively of the surface (1). By condition (d) in 
2.5 we have therefore | l 

(3) oo (2) Sh(2) £, 


and, by the geometrical meaning of h(x), 
(4) ly(w) >» L(x) for v> oo. 


Since ly(#) is obviously a continuous function of v, and since L(s) is con- 
tinuous on the closed set Fe, (3) and (4) imply, by the theorem of Dini, that 
ly(w) converges to L(x) uniformly on Es. Similarly, it follows that my(y) 
converges to M (y) uniformly on Ey. Therefore, if we define 


dy == max (L(#) —ly(a)) + max (M (y) —-my(y)), 
£zEEzr yey 


then 

(5) &—-0 for v= œ 

and 

(6) L(x) — l (£) S 3b, ae He, 
© AE (y) — mv(y) S dv, ye ly. 


2.12. Let dy designate the greatest one of the oscillations of f(z,y) ine 


11 See 7° 
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the various rectangles of X,V». From (a) in 2.5 it follows that d,— 0 
for y —> œ. 


2.13. By 2.6, 2.8 the functions D(z), M (y) are finite and continuous 
on the closed sets Hz, Hy respectively. We can define therefore | 


L = max L(<), M = max M (y). 
yeEy 


ves 
3. Auxiliary rectangle functions. 


3.1. We consider the general term of the sequence of subdivisions Xy¥> 
(see 2.5 to 2.11) and a generic rectangle a Seo’, y SyS y” of XY. 
The reader is requested to consult 2 whenever in doubt about the meaning 
of the various symbols used. 


3.2. We shall associate with the rectangle 
(7) r: ges, Yayay 
the following four points of the surface (1). 


A: ee y= y, z == f(a’, y’), 

B: w= a", y == Y”, Z == I(E; y”), 
De e z”, y = Y", jies f(e", y”), 
D: t=", y=y, z= f (2”,y’). 


The symbols ABC, ACD will denote the areas, taken with the positive sign, 
of the triangles with the vertices A, B, O and A, C, D respectively. The 
orthogonal projections of the points A, B, C, D upon the planes wy, yz, zæ 
respectively will be denoted by Ai, Bi, Oi, Di, i= 1,2,3. The areas of the 
triangles A;B,Ci, AiC;Di, i = 1, 2,3, each taken with a convenient sign to 
be explained in a moment, will be denoted by AiBiCi, AiD. Whatever 


signs we shall select for these areas, we shall have ` $ 
(8) = ABC =|, 40D=| z|, 
“where 21, Yo are eee defined ay their components as follows. 
(9) | ti == (ABC, ABC, AsBsC3), 
to = (A,C1LD1, AsC2De, AsCsD3). 


The quantity l 
Py = XY, (ABC + ACD) 


represents then the area, in the elementary sense, of a polyhecron Ty inscribed 
in the surface S. By condition (a) in 2.5, the sequence Iy converges to the 
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surface (1) in the Fréchet sense, and hence we have, by the definition of . 
A*(8) in 1.2, . 
lim Py = A*(S) = A(S). 


r> ` 
3.3. We make the following agreements concerning the signs of 
AiBiCi, ACD. 
A,BiC, = 4(2” —2') (y” —-y’), A,O,D, = $(2” — 2’) (y — 7’), 
ABU, = iy’ y’) (F(Ci)—F(Br)),  A202D2= 3(y” — y) F (D1) —f(A1)), 
AsBsCs = $ (2” —a’) (f(Bi)—f(A1)), 403D; = 3 (2” — 2’) (F(C1)— f (D1) ). 
We use, for brevity, f (4) instead of f(z, y’) and so on. 
3.4. We define | 
a = (2% — x) (y"—y’), 
b = 3 (4” —- y) F (D1) + F (C1) — F (B1) — F (41) ), 
c = F (2” —2"') (F(B1) + (C1) — F (41) — f(D) ). 
n = (a? + b? + e)”. 
If (a,b,c) denotes the vector with components «, b,c, then we have A 
8.2, 3.3) 
(a, b, c) = ti F t2, n= | t. H t l- 


8.5. The inscribed polyhedron Il, (see 3.2) can be represented by an 
equation of the form 


Ty: z= ġv(z, y), (2,4) € Lo. 
We have then, for example, for x’ S s S x”, y = y” the formula 


play ) = iB) + E a — a’). 


Similarly, v(x, y) is a linear function on each of the sides of the rectangle 
(7) of XV¥v. From this remark we obtain the formulas 


y” 
b= f’ (hey) — p(y) )dy, 
Yy 


o= f? C(t’) — (2, y) da. 
3.6. We define 


s= fr Fa, y) — f,Y) dy, 


y= f? Eey) — tey) ds, 
T= (+ B? + y?)%, 


1? || y || designates the length of the vector r- 
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3.7. In defining 8, y we deviate from Geöcze is who works with 
4"? 

= f | F(a”, y) — F(a’, y) | dy, 
Yy 


SOIFE) — tey) a, 
Fm (a? + BP + F)*. 

That is, we omit the absolute value signs appearing in the Geöcze ex- 
pressions 8, y. The advantages of this moditication were noticed in previous 
literature (cf. the last footnote on p. 626 in Radé [8]; see also Morrey [1]). 
The quantities 8, y will permit us to dispense with a considerable amount ot 
most ingenious but quite cumbersome geometrical detail in the method of 


Gedcze. We have to satisfy ourselves, however, that certain important 
properties of 8, y, 7 are shared by B, y, + 


3.8. We shall need the following facts. 


(a) Lim XY7 exists, for every sequence of subdivisions XY of Io, pro- 
vided only that | X |—0, | Y |— 0, and the limit is E of the 
choice of the sequence XY. 

(b) This limit, to be denoted by T, is = A(S).** 

(c) These statements remain valid for sequences of subdivisions of any 
sub-rectangle vw See’, y Sysy’. The corresponding limit will be 
denoted by t. 

(d) For every sub-rectangle we have r Ss f. 

(e) XYt =T for every subdivision XY of Io. 

(f) As a direct consequence of the preceding statements, we have 
XY- S&T for every subdivision XY of I), and XY (t——r)—>»0 for every 
sequence of subdivisions XY such that || £ || 0, | Y || > 0. 


W] 


3.9. The proofs of these statements are precisely the same as in the 


case of the original Geöcze expressions 8, y, 7. The reader is therefore referred 


to the excellent presentation in Saks [1], Chanter V, especially Theorem 3.9, 
p. 168, or to Morrey [1]. 


3.10. We define, for the rectangle (7), 
(10) H = j(4s) —f(Bs) + (0) —f(Ds). 


1? Gebcze [1]. 

14 In fact, 77=A(S) for every continuous surface (1). This theorem was sur- 
mised by Gedcze who proved it however only in special cases. The general theorem 
was proved by the author (Radó [2]). See also the excellent presentation in Saks [1]. 
These authors used the original Geöcze quantities, but the proofs remain valid, with 
obvious modifications, for the modified quantities £, Y, T 
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Further, Se, $z”, Sy, $y” Will denote the lengths of the arcs 


t= 2, Ysyey, z= f(a’,y), 
é t= t”, y Sy=y’, z == f(T”, y), 
y=y; Er, z= fry’), 
y=’, Sss, z= f(x,y”). 
Oz’, Tx"; oy’, oy" Will denote the lengths of the chords of these arcs. We also 
define ` 


y” y" 
Oz = í f — Dy ue | d » Oo" = g D od g dy, 
S; 11E le) | dy So iE elay) ay 
y= J? FEl) de, o= STEES lE y) de 
3.11. Put ¿= (L +2”). We define then a 
“ £ g” "i 
p= fieyra) det f° fey) oley) 


È a’ f 
+f) ereed S (oley) tede 

3.12. From (10), 3.3, (9) we obtain the identity 

tı — t2 = (0, (y — y) H, — $ (2” — x) H). 

3.13. We subdivide now the rectangle (7) into two rectangles by the 
line s= é==$(2’+ 2"). Let. us use the superscript 1 to refer to the 
rectangle a Sesé y Sysy’ and the superscript 2 to refer to the 
rectangle SeSe”, y SyS y” We obtain then from 3.6, (10), 3.11 
the identity 





H = Ly a 


a 


3.14. Since A(S) < œ by assumption, the partial derivatives ôf/ôx, 
ôf/ðy exist a.e. in I, and are summable there (see Saks [1], p. 181). By 
the absolute continuity of the indefinite Lebesgue integral we have. therefore, 
for y > 0, a function Q{y) such that the following holds. 


(a) Oy) +0 for y> 0. 
(b) If 1,172: -*,%j,° °° is any system of non-overlapping rectangles 
in Jy with total area Sy, then © 


Z f] 12/0 | dedy S 2y); 


> Í f | Of /éy | dedy < Q (4), 
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4, Inequalities. l ‘ 


4.1. If a,, Qə are vectors, in Buclidean ee. then. it follows from 
the definition of a, -+ a2 that 


u=] a l, val, w= f a + a | 
are the lengths of the sides of-a triangle whose area we shall denote by A. 


4.2. From the preceding remark the following inequalities can be 
derived immediately (the first three being, of course, well known). 


| a1 + a. | Sia Il + i a iL, . 

(11) [fl a | ia If SS ar an I 

(12) Jatt fot S fatal +fa—a lf, 

(13) fa Xa. | Sethu i+ | a» [JAL ar fl + fl oe | — or + ae |. 
In the last inequality, a, X a, designates the vector product of a, Qz. 


4.3. The proof of (13) is as follows. By a “well-known elementary 
formula we have 
A? = p(p — u) (u — v) (u — w), 
where u == (u + v+ w)/2. Thus p&u +v. Hence 
A? S 8 (u+v—w) S (uto) (uow), 
(14) AS (u + v)? (u +v — w). 
Since || a; X 2 | = 2A, (13) is proved. | 


4.4, Let there be given, in vı Sg S t, a continuous function f(z). 
We assume that the length s of the arc 


(15) ` TETS, y=f(r) 
is finite. We denote by o the length of the chord of this arc. Let 
(16) StS ty, y = (x) | 


be the equation of the chord. We assert the inequalities 
(17) S IE —¢(@)| de Ss(ei—a), 


(18) JIRE) — A(G) | de £ 20%(s — o) *, 
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If we drop the assumption that s is finite we have the inequality 


(19) EOR 


‘where d is the oscillation of f(z) in t, S2 S ta 


Proof. (19) is obvious. (17) and (18) can be derived either geo- 
metrically, by enclosing the area between the arc (15) and its chord (16) 
in a parallelogram and in an ellipse respectively, or else by the following more 
analytic argument. Let F denote the maximum of | f(#) —¢(r)| in 
g Er ga Then 


(20) JTO —$@)| de E (ee —a)F, 


and we have a é, 21 < é< T, such that 


(21) If) — ($) | =F. 


Let us denote by P, Q, E, S the points (sı, f(21)), (£a f(22)), (&f(£)); 
(E ¢(é)). From the triangle PQR we see that F== RS cannot exceed 
PR + EQ. Hence 


. (22) F< PR- RỌ Ss. 


(20), (21), (22) prove (17). Next, observe that (v.—2,)F is twice the 
area of the triangle PQK. Hence, by (14), 


(23) (a, — 2) FS 2 (PR + RQ) (PR + RQ — PQ)”. 
But PR + RQ <s, PQ =o. Hence (18) follows from (20) and (23). 


We shall list now, for easier reference, a number of inequalities for the 
auxiliary quantities defined in 8. The cross-references indicate the sections 
containing the information needed in the proofs.. 


4.5. | ti:—zte |= O(| H}/qr). ‘See (9) in 8.2, (10) in 3.10, 3.12, 
2. 10. | | 


4.6. |n—r|S]b—Bl+ic—y|. See 8.4, 3.6, (11) in 4.2. 


4.7. |o—y| Soy +6, |b—BlS br + On". See 3.4, 3.5, 3.6, 
3.10. 


4.8. We have the relations 
(24) ba = O(Sz/qr), 
(25) be = OL 80*/? (8r — on") ¥?], 


and analogous relations for 62”, Oy, 6y". See 3.10, 4.4, 2.10. 
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4,9. The preceding estimates for Oy: may be meaningless if, v == 0, 
because then possibly Sy == œ. For 2’ = (0 we have the estimate 


ba = O(dv/qv) 


with analogous statements for 62”, Oy, 6)". Sée’3.10; (19) in 4.4, 2.10, 2.12. ` 


4.10. Let us return now to 3.13. We shall use the superscripts 1, 2 in 
the sense explained there. We introduce the vectors (see 3.6, 3.13) 


yO = (a, go, y), Ty = (al, BO, y2), 
Then (see 3.6, 3.13) 
(26) o r= 9 + 9 |. 


| By the definition of the vector product we have 


(27) | aD yD — gy |< | yD x yl J. | 
_ By 3.18 we have | Ei 

(28) | a(t) = g = Ley, 

(27) and (28) yield’ 

(29) > | yO — yO |S 2/a fy Xy” I. 


By 3.13, 3.6, 3.8, (26) we have 
(30) Pp. Py fae ra SIM) 4 tO) oie, 


D fo T+ Fy f — Po 4 9 | Hr) +O —r St —z, 
(29), (18) in 4.2, (30), (31), 3.4, 2.10 yield now 
(32) [yy |= Of gir — r). 


4.11. |p|SOy-+ 0y. See 3.10. 


4.12. |!) = Ogee — aie qv (br + y J]. See 8.18, (32) in 
4,10, 4. 11. 


4.13. ABO + ACD —n = O[qt (t —r) Y 4 Oy + byl.. 
See (8) in 3.2, 3.4, (12) in 4.2, 4.5, 4.12. 


4.14, From the definition of H (see 3.10) it is obvious that 
|H | S sy + sy". 
Hence (see references in 4.18) 


ABC + ACD —n=0 (ete) 


Al 
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4,15. This last estimate may become meaningless if y’—=0 or y =l, 
since then possibly sy = «© or sy" == 0. We derive therefore an alternative 


estimate. By 3.10 and 2.12 it is obvious that 
| | H |= O(a). 


‘By the same cross-references as in 4.14 we obtain then the estimate 


ABC + ACD — n = O(dv/qv). 


4.16. Let there be given now a positive constant K. For each rectangle 
r of ¥,Y, we define then a quantity Ax as follows. Ax = 1 if for the rectangle 
r all the inequalities — | 


Se’, Sx", Sy’, Sy" S K/qv, ts K/q’ 
hold. Otherwise Ag = 0 for that rectangle. We propose to show that 
(33) X Y =r = O(1/K + 1/a), 
where a denotes the area of the generic rectangle r of X,Y». 
4.17. Let us consider first those rectangles of Xv¥y for which 
(34) So > K/q and g0. 


Let N(x’) designate the number of such rectangles for fixed z^. Then (see 
1.4, 2.10, 2.4, on 





LL 25g. 
Nia) = sr -z ) = Ol (qv?/K)L(2’) (2” — 2’) ], 


X“ N (x) = OL (qv? /K)X*,L (£) (o a’) | 
= O[(g?/K)( f L(2)de + «)] = 0(@*/K). 


Thus the number of all rectangles satisfying (384) is O(qv?/K) and hence 
their total area is O(1/K). The sum of the areas of those rectangles of Xv¥v 
for which a’ ==0 is O(1/qv) (cf. 2.10). Hence, the sum of the areas of 
those rectangles of Xv¥y for which sy > K/qy is O(1/K +-1/q,). Applying 
the same reasoning tO Se", Sy, Sy", it follows that the sum of the areas of those 


rectangles of X,Y, for which the inequalities 


Sz’, Sa" Sy’, Sy" Se K/qv 


do not hold simultaneously, is O(1/K + 1/qyv). 
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4.18. Let now N designate the number of those rectangles of X,Y» 
for which t > K/q°. Then (see 3.8) 3 


NK/% ST, 
and hence 


N = 0 (q°/K}. 


Thus the sum of the areas of these rectangles is O(1/K). Hence ‘(see 4.16, 
4.17) 


Das O Gai) Oe) OCI 1p. 
and (33) is proved. 
4.19, x" ‘vY vsar/qr X x ny VvSa" /4v, o Sy / qv; oo rsy '/qv = 0 (€). 
Let us consider the first summation. By 2.4 to 2. 10 
Z*Yvs/v ze OLEY Yrsa (2" — 2’) ] = Oval (x) (2 — a’) |] = O(e). 


4,20. We have 


l (85) X vY vSy dr, o /qQv = Olo(pM; E]. 
y ceEy 
sy’ > K1/*/qy Px Ses 


Proof. It is sufficient to consider the first summation (see 2.6, 2.8, 
.2.5, 2. 13, 4.16 for notations). Let N(y’) designate ‘the number of arcs sy, 
for fixed y’, that contribute to the first summation. Then by 2.13 


N(y')\K% _ Mav 
7 SM, OM Vy) = oF. 





For fixed y’, the sum of the intervals 2’ x S g” corresponding to these arcs 
is therefore (see 2.5, (c)) . 


S N (y) p/q S pM/K™*. 
By 2.8, (4) it follows that, for fixed y’, the sum of the lengths of these ares 


Sy is Sw(pM/K*), Since y’ takes on not more than g» values, (35) is 
established. 


Å, 21. XY *(1 oe Ax) S8y"/Qv, AvY¥ *y(1 so AK) Sy" /Qu 
= Ole + w(pM/K%) + 1/K% + K%/qy]). 


Proof. For notations see 2.4, 4.16, 2.5, 2.8, 2.18. It is sufficient to | 


consider the first summation. We split it inte three summations 34, Be, 3s 
as follows. %, is relative to those terms for which y’e«e, (see 2.7). 3, is 
relative to those terms for which 
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y eH, and sy > K*/qv. | 
X, is relative to those terms for which 
yeHy, and sp & K*%/qp. 
By 4.19, 3, = 0 (e): By 4.20, 3e — 6(o(pM/K%)). Finally, by 2. 10, 4.16, 
33S XY, (1 — Ax) K*/qv? = K420[XvYy(1 — Ax)al - 
| = K*O[1/K + 1/qv] = O[1/K* + K*/gv]: 
4.22. vY vbe, Xv¥ ybe", Xv¥ vy, Xv¥ Oy = O (e + dv). 


g’ Ece a” €ex Y € ey y €Cy 


See (24) in 4.8, 4. 19, 4.9. 
4. 23. XY vbr, Xv vba", X vY vy, X vY Oy" = O (e€ + dy + K/76,1/7) e 


ae SK/qy 8e"SK/qy sy SK! }?/av — 8y"SK1/2/ay 
Proof. It is sufficient to consider the first summation. We split it into 
two summations 3%, $, where 3, is relative to those terms for which 2’ « ég, 
and X, is relative to those terms for which x'e Es. By 4.22, 3, = O (e -+ dy). 
By (25) in 4. 8, the inequality of Schwartz, and (6) in 2.11, | 
jo = O [XY ysa” (Sy aces Sz) tie | == O[ (8/2 /q,3/7) Xy (F1 (sz: pes Ox’) way] 
ae He a’é He 
s2 SK /qu 
= OL (Kg) Xv qui? (L(x) — h (2) ) 7] 
s'eEr 
sus O| K? /q,A/ . ql? ` qv] ae O(K 3387/7], 
4.24. We have 


(36) AXvYvAK 





ABC + ACD — 7 | = O[e+ dy + K328 + K" (T — X Yor) V7]. 
Proof. We start with 
| ABC + ACD—7|S|ABC+ ACD —n| + |n— r]. 
y By 4.6, 4.7, 4.23 
(37) Xv YA | i T | == Ole + dy +- KR A]: 
By 4.18, 4. 23 
(38) ÆvYràg | ABC + ACD —n | 
— OLX VY rgt” (t Dia oad a+ Ole + dy + 1¢3/2§,3/2 |, 
By 4.16, 8.8, and the inequality of Schwartz, 
(39) XY riro t? (t —~ 1) S XY rrp (Eq) (t — 7) 1/* 
S (KEP /qu) XY A (t — 1)? 
S (K¥*/qy) (0) PIXY (t — 1) = 2 (T — X,Y vr)”. 
2 
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(87), (88), (89) imply (36). 
4.25. We have 
(40) XY,(1—Aàz) | ABC i ACOD —r | 
= OOCK +.1/qs) + d + e+ o(pM/EH) $1/KOP 4 KV/qh), 
Proof. By 4.6, 4.7 


(41) Ay y(1— Ax) [nr] SHFs(1—aK) (181+ | | b | Lo + 6," ). 
By (33) in 4.16 
XY, (1 — Ax) a= O(1/K + 1/qv); 


and hence, by 3.14, 3.6, 2.1, 
(42) XY (1 — Ax) | B| SOLO(1/K + 1/q)]. 
From the definition of b (see 3.4) it is clear that 

[b | S8 (y7 — y) (sv + Sy") = O(sy/qv + Sy"/qr), 
and (see 2. 12) i . 
|b | S (y” —y') dy = O (dv/qv). 
Hence, by 2.4, 4. 21, 
(48) Xy¥v(1—Ax)| b | = O(dv) + OL XP) (1 — Ar) (8u/qv + 8y"/qr) | 

= O[dy + e+ o(pM/K?) + 1/K¥? 4- K'”/¢]. 

By 4.8, 4.9, 4:21, 
(44) I cas (9y + Gy" )== O (dv) + O[ AVY (1 — Ax) (Sy/Gv + Sy"/Qv). 


= Ol dy + e+ o(pM/K™) + 1/6? + KP /qr] 
By (41), (42), ve (44), 


i : bet o(pM/K') + 1/2 + K/qy}. 
By 4. 14, 4. 15, 4.21 we obtain similarly 
(46) 2X »¥y(1—Ax)-| ABC + ACD —n | 
= O[dy + «+ o(pM/K*) + 1/K1? + K'/qv]. 
(45), (46) imply (40). 
4,26. As a direct consequence of 4,24 and 4.25 we obtain 
XY, | ABC + ACD —7 | 


== O{0[0(1/K + 1/qv)] + o(pM/K*) + e + by + YE? + KV" /qy 
-+ KES? + Ke? (T — Xr) 1/2) 
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5. Proof of the theorem. 


5.1. Lemma. For the sequence XY», described in 2.5 to 2.9 we have 
(47) lim YVy | ABC + ACD —r | = Te, 
POC 
where T is a constant that depends only upon the given surface (1) and the 
constant p of 2.5. 


Proof. In 4.26 keap K fixed and make yao. By 2.5, 2.12, (5) m 
2.11, (e) and (f) in 3.8 we obtain 


lim X,Y, | ABC + ACD —; | == O{0[0(1/K)] + o(pM/K*) + «+ 1/K*}. 
->00 
This relation holds for every K > 0. Hence, making K —> œ, we obtain, 
by 3. 14, 2.8, : 

lim XY, | ABC + ACD —7| = O(e). 


By the meaning of the symbol O (see 2.9), this last relation proves (47 i 
5.2. By 3.2, we have 
X,Y (ABO + ACD) = E (Ib), 
where Æ (II) is the elementary area of an inscribed polyhedron 
m: z= gg y), (ay) Io 
such that $y(2,y) > f(z, y) uniformly in Io. Since (cf. 3.8) 
| HAL) AT aA AOD) — hee 1) 
<= XY, | ABC + ACD—7|4+ XY, (t — 7) 
the relation (47) implies that (cf. 3.8, (f£)) 


(48) lim | #(0,)-+T | S Te. 
i v->00 
On the other hand, as noted above, 


(49) | mer T(z,y) — (2y) | — 0. 
We recall that e, p were assigned arbitrarily, and that F in (48) is independent 
of e and of the sequence X,Vy. Hence, for any positive integer j, we can 
select first p to satisfy 


1<p<i+1/j. 
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“Once p has been so selected, the constant T in (48) is determined. Then we 
select e > 0 to satisfy l 
Te < 1/3. 


After e has been so selected, we have a sequence XY, as described in 2.5 to 
2.9, and (48) and (49) hold. For v large enough, we have then, by (48) 
and (49), 


(50) [E —TI<1/, max | f(e,y) — ele y) < Vi. 
We take each av, and we designate the corresponding Xv, Yv, dv, Ty by 


X, YG, 6%), TP to stress their dependence upon the positive eee j. 
We abii in this manner the following lemma. 


5.3. LEMMA. We have a sequence of subdivisions XY, and a 
corresponding sequence of inscribed polyhedra 
MM: z—gi(a,y), (ay) elo 
such that the following holds (ct. 2.5 and (80)). 
(a) pP (x,y) — F(x,y) uniformly in Lo. 
joc 


(b) g(4) =g (FP), j= 1,2, 
(c) p(X) 1, p YP) 1 for 7 -> ©, 
(a) E(P) >T. 

j> 


5.4. The proof of the theorem of 1.5 is now immediate. By the defi- 


nition of A*(S8).in 1.2 we have 


(51) lim P(O) = A*(8). 
By 3.8, (b) we have 

(52) TSA(S). 

By 1.2 | | 

(53) A(S) = A*(8). 


(51), (52), (53) and (d) in 5.3 imply A (8) = A* (8). 


' 5.5. Infact we have proved more than the mere equality A(S) = A* (8). ° 


Indeed, we also proved that we have sequences: of inscribed polyhedra as 
described in 5.3. The conditions stated there express the fact that the 
approximating inscribed polyhedron II) is such that. its projection upon the 


zy plane consists of a number of triangles obtained by subdividing the unit - 


` 
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square J, first into rectangles that are practically congruent squares, and then 
drawing one diagonal in each of these rectangles. 
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INTERPOLATED DENUMERANTS AND LAMBERT SERIES.* 
By E. T. BELL. 


1. Notation, summary. The letters denoting integers, - > 1; a'>, dr 


are constant and > 0; %ı''',r are variable and = 0. The number 
D(n|a:,- > -,ar) of sets (a,,- - ~,r) of solutions of 

(1.1) Mtr fs yey = 

is (in Sylvester’s terminology) the denumerant of n with respect to a,,° °°, dr. 
To avoid trivial modifications in the notation, the case a, =: ` *==d,;=« 


is excluded; D(n|a,---,a) is the coefficient of 2" in (1—2a*)-", =1 if 


ler 
n= 0, =0 if afn, = a Gai i (n+ ja) if ajn. When there can be no 
ambiguity, we abbreviate D(nla,,---,a,) to D(x), and, if necessary, state 


the associated equation (1.1). 
The L. C.M. of a1,° + -,a, will be denoted by a m,- © +, np are any r 
different non-negative constant integers. Hence 


(1.2) D(anj+ bj), 05d) <a, Gaede) 
are constants.. | | 
In Sylvester’s method, 
D(n) =A(n) + U 


where A(n) is a polynomial in n of degree r— 1, and U, the < undulant’ part, 
contains roots of unity. Sylvester states? that 


` 
r-i 
A(n) = X AryjpV/7}. 
j=0 
7 
where A; is the coefficient of x° in the power series expansion of JẸ (1 — e42). 
jeu 


Cayley’s method leads to similar conclusions, the periodic terms in D(a) 
being collected in his ‘circulators.’ Our object is to get rid cf both undulants 








* Received January 14, 1942. 

1 For the history of denumerants to 1919, see L. E. Dickson, History of the Theory 
of Numbers, vol. 2 (1920), chap. 3, and for an exposition of Sylvester’s and Cayley’s 
methods, either the papers in vol. 2 of each of these authors’ works or P. Bachmann, 
Niedere Zahlentheorie, zweiter: Teil (1910), Kap. 3. The results stated by Sylvester 
in 1857 (loc. cit., No. 17) are repeated, and most are proved, in several later papers. 

2 Loc. cit., 87, last footnote. 
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and circulators, as these are responsible for the most awkward part of the 
calculations, by suitably classifying the arguments n in D(n). 

It will be shown (2) that D(an-+- b), for any constant integer b- such 
that 0 <= b < a, is a polynomial in n of degree r— 1, 


(1. 3) D(an + b) = co + ean es + +b opr, 
with constant (independent of n) rational number coefficients which may be 
explicitly evaluated in terms of the constants (1.2) with b; =b. 


If in (1.3) we put n= ni,’ `', nr, and from the resulting equations 
and (1.3) eliminate ¢y,- - >, Cr1, We get 
Dian+ 6) i n-ren 


Dlan +b) Lome + mr 


D(any +6) 1 n nv 


The coefficients of the elements in the first column in the expanded form of 
the left are determinants of a familiar type (alternants), whose expansions 
as products of differences are immediate. Or we may apply Lagrange’s inter- 
polation formula to the polynomial in (1.3): 


F(a) =J] (@—mj), — Fy(a) = F(2)/(e—m); 


l n F;(n) 
(1.4) D(an + 6) =$ = D(an; 4-b). 
; ja Fy (ni), 
The constants n; are at our disposal. For the choices n; == 4} — 1, or 
nj = j, (1.4) takes a simple form. If nj = Ĵĵ, 


(1.5) D(an-+ 6) = (— 1) (n—1)(n—2): > - (n—r)p(a b), 
O4 (1 D(ja+b) ` 
G2) E A ea)’ 
which may be written 


(1.6) (—1)’r!D(an +b) = Ae oe) = (—1)47 ` JED muet ‘ 

It follows that the r constants c; in (1.3) are linear homogeneous func- 
tions, with constant rational number coefficients, of ther constants D (an; + b) 
for (1.4), and of D(ja+ b) for (1.6), 7=1,---+,7. The complete set of 
formulas D(n) for a particular equation (1.1) therefore requires the cal- 
culation of the numerical values of ra constants of the kind (1.2). This may 
be done directly or by the classical methods cited. 
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It will be seen in the proof of (1.3) that b may be any non-negative 
integer. Hence in (1.6) we may take n —0 and in the result replace b by 
the arbitrary non-negative integer n, 


(1.7) D(n) +3 (=D: (t ) D(n + ja) =o. 


For n = 0 this enables us to calculate D (ra) when D(ja)}, 4 =1,: +, r —1 
are known, 


(1.8) 14$ (7) D(ja) =0. 
From (1.6) we have 
(1.9) Dian +b) = O(nr*), 


the constant implied in the order function being 





a > (—1)5(") D(ja +b). 


FE jy 
The enumeration of compound partitions being reducible to that of 
simple partitions, there are formulas corresponding to the preceding for com- 
pound denumerants. 
To illustrate (1.5), let r == 3. Then a is the L. C. M. of a, ao, @3, and 


D(m) refers to 
Mti + la + kzt = mM: 
2D (an + b) = (n-- 2) (n—3)D(a+ b) —2(n— 1) (1 — 3) D(Qa + b) 
+. (1-—1) (n— 2) D(8a+ 5b), Sba 


For large values of n, this D(an -+ b) is approximately 
4n?7(D(a + b) — 2D (2a +b) + D(3a+ b)). 


2. Proof of (1.3). Everything will be proved if (1.3) is. With the 
notation as in 1, let « be a primitive a-th root of 1. Then if a; > 1, there 
is a least integer s; > 0 such that as is a primitive aj-th root of 1. In the 
set ofits (ty == 1,' °° +, aj —1; J= 1,.°°,17) lety,d,: + -,7 be all the unequal 
elements of the set, and let these occur precisely g, d,- + -,¢ times respectively. 
(If sjt; == sili, mod a, the corresponding elements are equal.) Then, | «| <1, 


ŞS D(n)a” Z II (1 <a 


n=0 j=1 


== (1 — g)" (e — y) I (e — è} t + + (2—1). 


No 1-2 has a repeated root, and there are precisely r such binomials. 
Hence none of g, d,’ > >, t can exceed r. 
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The resolution of the above generating function into partial fractions 
may be written — 


Ry(1—2)*-+ Ro(1—a2)* ++ 4 Re (1 —a) 
eG ay) Grey) 8 Pe (a ey) 
SD Ae ED ee) ees GT) Dla e) 


— T (o—2)* 4 Tela—a) t+ + + (1) Te 9), 


in which the capital letters denote constants, and since g Sr, d&r, tSr, 
some of the constants G, D,- - +, T may be identically zero. The coefficient 
of y” in (1—y)~8; s an integer > 0, is (nm), where (m), =n, and 


(s— 1)! (nm), (n+ 1) (n+2)---(r+s—1), s>l. 
If A is any one of y, ð, + -,7, 
(—1)i(@—A)F = AI (1 — Ate), 
in which the coefficient of 2" is A""7(n);. Hence 
D(n) = È enee a e e ee e 
js 
Since A”¢ = ] for all integers m, 
Dan +b) == 2 (an + b) [By + Gy PF + Tyr], 
JF 
The expression in square brackets is a constant, say kj. Hence 
D(an +b) = Sh; (an-+d)s, 


which may be written in the form (1. ay, since (an + b); isa polynomial of 
degree 7-1 in n with coefficients independent of n. 


3. An r-fold Lambert series. One possible generalization of a (1-fold) 
Lambert series 





SiL SSESD”, 


> 
n=1 1— g” n=l din 


is suggested by (1.3). If in this series œ is replaced by 2°, where c is a 
constant integer > 0, the effect is merely that of a change of variable with 
an obvious modification of the convergence criteria.” It will be assumed that 
f(n) is a numerical function of n such that all series in which it occurs here 
are convergent. 


meene. 


` 3 As stated, for example, by K. Knopp, Journal für Mathematik, vol. 142 (1913), 
pp. 283-315, especially 287, Satz 1. 


386 E., T. BELL. 


With a,’ > -,a@r, a, b, D(n) as in 1; and s = @, -+> +--+ a,, we define 


an r-fold Lambert series L (2; @:,- - *, ar} f) = L(x) for the numerical func- 
tion f and the parameters a,,: * -,@, by 
oea ee OL. eee 


nel (1 — gar) a è (1 — xtrn) if 


To expand L(s) in a power series we multiply the generating function 
of D(n) by f(¢)2’, replace x by zt in the result, and sum over all integers 
t>0. Thus . 


L(a) = Š Oar + SF (QD namo], 


=i È LEDs)”, 


‘In which X, refers to all pairs (d,8) of positive integers such that dè = m, 
d `œ s. If there are none such for a particular m, $, is vacuous and there is 
no term 2”, . . 

We now reduce D(d—s) by (1.3), noting that c; in (1. 8) depends on 
b, say c; cj (b), so that . 


r-i 
D(n) = 2 cj(b) ni. 


For b fixed let (dv, &) be a (d, 8) such that 
d == 8s ~- b mod a, dy >s -+b, dido = m. 
Then (dy——s—— b)/a is an integer > 0, and by (1.3), 


r-l 
D (dy — s) = go(dv) = a" D cj (b)ari (dy —s — b), 
j=0 


and hence 
Ef (8)D(d—s) = 3 go do) f (è). 
-~ Finally, then, the complete expansion is 
L(a) = f(a)ar È s) +E gu (de) f(B.) ah, 
in which f(y) == 0 if y is not an integer > 0. 
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ON THE BLOCH-LANDAU CONSTANT.* 


By Hans RADEMACHER. 


1. In 1929 Landau, in a paper 1 on the Bloch constant, introduced 
besides the Bloch constant B two other constants Q and M of which only the 
first will interest us here. The definition of the Bloch constant is the following: 

There exists a constant B such that to every e > 0 and to every function 
w = f(z) which is regular for |z| < 1 with f (0) = 1 there exists a closed 
region G == Gje in the interior of the unit-circle which is mapped by the 
function w == f(z) in a one-to-one manner on a circle of radius 8 —e in the 
w-plane; whereas there exist functions of the same specifications by which no 
subregion of the unit-circle is mapped in a one-to-one manner on a circle of 
. radius B+. ; 

By dropping the condition of bi-uniqueness Landau defines another con- 
stant which we shall call the Bloch-Landau constant &: There exists a constant 
Q such that every function w==f(z) which is regular in |z| <1 with 
F (0) == 1 assumes ail values of a certain circle of radius 2 — in the w-plane, 
for any given positive e; whereas to every e > 0 there exists a function of the 
same specifications whose values do not completely fill any circle of radius 
Rite 

Since every “Bloch circle” in the w-plane is a “ Landau-circle,” but not 
conversely, it is clear that we have OSX. Landau, in the paper cited, 
proves also 

0.39 < B, 0.43 = 8 S Arr (y Pr (4), 


where the latter upper bound is established by a certain example of f(z) 
which does not permit a greater Landau circle. Landau gave no separate 
upper estimate for B. This was done some years ago by Ahlfors and Grunsky 
who proved ? by a suitable example that 


BS (1+ 84) 4P(4)P(%)EP(Y2) 4 = 04719- +. 


I shall show that their method leads also to an improved upper estimate of &. 


* Received March 21, 1942.. 

1K. Landau, “ Über aie Blochsche Konstante und zwei verwandte Weltkonstanten,” 
Mathematische Zeitschrift, vol. 3Q (1929), pp. 608-634. 

2L. V. Ahlfors and H. Grunsky, “ Uber die Blochsche Konstante,” Mathematische 
Zeitschrift, vol. 42 (1937), pp. 671-673. 
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2. The interior of the unit circle | ¢| < 1 is mapped on an equilateral 
equiangular circular triangle of angles ør (0 5& a< 1) by means of the 
function 


f {-1/2-a/2 (1 > 8 a dab (1 a £3¢)-5/6+0/2q 5 
(1) w= oe me Sa er 
f f-1/2-a/2 (1 n t) ~5/64+a/2 (1 S28 ft) -1/6+a/2 Jf 

0 


EHEH + 9/2), ECH — 9/2, 7h — 4/2, fi) 
r(A) + 8/2) ° FCG — 2/2, h — 4/2, 50)’ 
where F(a,b,c;z) is that branch of the hypergeometric function which is, 
ae eel represented by the Gaussian ee series. In the 
mapping established by (1) the points 1,p,p? (p= e°") of the ¢-plane 
correspond to the vertices of the circular triangle in the w-plane. 

The formula (1) is given by Ahlfors and Grunsky for « == 1/k, k > 0. 
But it can be seen that the arguments which they set forth to establish its 
validity hold also for a=-0. .The case a= 14 means the mapping of the 
unit ciréle on an equilateral straight triangle. We can, therefore, by com- 
bining two conformal mappings of the sort (1), map a zero-angled equilateral 
triangle on an equilateral straight triangle. Ii we introduce the inverse 
function 





os B,(w) 
of w= ha (¢) then 


(2). w == f(2) = Cipiys (o (C28) ) 


will produce that conformal mapping; the constants C, and Cz can be used 
to adjust the sizes of the triangles. 

Now the conformal mapping (2) can be extended ‘by reflection aib 
respect to the sides of the triangles. The repeated, images of the zero-angled 
triangle in the z-plane will just fill its orthogonal circle, which is its circum- 
circle, whereas the repeated images of: the equilateral triangle in the w-plane 
will build up a Riemann surface in which the'vertices of the triangle and of 
its reflections form a regular point lattice, and where all these vertices become 
branch-points of infinite order. The function w == f(z) therefore maps, by 
this process of analytic continuation,.the interior of a whole circle K on the 
described Riemann surface. We can normalize the mapping 'so that K is the 
unit circle | z| < 1 and so that f (0)= 1. 

Since, then, the image of any circle | z| = 1—e will not cover any of 
the branch-points in the Riemann surface over the w-plane a Landau circle. 
cannot -be greater than the circumcircle.of the equilateral straight triangle 
which was the element out of which the Riemann surface was constructed. 
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The normalization just mentioned requires 


(C2) == 1 
or 
(3) Cs = ġo (1) 
and 
l 7 rere $'1/3(0) PEZ 
(4) f (0) = O Os 


Equation (3) has to be understood as 
T(%)T(%) FU%; wo, 4; é) 
C, =l on MN a A o 
pon PD = EP OTCA 658) ` 


Here we have hypergeometric functions F(a,b,c;é) with a + b =c, m 
which case 





(a,b, c;&) ~ TUE log A 


Tiere) Eg PH 


Hence 


and therefore formula (4) furnishes 


g P0) TOOG) , 


=A oA meern a aaeeea a aaaeeeaa . 


$172 (0) T'(%) 


The upper bound of the radii ofall Landau circles, i. e. the cireumradius of 
the equilateral triangle in the w-plane, is 


P(1) = Cigiys(1) = C1 = MTATA) )* = RaT (1) T (1). 
We have therefore our result: 

An upper bound of the Bloch-Landau constant & is gwen P 
(5) S S aT (4) (4) 


This result compares numerically with Landau’s estimate quoted above as 
follows : 


0.54825 < mT (14) T(14)~2 < 0.0. 54326, 
0. 55488 < 27/20 (JT (14) < 0.55489. 


? In a letter of May 30, 1942, Professor R. M. Robinson informs me that he found 
the same upper bound for Q in 1937. His result is briefly mentioned in a footnote to 
Ahlfors paper “ An extension of Schwarz’s Lemma,” Transactions of the American 
Mathematical Society, vol. 43 (1938), p. 364 which I had overlooked: “‘In the other 
direction R. M. Robinson has proved Q < .544. This result has not been published.” 
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3. The configuration of the zero-angled circular triangle together with 
all its reflections is, of course, the well-known modular figure; and if it had 
not been for the convenience of the Ahlfors-Grunsky formula, I would have 
adhered to my first redaction of the present paper, which was based on the 
modular function k?(r) —A(7). into which ® (w) can be transformed. 
Landau in his paper quotes previous results of Carathéodory and Hartogs, 
which are also obtained from the theory of modular functions. An analysis 
of Landau’s procedure shows that he has actually: used the conformal mapping 
of the zero-angled triangle with the vertices 1, t, —-1 on the equilateral 
triangle. It is through a gain in symmetry of our example over Landau’s 
that we obtained the improved estimate (5). 

Ahlfors and Grunsky in their paper make it plausible that their appraisal 
of Bloch’s constant actually gives its true value. A similar reasoning would 
apply to the above example. The symmetry of the discussed conformal map- 
ping suggests strongly that (5) may contain the best value of the Bloch- 
Landau constant &. 

It is noteworthy that the Ahlfors-Grunsky example, as well as ours, 
exhibits functions which have the unit circle as natural boundary. This is in ` 
agreement with R. M. Robinson’s statements about “Bloch functions,” 4 | 


THe UNIVERSITY or PENNSYLVANIA, 


t Raphael M. Robinson, “ Bloch functions,” Duke Mathematical Journal, vol. 2 
(1936), pp. 453-459. 


THE RECTILINEAR MOTION OF A GAS.* 


- By Monror H. MARTIN. 


Introduction. In the rectilinear motion of a gas the particles of the gas 
move along straight lines. The lines are all parallel to each other and it is 
assumed that the velocity and density of the gas at any given instant 1s con- 
stant over any plane perpendicular to the straight lines along which the motion 
takes place. Letting x denote the distance along any one of these lines 
measured from some point as origin, and denoting the time by #, the physical 
problem we consider may be formulated as follows. Given the velocity u.and 
the density p of the gas as a function of x for i ==0, what can be sad about 
the subsequent behavior of the gas, i.e., how shall u,p be expressed as func- 
tions of x,t? In addition to assuming that the gas moves rectilinearly we 
shall suppose that it is perfect and that its pressure and density are connected 
by a chdracteristic equation p = p(p). 

This type of motion has been studied by Riemann in a celebrated memoir.’ 
In it he reduces the problem of determining the motion of the gas under 
certain conditions to finding a solution of a linear, hyperbolic partial differ- 
ential equation of second order of the type wrs —a(7,s)(wr—ws) = 9, 
taking prescribed values for its first partial derivatives along a given arc. 
The solution of this initial value problem given by Riemann has become 
- classic and is known today as “ Riemann’s method.” Essentially the method 
consists in determining a two parameter family of solutions of the adjoint 
partial differential equation subject to certain initial conditions. This two- 


* Received February 21, 1942; Revised August 22, 1942. 

1“ ber die Fortpflanzung ebener Luftwellen von, endlicher Schwingungsweite,” 
Géttingen Abhandlungen, vol. 8 (1858-59), pp. 245-264 or Werke, Leipzig (1892), 2nd 
Edition, pp. 156-175. See also H. Lamb, Hydrodynamics, 5th Ed., Cambridge 1924, 
pp. 456-459, where both the methods of Riemann and Earnshaw are discussed. For 
further work on the problem see Rayleigh’s Theory of Sound, vol. 2, p. 38 and vol. 3, 
pp. 214-216 of Durand’s Aerodynamic Theory. An excellent bibliography on the 
problem is given in the article on Compressible Fluids by H. Bateman in Bullatin 84 
of the National Research Council, pp. 548-551. An admirable treatment of the subject 
will be found in Die partiellen Differentialgleichungen der Mathematischen Physik 
prepared from Riemann’s lectures by Heinrich Weber, Braunschweig 1919, vol. 2, 
pp- 503-562. 

An error in §4 of Riemann’s memoir is pointed out in the report of Christoffel, 
Fortschritte der Physik, vol. 15, p. 123. For comments on Lord Rayleigh’s objection 
to Riemann’s work see pp. 559-562 of Weber’s book cited above. 

°? Werke, pp. 160-162 and pp. 169-170. 
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parameter family of solutions is the so-called “Riemann’s function” and, 
once it has been obtained, the determination of the solution of the original 


-. Initial value problem is reduced to a quadrature. Since Riemann’s time his 


method has been extended to the most general linear hyperbolic partial 
differential equation of the second order.’ 


Sections 1 and 2 of the present paper contain no new results but are 
devoted to a resumé of certain results + due to Riemann which the author has - 
felt advisable to include in order to properly prepare the ground for the new 
developments which follow. 

In section 3 the solution of the initial value problem mentioned above. 
is reduced to the determination of what is termed the resolvent of the partial 
differential equation. The resolvent is analogous to Riemann’s function and 
is a two parameter family of solutions v = (r,s; F; 5) of the partial differ- 
ential equation vrs -+ a(7, 8) (vy — vs) = 0 satisfying the initial conditions 


(7,83 7,5) = 5 — sS, T(r, 5; 7,5) =r — T. 


As in Riemann’s method, the solution of the initial value problem is reduced 
to a quadrature, once the resolvent is obtained. The new method offers two — 
advantages. ‘The initial conditions on the resolvent are simpler than those 
for Riemann’s function and the final expression for the solution as a quadra- 
ture is simpler in form. On the other hand the method does not appear to 
permit extension to the general linear, hyperbolic partial differential equation. 

The method developed in 3 finds an application in 4 to the solution of: 
the problem of the rectilinear motion of a gas with which Riemann occupied 
himself in §10 of his memoir. The culminating point of his. work in this 
_ paragraph is contained in his equations (2). These equations involve a func- 
tion w of four arguments v, s, 7’, s. However we do not find any formula in 
Riemann’s paper in which the nature of the dependence of o upon its four 
arguments is explicitly set forth. 

In the theory developed in the present paper the resolvment v plays the 
role of the function œ of Riemann and in 5, 6 we calculate V explicitly for the 
important case in which the gas is moving adiabatically. In the determina- 
tion of @ we are led to the generalized integral equation of Abel, the solution 
of which yields a formula for 7 involving Appell’s hypergeometric function 
Fn eae A cee y ;z,y) of two variables. 

We have selected in 7 what appears to be mathematically the simplest 


TOF, for example, D. Hilbert und R. Courant, Methoden der Mathematischen 
Physik, II, Berlin (1937), pp. 311-315. 
t Werke, pp. 168-175. 
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problem to exemplify the application of the methods of this paper to the 
actual. computation of the rectilinear motion of a gas. The application of . 
_the method to more complicated cases in wen a shock wave develops is 
reserved for a later paper. 


1. The partial differential equations of the problem. If it he assumed 
that the particles of a gas move in straight lines parallel to the z-axis of a 
rectangular codrdinate system in three dimensional Euclidean space and that 
the velocity and density of the gas are constant over any plane æ == const. at 
any given instant ¢, the partial differential equations for the velocity 
u= u(x,t) and density p = p(s, t) are® © 


(1) p (tte +- Ust) F G° po = 0, pt -f> prt + pills = 0, 
it being understood that there are no external forces. Here 
(2) G= G(p) = (p')*, p= pip), 


the latter being the characteristic equation of the gas,° so that G is the “ lo 
velocity of sound.” If a new dependent variable f, defined by 


(8) ` F= F(p) = J Gde/p, 


is introduced in place of p, the partial differential equations take the more 
symmetric form 


Ut F Uzt + Gf = 0, fi +- fau + Guz = 0, 


which, in turn, may be replaced by 


(4) ` tet (u + G)re = 0, St + (u — Q) Ss = 0, 
on taking l : , 
(5) u =T 4- $, f = r — 8; 2r == u + f, 28 = u — f. 


Thus u and p are functions of r -+ s, r=—s respectively. Therefore G, 
a function of p, is likewise a function of r-——s and we have 


(6) f Ur = Ug = I, Gr == — Gs. 
Let us consider a solution 


(7) - r=r(z, t),  s=s(s,t), 


“Literal subscripts denote partiai differentiation. Equations (1) follow im- 
mediately from the hydrodynamical equations and the equation of continuity on setting 


A= Y=Z = 0; v = w= 0, wy == U, = 0, — Py = Py == (), 
The prime denotes differentiation with respect to p. It is assumed that p(p) 
is a ‘monotone increasing function of p poRSPe ne a continuous derivative with 


respect to p. 


3 
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of (4) defined and of class O’ throughout a region X of the (x, ¢)-plane and 
such that the Jacobian 





does not vanish in X. In addition we suppose the region X is mapped in a 
one-to-one manner upon a region R in the (7,s)-plane by (7) and denote by 


(7)  g=a2(r,s), t—t(r;s), 


the inverse transformation from R to X. Now 


Tt = — dJ ts, Pr = d ba, St =J Tr, Ss = — dtr, 


and substituting for ft, Te, St, Ss in (4) we see that the functions (7 y are 
solutions of two partial differential equations, linear in fhe unknown func- 
tions g, t 


(4)’ t—(U—G)tp = 0, ` se — (u+ @)ts = 0. 


A solution (7) of (4) enables one to compute the state of the gas, that is, 
the velocity and density of the gas, on a plane Ž at time ¢; provided, of course, 
that the point (ë, F) lies in XY. On the other hand, the solution (7)’ of (4)’ 
enables one`to compute the location and time of occurrence of a preassigned 
state; provided, naturally, that the point (7,5) corresponding by (5) to the 
state in question lies in R. Hither aspect is accordingly available for the 
description of the motion of the gas. . 

Choosing the functions x,t in (7Y to be solutions of (4)’, the results in 
(6) may be used to infer that the line integral 


=== f{le— (u + @)t|dr + [£ — ties, 


is independent of the path. -Moreover, if w ==w(r,s) is the function of r 
and s thereby defined, we have 


(7) g — (u+ G)t = t'r, v— (u — G) = 


Subtracting the two equations, and differentiating the first partially with 
respect to s, we obtain 


(8) Wp oee Ws =a Å— 2G, Wrs ms (G, — Le, 


and w is accordingly a solution of the partial differential equation of the 

second order 

1— G; 
2G 


Conversely, if w is a solution of (9), equations (7)”, when solved for 


(9) “Wyre Tm (wr — We) == (}, 
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w,t yield functions (IY of r,s which are solutions of ‘(4)’.. This follows 
directly upon differentiating the first equation in (7)” partially with respect 
_ to s and the second equation partially with respect to 7, the relations (6) 
being kept in mind. The integration of (4)’ is therefore reduced to the 
integration of (9). 

Differentiating the first equation in (7)” partially with respect to s, the 
second partially with respect to s, and uae (4)’, one obtains 


— 26Gb, = Wrr + (1+ G,)t, Gts = Wss + (1 + G,)é. 
Eliminating ¢ by means of (8), the Jacobian 





O(a, t) 
Jd me OD m — 2G yt 
a(r, 8) — 
is expressible in terms of w as follows, 


ee De Gra. _.. 1+ G, 
Fie = —~ [Wr — =g (wr — Ws) | [Wss — 3G (wr — ws) |. 





_ By hypothesis the Jacobian J is finite and not equal to zero in the region 
X. It follows that the Jacobian J> is not equal to zero and is finite in R. | 
Thus if w denotes the solution of (9) corresponding to’ the solution (7) of 

(4), the region È contains none of the loci 


1+ Gr 1-+ Gr 


Urs —— “OG (w, — Ws) =e E Weg — Ye 





(wr — Ws) =e, (e=00r o). 


2. The initial conditions. If the region X over which the solution (7) 
of (4) is defined 1s assumed to contain the segment «<2 < 8 of the z-axis, 
this segment is transformed by (7) into an arc in the (7,s)-plane 


(10) Co: r= re(a) = r(2,0), $= sS, (T) = (x, 0); a<cuv< B, 

| which, since J cannot vanish in X by hypothesis, is met by a line r = const. 
(or s = const.) in at most a single point, or, in other words, Cy is a mono- 
tone are. 


Thus the initial velocity uy and initial density po of the gas are assumed 
to satisfy the inequalities 


By) = at (po) tA, 28' 5 = Wo — oe p o £0, G (po) == 0, 
po 
along the segment a < s < B of the z-axis. ate if the above inequali- 


ties are met, the arc Oo is a monotone arc. 
One implication of the assumption that the Jacobian J does not vanish 
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may now be pointed'out. If the gas is initially at rest, the density must be a 
monotone function of æ and the case of wave motion is ruled out.” The case 
in which the Jacobian vanishes. identically has been discussed by Riemann ê 
and various other writers. 

In view of the preceding results, in particular (7)”, problem of con- 
structing a solution (7) of (4) subject to the initial conditions (10) is equiva- 
lent to the following boundary value problem: to construct a solution w of (9) 
such that the first partial derwatives take values prescribed by 


(11) Wr = T, We =, 
on the monotone arc Ca. = 


3. Conjugate partial differential equations: Two partial differential 
equations of the type 


Lu) = gy — a (Us — tty) = 0, Mv) = vey + (ve — vy) = 0, a =a(z, y), 


are said to be conjugate to each other. Taking u, v to be solutions of L(u)== 0, 
M(v) = 0 respectively, it is readily verified that | 


(UsVa) y = (UyYy) ay | 
and the integral 


f {Uvede + Uyryty}, 


taken around any closed path is accordingly equal to zero.” Applying this to 
the closed path formed by two straight lines z == &, y = 9 and a monotone arc 
XY connecting a point X of z = to a point Ë of y = Ẹ, one has 


X y P 
f _ Uyvydy -+ f {Usvedt +- Uydydy} + f _ Uxtsdz = 0, 
P x 4 


TIn case the density is not a monotone function of #, one may apply the method 
to the intervals in which the density is monotone. However this will not suffice in 
general to define the motion of the gas for all æ, t. An interesting problem of ap- 
parently some difficulty arises when one seeks to prolong the solution over ” the entire 
(x, ¢)-plane. 

: e Werke, pp- 162-164. Durand, Aerodynamic Theory, loc. cit. See in particular 
H. Weber, op. cit., pp. 516-522, : i 

° Naturally, this statement may require qualification if the closed path bounds a 
region containing points at which u,, u,, Op 0, possess singularities. The referee 
points out that the relation of the method used in the text to classical theory is brought 
out by the identity 


(v,— v,)L(u) + (u, — u) U(r) =R Oy P= wa, Q =U v, 


v å 
analogous to the well-known identity 
vL(u) —- ut (v) = P,— Q,, 
where M is adjoint to L. Assuming that D(u) == M{»}) =0, it is apparent that 
f {ta l2 + up dy} taken around any ¢losed path is zero. 


*» 


m a 
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where P is the point (4,7). Consequently if a solution 7 of M(v) ==0 be 
taken so that 

= (12) on PĒ: 37=9—y,. on PĒ: t—2— ZK, 

one finds the value u(P). of the solution u at the point P expressed in terms 


of its values at X and F, and the values of tes uy along the monotone arc 
XY, by the formula i 


(3) - u(P) —d[u(®) Hul S ” {agBedde + ydy). 
| A 


The solution ọ of M(v)} = 0 employed above obviously depends on the 

coördinates ë, 7 of the point P, a fact which we signalize in the notation 
T= D(x, y; 2, ğ) = T(P; P). 

The function 7 is termed the resolvent of L(u)==0 and the problem of 
integrating L(u) == 0 has been reduced to its determination. 

The resolvent ù of M(v) ==0 is a solution of L(u) == 0 equal to y* —y 
on s= v* and to «—2* on y==y*. It is connected with the resolvent ọ 
of L(u) ==0 by the relation 


(14) ~ &(P; P*) + 3(P*; P) = 0, 


analogous to the Principle of Reciprocity in the theory of the adjoint partial 
differential equation. To prove this relation, consider the parallelogram with 
the four vertices 


P(a,9), E(2,9*), P(e*, 9), P*(2*,y*). 


Replacing u by ù and the are YY in (18) by the broken line XYP*Y, one finds 


P* 


ai(P; P*) = 4[a(X;P*) + a(F; P*)|—4 f üs (P; P*)%o(P; P) dx 
x 


| 7 . 
—% f ty(P ; P*)0,(P; P)dy, 
p* 


and, since by definition 

tiz(P; P*) = 1 on P*X, ü, (P; P*) == —1 on P* FY, 
the relation is established, inasmuch as | 
i(¥;P*)—a--2*, a(%;P*) = y"* — 4%, 0(¥;P)=—9—y*, 0(F P) rti. 


Among the relations to be obtained from (14) -by partial differentiation 
with respect to #, y, x*, y* we shall set down only two 
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(15) ds(P;P*)+2(P*;P)=0, a(P;P*) + %7(P*; P) = 0, 


as important for later application. 
Returning to the solution (13) and differentiating it partially with 
respect to and ¥, it is found that 


| . aș 
(16) uz = $u,(X)[1+%,.(4)] —4 f. fustizdx + ufiysdy}, 
x 
. 


1¥ 
(17) wg—duy(P)[1—(P)]—4 f (ude + wytyady}. 
x 


It will be recalled that (14) was derived from (13) by replacing u by @ and 
the arc XY by the broken line XP*Y. If the same procedure is applied to 
(16) and (17), it is found that | 

T-(2; P) + 02(¥5P) — 2[ae(P; P*) + te(P*; PY], 

(Ë; P) + T(P; P) — läs (P; P*) + 19(P* P)], 
inasmuch as 
(18) | ts(¥;P)——1, ty{(X;P)=1. 
Referring to (15) it is apparent that 

D.(X;P)+t(2;P)—0, W(P; P) + %4(F;P) = 0, 


which, since -¥ may be taken arbitrarily cn «== and Y may be taken 
arbitrarily on y==ğ, leads to the following principle. The resolvent 
c= T(x, y; #7) satisfies the relations 


respectively along the lines v == and y == ¥. 


4. Rectilinear motion of a gas. In the first two sections of this paper 
the problem of determining the rectilinear motion of a gas under the hy- 
pothesis stated therein has been reduced to the boundary value problem 
formulated at the close of 2. For any equation of state p == Pp) the partial . 
differential equation (9) takes the form 


(20) Wrs —- 0 (Wr — Ws) == 0, a == a(r,s), 
and, granting that the resolvent, 


T= 0(1,8; ñ, 5), 
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of this partial differential equation has been determined, the value of the 
solution w at a point (7,5) is; from (13), computed. by 


PÄ 
w(F, 5) = plu (B) + w(S)]—} f (war + wads}, 
R 


in which #, § denote the points where 0 the lines 7 = f, s = 5, respectively, 
intersect the monotone are Co. 

What iè really needed, however, in (7), is not the value of the function 
w at the point (7,5), but the values of its partial derivatives w,, ws at this 
point. For these we refer to (16), (17) and obtain 


: 7 5 
wr == 3w (R) [1 +7 (E)]— 3 f {w,D,7dr + wstsrds}, 
R 
T 2 8 
wz == dus(S)[1—3,(8)]—4 f {wrsdr +- WsTszds}, 
R 


which, when the initial values (11) for wy, ws on Ce are inserted, become 


S 
w= 4e(R)[1+3-(R)]—} f odi w=) a(S) f zdz, 
R 


where s( R), x(S) denote the abscissae of the points on the interval a < x < B 
of the z-axis which map into the points #, § under the transformation (10). 
After integrating by parts and applying (18) and (19) it is found that 


` >2(8) @(8) 
w= Ffo(R) + 0(S)]4+4 f ede, we—$lo(R) +2(S)] 44 f Frdr. 
x(f) a(R) 


The motion of the gas is consequently to be determined from the fol- 
lowing equations 


=. w = l _ l a(S) 
(21) E— (a+ G)im dlo(R) + 20(8)]4+4 f Trde, 
w(t) 
z a(S) 
b— (a— i= plet) +2(8)]+4 f 7de, 
: gi R) 


obtained by substituting for the partial derivatives in (7)”. 


10 The values of w at the points R, S are indicated by w(R), w(8 ) respevtively. 
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‘The use of these formulae may best be understood with the aid of Figure. 
Suppose the initial velocity and density to, po of the gas are known along the 
segment a << 8 ot the z-axis. Fo fix the ideas, let us suppose that along 
this segment to, po are chosen so that the arc Cy of 2 is the monotone are 
ARSB ot the figure. The basic idea in the use of these formulae is that they 
yield a mapping of the “triangular region” ABC of the (r,s)-plane upon 
the “triangular region” a@y of the (sv, t)-plane. Thus the mapping brings 
to each point (4,7) inside a@y a pair of values F, § from which the velocity @ 
and density p of the gas at the point (7z, £) is computed from (5) and (3). ° 

The details of the application of these formulae will be taken up in 7 , 
where they are applied to a specific problem in the rectilinear motion of a gas. 





Figure 1. 


5. The adiabatic case. The results obtained so far are valid inde- 
pendént ‘of the choice made for the function p(p) expressing the dependence 
of the pressure of a gas upon its density. From now on we shall suppose ~ 
that the motion of the gas proceeds adiabatically. The characteristic equation 
of the gas takes the well-known form 

` p= kp”, 
where y is the ratio of the two specific heats of the gas and & is a constant. 
It is readily verified that m > 


G = 1 (r— s), 


and that the partial differential equation (9) becomes 
3—-y 


(22) (r — S) Wrs — m (wy — Ws) = 0, m= Sy) ; 
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This type of partial differential equation has received intensive study 71 since 


the time of Euler. 
Equations (21) controlling the motion of the gas take the form 








r+ 2s jie s[e(B) + 2(8)]1 +4 (Trde, 


a(R) 


(23) #— (tx 


Ë —- aain s) = ple(®) + 2(8)] +3 “Drda, 


a(R) 
and, once the resolvent 0 of (22) has been found, may be used to compute - 
the motion of the gas as explained in 4. 

According to the kinetic theory of gases ** 





yoi+ 


where n = 0, 2 for monatomic and diatomic gases respectively, a result which 
is in good agreement with experiment. The corresponding value of m is 


m = (n T 2) ? 
so that m == 1 for monatomic gases and m == 2 for diatomic gases. ‘There 
appears ** to be no known law for n in the case of more complex gases, and 
we are accordingly led to consider the problem of integrating (22) for arbi- 
trary constant values of m. 
The general solutions of (22) for monatomic and diatomic gases are 
R—S 3 R--S 


pg? rds r—s ? 





where R denotes an arbitrary function of r and S an arbitrary function of s. 
Although the general solution of (22) is available ™ for arbitrary constant 
values of m, our problem is to find a solution subject to the initial conditions 
(11). Presumably one might achieve this by properly specializing the arbi- 
trary elements in the general solution. However it appears more feasible to 
proceed. along the lines of 4 and we accordingly take up the problem of 
determining the resolvent of (22). 


6. The resolvent. The resolvent ọ of (22) is a two parameter family 
@ == T(r, s; f, 5) of solutions of the conjugate equation 


11 See, for example, G. Darboux, Leçons sur la théorie générale des surfaces, vol. 2, 
2nd Ed., Paris (1915), pp. 54-70. 

12 H. Jeans, The Dynamical Theory of Gases, 4th Ed., Cambridge (1925), pp. 
191-193. Recent work by D. H. Andrews has enabled fair ly accurate estimates of Y 
to be made for molecules containing up to 20 atoms. 
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(24) (r — s)trs + m(v, — v) = 0, 
such that 
(25) U(F, 8; F, 5) =S—S, a(t, S; F, $) SES 


It is easily verified ** that a one parameter family of solutions of (24) 

is given by | 

y= (r — a)” (a — s)”, 
a being the parameter of the family. This one parameter family offers the 
starting point for our construction of the resolvent. 

To begin with we observe in (3) that f is a positive function of p and 
therefore it follows from (5) that r >s. We may accordingly confine our 
attention to the half plane lying under the line r= s. Taking F > 5, we 
shall construct the resolvent of (22) under the following restrictions 


(26) r>F>0,s<s; m=—À (O<A< 1). 


Eventually we shall show how these restrictions may be removed. 
By forming the solution ** 


v= f h(a) (r —a)*(a— s)-da, 


where (a) is an arbitrary function we gain a solution of (24) containing an 
arbitrary function. Taking (a) 0 for Sa, we arrive at a two- 
parameter family of solutions 


(27) v= te (a) (r—a)>(a—s)“da + f e) (ra) Aas) Ma, 


involving an arbitrary function. If this arbitrary function can now be de- 
termined so that the conditions laid down in (25) are met, the resolvent of 
(22) will have been determined. 

Thus we are to determine (a) so that 


(28) EO (a — §)™ (r -— a) “da = 1 — F, fso (F—a)(a--s)Ada==s— À 
r & 
Let us consider the first of these integral equations. If we define 
u(t) =¥(t)=0, OStSF; y(t) =p) (t—-5)>, HW) ir, tF, 


this integral equation is recognized as the generalized integral equation of Abel 


f ¥O 0rd ON 


43 Cf. G. Darboux, op. cit., p. 58. 
1: Cf, G. Darboux, op. cit., pp. 66-68. 
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The solution of this integral equation is * 


SIN rÀ 





(a) = anh W(t) (a—t)1de = T =. üp 


from which it is readily eana that 


sin z 





(29) $(a) = (a—#)(a—3)}, 

The second integral equation goes over into the first when the variables 
in the pairs (r,s), (F, ) are interchanged. It follows that the solution is 
also given by (29). l 

When ¢(a) is substituted in (27) and a new integration variable ¢ is 
introduced by setting 


a = f -+ t(r— f), a = ï + t(s — 5), 
in the first and second integrals respectively, the resolvent 7 is obtained in 
the form 
E Ha] i Al#—st t(r—F)]* 
C= =) a 
(1—t)‘[¥—s+t(r rE 


PlF—3—t(s--s)P ; 
pen) s, (1— t)*[r —5 —t(s—5)] 





ent ined 


The resolvent will now be expressed in terms of Appell’s hypergeometric 
function of two variables 1° 


ŞS (a, m -+ n) (8, m) (85 n) Myn 
(30) Fila; BBs yi my) = À mea (rm Em (15m) CR) á 


E ea ‘(a +r— 1). 
Indeed if ne) > 0, R(y— a) > 0, Picard has shown ** that 


f ma- yra (1 — te) (1— ty) Pat — SDE) B (a5 8857509). 





If we put a = 1 -+ À, 8 = -— À, B = à, y= 2, in this formula and observe that 
T(1+AT(1—A) — m 
T(2) - Sin rà’ 


we find on writing 


15 The solution of this integral equation is well known. Cf., for example, G. 
Kowalewski, Integralgleichungen, Leipzig (1930), pp. 11-13. ' 

1w P, Appell, “Sur les fonctions hypergéométriques de plusieurs variables,” 
Memorial des Sciences Mathématiques, Fase. III (1925), p. 4. 

17 See Appell, op. cit., p. 9. 
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It will be recalled that the resolvent was derived under the restrictions 
(26). These restrictions we now proceed to remove. Avaiing ourselves of 
the formula ** 


f = y g’ , T 
F(a; 8,85 y3%,y) = (1 —- 2) P (1—y) PP (y—a58,8 ee a L). 


we find alternative expressions for the hypergeometric furctions in (81), 


namely, 


p— F p—ř 
F (1a; aa; E, z 



































—. eYA aai gaa 
(32) T= (r—f ( 3 F, (=u A, t ‘) 


a [PSN SS. g 
— (s — ï) =) F (14a; —aase: p a ), 








F—f§ 7 —S 








S—F" S$—? 


p 5g\h +H F 
(33) v= e—a (E)r (Haaai F, =) 

















18 See, for example, W. N. Bailey, ‘‘ Generalized hypergeometric series,” Cambridge 
Tracts in Mathematics and Physics, No. 32, Cambridge (1935), p. 7E. 
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Appell +? has shown that the power series (30) converges for arbitrary 
real or complex. values of a, 8, y inside the unit square |x| <1, |y! <1, 
provided, of course, y is not a negative integer. The various formulae obtained 
for @ accordingly define the resolvent in the following regions respectively : 


(31) |r F< [#—s1, lF] < stl |s—5] < rs] [2-5] <lr]; 
(32)’ |r—#] <|r—s|, |r—F| < | r—s|, |s—s| < |#—S |, |s—s| < |r—s]; 
(33)’ |r—#| <|#—S|,|r—F| < [s=] |s—5| <|s—F | |s—s|<]s—r]; 
(34)! |r —# | <|r—S], |r—#| < |r —s [85 | <|s—F], [2-8] <9 —2 
The four forms (31), (32), (33), (34) obtained for v are analytic con- | 
tinuations of each other and taken together suffice to define the resolvent 


throughout the region 
SLF, r>s, r>f§, 


for any real value.of A. By hypothesis the arc RS in (21) or (23) conne eting 
a point of r==F to a point. of s==5 is a monotone arc lying in the region 
rœs and therefore cannot leave the above region. It follows that 7 is ade- 
quately determined for use in (21) or (28). | 
The formula *° ' 
F(a; 8, B32, T) = F(a, 8 +£’, yit), 

reducing the hypergeometric function F, to an ordinary hypergeometric func- 
tion affords a partial check on our computation, inasmuch as, taking r = f 
and s = fin (31) yields 


TT, s; F, 5) = (§—s)F (1+ A, o2 455) == F — $, 


T(r, S; F, 5) = (r. —F)F (: + A, 0, 2; =") == T — F, 
which agrees with (25). 

A further check is provided by the monatomic gases, the partial differ- 
ential equation (22) becoming 
. (85) (r — S) Wrs — (Wr — Ws) == 0. 


Taking A = -—1 in (31), the resolvent of (35) is calculated with the aid of 
(30) and found to be 


(36) ae ae, 


Op. cit., p. 4. 
*e P, Appell, op. cit., pp. 3-4. 
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and a ais ect computation verifies thdt this function 7 is a solution of the 
conjugate equation to (35) and that 7 fulfills the conditions required in (25). 


7. The motion of a monatomic gas. Of all the gases the motion of a 
monatomic gas appears to be most susceptible to mathematical investigation. 
Thus the resolvent 7 has the particularly simple form (86). One readily 
verifies that placing this resolvent in ( ‘i with y = 5/3 leads to the following 
explicit formulae: 


T= (F —S)PF(P ideal al i *)a(8) 


_ "a(r rs —2(7 + #5 + 5) (r + 8) ]de}, 
a(R) a) 
i= 3 (r — naget) — e8] f [rs—40 +8) (+5) Jax}. 
a(R) 


To illustrate the application of the method to a concrete problem let us 
investigate the rectilinear motion of a monatomic gas which initially is at 
rest everywhere, a vacuum (p = 0) being present: for negative s .and 
p= (22/15k*)3” for positive z, under the assumption that the gas moves 
adiabatically. The apparent artificiality in the choice of the initial density 
due to an attempt on our part to find an example which illustrates the method 
‘without burdening the reader with tedious and excessive computation. 

Referring to 1, one verifies that f == V15 kpt and that the parametric 
equations (10) of the arc Co in 2 (the arc ARSB in Figure 1) are 


r= (/2)%,  s—_— (2/2), 


Substituting «(R) — 27", «(3) = 25 and carrying.out. the integration in the 
above formulae, we find on dropping the bars -from all letters that the region 
r = s of the (7,s)-plane is mapped upon a region in the (a,7¢)-plane by 


T= — (12 + 4rs + 8%), © t==—3d3(r+s). 


These formulas take on greater physical significance if the variables u, f 
are employed in place of r,s. In terms of these variables, the mapping is 
given by 
(37) t == } (F — 3u?), == — ĝu. 


It is apparent that the loci in the (x, t)-plane of points where the gas has a 
constant velocity comprise the lines t == const., while the loci of points where 
the gas has constant density are the parabolas s == $(f?—¢?/3), f == const. 
These curves are graphed below and form a network over a region in’ the 
(x, ¢)-plane, from which it is possible to read off the velocity and density of 
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the gas at any position and at any time. Outside this region both the density 
and velocity of the gas is zero, i.e., physically one has a vacuum. As a check 
on our computation, one finds on solving (37) for u,f in terms of 2, t, that 


m 42/3 \3/2 
u == — 1/3, p = br") ; 


15k 
t 
pre prt pea PET p27 $F 
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Figure 2. 


yield a solution of the hydrodynamical equations (1). It will be noted that 
a discontinuity in the velocity presents itself along the parabola p= 0 of 
Figure 2. The discontinuity meets, however, the compatibility, impulse, and 


energy conditions.** 


UNIVERSITY OF MARYLAND, 
COLLEGE Park, Mp. 


21 Fora formulation of these conditions, see Weber, op. cit., p. ll. 


A CLASS OF SOLUTIONS FOR THE HEAT EQUATION AND 
ASSOCIATED BOUNDARY VALUE PROBLEMS.* 


By F. G. Dresset and E. R. ELLIOTT. 


1. Introduction. Associated with the heat equation 
(1) ` ) 6?u/Oa? = bu/dy, 


we have the region D bounded by the characteristics Ee ordinates are h 
and g (h < g), and the curves 


t= x (y), t= xy), ASySg x <x. 


The problem of finding a solution of (1) in D, taking on preassigned con- 
. tinuous values on the boundary of D+ has been treated by several authors. 
Holmgren ? solved the problem, using integral equations, under the assump- 
tion that the xi(7) had continuous derivatives. Later papers have sought to 
weaken the hypothesis on the yi(7)* or to use other methods for the solution.’ 

In the first part of this paper we treat a problem similar to that of a 
former paper,® where certain line integrals of solutions of (1) were made to 
take on boundary values of limited variation. In Part 2 of the present paper, 


* Received June 19, 1941; Revised September 18, 1942; Presented, in part, to the 
Society, April 8, 1939. 

t No boundary values are assigned on the line y =g. 

2 E. Holmgren, “ Sur une application de Péquation intégral de M, Volterra,” Arkiv 
för Matematik, vol. 3 (1906-07), pp. 1-4. 

3M. Gevrey, “Sur les équations aux dériveés partielles du type parabolique,” 
Journal de Mathématiques, (6), vol. 9 (1913), pp. 305-471. Gevrey showed that, 
if the x,(n) satisfy a Lipschitz condition of order a > 4 the problem has a solution. 

t W. Sternberg, “ Über die Gleichung der Wirmeleitung,”’ Mathematische Annalen, 
vol. 101 (1929), pp. 394-398. Here the problem was solved by Perron’s method under 
the assumption that the derivatives of the x; (n) were bounded. I. Petrowsky [“ Zur 
ersten Randwertaufgabe der Wirmeleitunggleichung,” Compositio Mathematica, vol.l 
(1934-35), pp. 383-419] improved Sternberg’s treatment and showed that a weaker 
condition than that of Gevrey was sufficient. . 

5 F. G. Dressel, “A boundary value problem for the heat equation,” American 
Journal of Mathematics, vol. 55 (1933), pp. 641-653. This will be referred to as 
paper (A). 

° The results of Part 1 of this paper are taken from E. R. Elliott’s doctoral dis- 
-sertation presented while in the graduate school of Duke University. The investigation 
was suggested by Professor E. R. C. Miles, to whom Mr. Elliott is indebted for sug- 
gestions and encouragement. l 
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we show how to construct a“solution of equation (1) in D which takes on 
preassigned functions of limited variation on the boundary. However, the 
approaches to the boundary of D are in a restricted sense that we call parabolic 
approaches. 


PART 1 


In this part of the paper we shall show how to construct a solution 
u(x, y) in the region D satisfying boundary conditions of the following type: 


(2) lim f “u(t,8)dt— B (2) — B (2), 5 > 0, 
p0 ay 


(3) lim [Macao + i,t) dt = Gi (Y2) a Gi (41) (= 1)*7A; > 0, t= 1,2, 
Yı 


rAi>0 
where B(x) and Gi(y) are preassigned functions of limited variation. The 
problem differs from that in paper (A) in that here the line integral of ts 
parallel to the curves y; is used in place of the line integral of the solution u 
itself. To carry through some of the proofs we have found it necessary to 
replace the Riemann-Stieltjes integral used in our former paper by the Young- 
Stieltjes integral. 

Before stating our principal result we shall prove several introductory 
theorems about the class of functions we are using. 


2. Lemmas. We first prove a lemma on the change of order of 
integration. . 


Lemma 1. Let G(x, y) be continuous in mS asin, pSySq, with 
the possible exception of the point (a,b), m<acnpb<g. Let. 


i f Gnd <M, EE 


(Z 


If F(y) is of limited variation, then 


f ae: f Gla y)aFy) f aa f° alyd 
m p- p m 


when the above integrals are considered in the Young-Stieltjes sense. 


From the hypothesis, it follows that f G (æ, y)dæ exists for each y, is 


bounded in y and continuous except for y == b; hence 


(4) EOR CO 


exists in the Young-Stieltjes sense. Further by noting that G(s, y) is con- 
tinuous for m St Sa — 8, pSy=q, (8 > 0), we have 


4 


410 F. G. DRESSEL AND E. R. ELLIOTT, 


a- a-6 
J, [Ge nary) — f ara) f e(e,y)ae. 
m p , ? m 


As è— 0, the integral on the right is seen to have a bounded limit. A similar 
treatment of the interval a g = n shows that the integral 


(5) | f ae: f * d(a, y)dF(y) 


exists. Since the two integrals (4) and (5) exist, they are equal by a theorem 
of W. H. Young.” 


The fundamental solution of (1) will be denoted by 


U (x,y) = [4ry]> exp (— i) 29 >03 =0,¥S0. 
By V(«,y) we shall mean the function 


(6) V(a,y) = — 2U (x,y), y > 9; = 0, y S0, 


which is & solution of (1) for y > 0. 


We shall now prove several theorems about solutions of the heat equation 
constructed from the functions U and F. 


THEOREM 1. Let F(y) be of limited variation on h Sy SQ, and con- 
tinuous at h. Let x(y) be continuous on the same interval. Then 


I(8) = fae fT @—x(0), h + 8—n)df(n) 30, with 8—>0. 


[(8) is the line integral of a solution of (1) along the line y = e + 8. 
Applying our first lemma, we have 


1) =| f a: ("0 @ — x(n), b+ 8—a)ae | 
t By i 
S&M- T(h, h -+ 8), 
where M is an upper bound for the integral of U with respect to x and 


T(h, h + 8) denotes the total variation of F(y) over h Sy Sy + 6. 
T(h,h +-8) approaches zero with 8, since F{y) is continuous at y == h; hence 
lim J(8) = 0. | 
§->0 


For completeness we state _ 


7™W. H. Young, “Integration with respect to a function of bounded variation,” 
Proceedings of the London Mathematical Society, Series 2, vol. 13 (1914), pp. 109-150. 
See p. 148. 
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THEOREM 2. Let B(x) be of limited variation on a S z & b, continuous 
at a and b, and have regular discontinuities fora <s <b. Then 


iT e f U(x — é 8)dB(£) — B (21) — B (2). 


5>0 vy 


This follows from Theorem 2 of paper (A). 


THEOREM 3. Let x (y) be continuous on h S y S g, and let B(x) be of 
limited variation on a S a = b and continuous at t == xl) (aSy(h) S g 
We then have 


lim f at in V (x(t) +A—£,t—h)dB(é) 
=f" dt- f V (x(t) — é t —h)dB (£). 


The limit function is absolutely continuous on hS yg. (Aà is assumed to 
approach zero either through positive or through negative values.) 


We shall first show that f | V | dt is uniformly bounded. From the 
identity | 
(a — b)exp[— (a—b)*] = (a—ce)exp[— (a —6)?] + (c—b) 
X exp[— (e — b)*]exp[—2(¢ — b) (a—c) Jexp|— (a —e)*]. 
and the fact that (x(t) —x(h))/(t— h) is bounded, we see that 
(7) [Vix(t)+aA—&t—A)| SM(t—h) #4 | V(x(h)+A—Et—A |, 


where M is a constant depending on x(t) and x(t). From (7) it follows 
that the integral 


(8) S POW) aé t— h) at 


is uniformly bounded for a given x(y). 
From Lemma 1 and a property of Young-Stieltjes integrals we may write 


ia f a fO VOG +r—Gt—W)aB() 


A0 


b Y : 
=f dB(é) lim f” V (x(t) +A— E t—Rh)dt, 
a A> k 


provided the limit of the integrand exists. For é5<y(h) and A sufficiently 
small, V is continuous; this gives us the first of the following results: 
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lim S V (x(t) +a éthe f” V:(x(t) — é t—h)dt, éÆx(h), 


—+1+ f V (x(t) —& i—h)dé, £=x(h). 


The second result, when é= x(h), is well known.? Thus the limit of 
the Stieltjes integrand exists; in fact it is continuous in £ except for é = yx(h). 
Since B(é) is continuous at x(#), the + 1 contributes nothing, and we obtain 


lim f dt: f V(x(t) +4—6 th) aB(E) 
= | aB f VX) —&t—h)dt= 4(y). 


From (8) we may interchange the order of integration in ¢(y). Again using 
(8), we then see that d(y) is the indefinite integral of a summable function; 
hence $(y) is an absolutely continuous function. This completes the proof 
of the theorem: 

The function H(x(y), y) sce in Theorem 4 of paper (A) is a 
Stieltjes integral; we now proceed to change it into an ordinary integral. 


y v 
H(z, y) = J 16l): S XOTR) +A— x(n), ta at, 
v= à + x(y), A 0. 
We may replace Gln) by Gin) = G (n) — G (h) without changing the value 
of H(z,y). We assume this done, and we also assume y(t) continuous. 
After integrating by parts, we can write H in the form 


H(2,y) =— f o) J ” - [2x (t) U Jdt- dy. 


On adding and subtracting = [2x(n) U] to the integrand of thé inside in- 


tegral, we obtain 


(9) H(z, n=- f" a f O a l Gx ata 


t—y 


U(x) +A— x(n), t —n) dtdy + f 2x (mU (x(y) +A — x(n), y — n) Ë (a) dn. 
Since x” is continuous and since there exists a constant K such that 
| | exp(—|a|) < Kexp(—|a|/2), 
the lim H(z, y) may be obtained by putting à = 0 in (9). 
A120 


8 E. Goursat, Cours d'Analyse, vol. 3, Paris (1927), p. 307. 
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To simplify the notation in the next theorem, define 


(10) Rl) Ya) =T) — tahy — a) 
ai powa (et = sa GO HDT Yeol yta 


kasa 
THEOREM 4. Let x” be continuous and G (y) be of limited variation on 
Syg. Then, for each fixed y in h< yg, we can represent the 
following limit in two forms: 


lim f° dt f V(x) +å — x(n): t—n)dG(y) 


A~0+ 
as etter 


(11) = + [G(y—0) —G(h)] + f ” B(x(y)>x(n)) E(n) dm 


OY 
(12) = = [Gy —0)— 0] f de): Í, "V(x(t)— x(a) t —n)dt. 


The representation (11) follows from combining (9) for A= 0 with the 
results of Theorem 4 of paper (A). We now proceed to prove (12). For 
à Æ 0, we may change the order of integration and write 


(18) limf daa): f YRO Ha— xh) t— n)di 
= f°dG (a) lim f TOH +— x(n), t — ndt 
h AO J N 


From a theorem similar to one of Goursat’s ® 


f y l y ; 
f V(x(t) + A--x(9),¢—9)dt= &£1+ f Vėx(t)— x(n), t —n)dt, 
sn f 7 
Y 5E; 
al 0, y= 7. 
Putting the above result in (18), we see that (12) is true. 


3. A boundary value problem. Consider the domain D defined in the 
introduction. We shall refer to the segments of the line y == h -+ 8, è > 0, 
with end points (xı, h -+ 8) and (æ, h -+ 8) as admissible 8-displacements, 
if for sufficiently small 6 the following set of points (s, y) hes in D plus 
its boundary 
t ETS rty, ASySsats 








® Loc, cit., p. 307. 
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The curves 
T =s Xi (y) ‘ob Xi» (— 1)* A; > 0, h < Y 5g, 


will be called A-displacements if they lie in D except for their end points, 
which lie on the boundary of D. We shall show how to find a solution u(z, y) 
of the heat equation (1) in D which for admissible -displacements satisfies 
relation (2), where B(x) is a given function of bounded variation with 
regular discontinuities and continuous at «=a and =b. Moreover, for 
A-displacements, u(x, y) satisfies (8), where the Gi(y) are preassigned func- 
tions of limited variation continuous from the left and continuous at x: (h). 
Set up the function 


(14) u(2,y)—= f 'U (eb y—0) dB ()—& f Ule — xil) y — dE 


== W (T, Y) — Ua (T, Y) — Ua (T, Y). 


We see that u(x, y) satisfies (1) in D if the W';(y) are functions of- limited 
variation. From Theorems 1 and 2, we have for admissible -displacements 


lim fue h + 8)dt = B(a2) — B (21), 
->00 zı 


if the F:(ņ) are continuous at n= h. For u(s;y) to satisfy all our con- 
ditions, we have thus to show the existence of functions Fi(y) of limited 
variation, continuous from the left and continuous at y = e, and such that 


(15) lim f tba (xi (t) + ds, t)dt = Gi (ye) — Gi (y) 
A0 tht 


for A-displacements. 


We shall assume the y"i{y) continuous, and since B (£) is continuous at 
é=—a and é= b, we have from Theorem 3 ' 


lim S aalt) + As tdt = oi(y), 
b 0x 


Ai 


where the ¢i(y) are absolutely continuous functions of y. 
Putting y, = h and y: = y and making use of result (11) in Theorem 4, 
the pair of equations (15) can be put in the form 


(16) fy) = 9:9) +3 f Eum nfs) 


where the gi(y) are known functions of limited variation continuous from . 
the left and continuous at y == h. 
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gi(y) = (— 1) LG (y) — Gi(h) — o:(y)] 


and 
filly) = Pity) —Filh). 
(17) . Ki; (y1) = (—1)*R(xe(y), Xi (n)), 
the function R being given by (10). 

Since the kernel K:;(y,ņ) is of the form of a continuous function of 
y and » divided by (y — nņn)*, the system (16) will have a unique solution 
continuous from the left and continuous at y = h. It remains to show that 
the fi(y) are of limited variation. To show that the fi(y) are indeed of 


limited variation we proceed as we did in section 5 of paper (A). The only 


step we must supply here is to show that there exist ences Ti (y 7) 
such that - 


f "Ku 6) dé = f " Tylé nab. 
af 7 n 


Comparing the results (11) and (12) of Theorem 4, we see that we can 
take the 


(18) Ti (yn) = V (xi (y) — xi (4), Y — 1). 
We collect the principal result of Part 1 into the following theorem : . 


THEOREM 5. Let B(x) be of limited variation for xı(h) =4 Lr Zb 
== yo (h), continuous at a and b, and having regular discontinuities for 
aLr<hb. Let G (y), Ga(y) be of limited variation on h Sy & g, con- 
tinuous at h, and continuous from the left forh <y Sg. Let y, and y have 
continuous second dermvatives. Then in the class of functions (14), there’ 
exists a unique function u(x,y) satisfying the heat equation (1) in D and . 
satisfying the boundary conditions (2) and (38). 


4. A note on paper (A). In our first paper the function L(x, y) ene 
the boundary value problem was written 


(ay) =f" (Vs —2ye(n) U1 aPa(n) + f  UaB(E). 


We wish to point out that by the use of Theorem 4 of this paper we could 
drop out the xi(7)U and write 


(19) ay) =X S VAF) + f UAB). 


This simplifies (z, y). The kernels of the integral equations that (19) leads 
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to are the same as the functions K;; of (17). These kernels are not simpler 
in form than the kernels of paper (A). However, the T;; then become those 
defined in (18) and are simpler than those appearing in our first paper. 


PART 2 


In this part of the paper we return to the classical problem of finding a 

= solution of the heat equation (1) in the region D which takes on preassigned 
-values on the boundary of D. Here, however, our boundary values are not 
continuous but are functions of limited variation. The approaches to. the 
boundary are in.a restricted sense that we describe in the next section. The 
Riemann-Stieltjes integral will suffice for the work of this part of the paper. 


5. Definitions and notation. A point P(x,y) lying in the region D 
will be said to approach a point M (zo, A) on the characteristic y == in the 


parabolic sense if ? 
(20) lim (£ — 2%) /(y—h)* = 
P»M . 


When a point P approaches a point Q(xi(Yo), Yo) through a set of points - 
EH of D, we divide # into two sets as follows: #, contains those points of E 
such that y > yo, and F.== H—F,;. If Q is not a limit point of Fj, or if 
Q is a limit point of E, and in addition 
(21) | a | 2— (m) l/ (y 39) — o, 

Peh 

we shall say that P approaches the point Q in the parabolic sense.’ 

Let W(2,y) denote the function 


1 ie 
9 V (g y) = = f exp (— u*)du, y > 0; =0, y= 0. 
y ) l (z y) l Vr a/2Vy 


The following functions defined in terms of W are solutions of the heat 
equation (1) for points in D, and will play a fundamental rôle in the rest 


of the paper: 
(28) u(z,y) = f [$ — W (z — é, y — h) ]aF (£), 


(24) ulay) =2 f WDE xl) y— iela), 2 xl) 


=2 f WUD (e— xla) ) y —1) — WO, 1) 1d (a), 2 = xi (y). 


19 The above definitions- of parabolic approaches are radically different, and it is 
to be noted that a corner point (x,(%),%) can not be reached simultaneously under 


both definitions. 
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The functions F(£) and G@(q) are functions of bounded variation and 
a= xi (h), b= ya(h). 

6. Parabolic approaches. In this section we shall be concerned with 
the limits of u and v; under parabolic approaches to the boundary of D. 


THEOREM 6. If P(x,y) approaches the point M (zo h) (a S2 Sb) 
in the parabolic sense, then the function u(P) =u(x, y) defined by (23) 
has the following limit 


lim u(P) = F(z E0) + Fitt) aa _ E(b) +4 ae) 
PM ad 


where F(b + 0) = F(b) and F(a — 0) = F(a). 
Suppose first that a < s, < b and write w(P) in the form 


Lo b l 
uj in [4 -— W(r— é y—h) ]dF(é) + f [4 — W(r— é y —h) ]dP(é) 
= hn (P) + u ( P) 

Integrating ui(P) by parts and replacing F(é)dé by d f P (t)di, we may 

write i 
To Ta È 

m(P)= [B We- éy — hI |" + f Ue iyide f rO. 
a a a 

Under a parabolic approach the integrated part has the limit — F {a)/2. 

£ 
Since f F(t) dt has a left-sided derivative at x, equal to F (zo —0), Theorem 


1 of paper (A) shows that the above integral in w;(P) has the limit 
F(x%,—0)/2. The limit of u,(P) is thus seen to be 


lim u, (P) = aa — a ; 
>M 


Noting that y (t)dt has a soe sided derivative at £o oa to 
F(x- 0), the same "type of argument shows that 


lim (P) = e ; 
PM 2 2 
From the above limits the theorem readily follows for a<a< b. I z is 
aor b then (P) or ue(P) is zero ane no new considerations are needed in 
these cases. 

Turning now to the functions v;(P), we see that as the point P 
approaches the point M (zo, h) with a < to < b these functions each have the 
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limit zero. Our next theorem is concerned with the limit of v; (P) as P 
approaches the point Q (x:(Yo); Yo)- 


_ Txrorem Y. If P approaches Q in the parabolic sense, then the func- 
tions vi(P) defined by (24) have the limit 


lim vi (P) = [4(Yo— 0) — G (h)] + vi (xi (Yo), yo). 


Let us consider the case of v, (P), and to simplify the notation write 
v(P) =v,(P) and x(q) =xily). Itis then to be noted that s —x(y) >0 
for P in the region D. 

- For a given ô> 0 we can select e >-C so -ial the itai arati of 
G(n—0) [4@(y7 4+ 0)] in w—eS qE yo [Yo 57 Yo + e] is less than 3. 
With e fixed, since y —> Yo; We assume Y%—e/2 = a= = Yo + €/2, and write 
v(P) in the following form | 


Yo-e i Y ; 
oP) = f° 2W(e—x(n).y—n)4G(q—0) + f” 2WaG(q—0) 


= I, (x,y) + Is(2,y). 


Since G(h—0) = G(h) and the integrand W is continuous and equal to 
zero for y = 7, the replacement of G(y) by G{y—0) is permissible. 
In J, the difference y — y is bounded away from zero, hence 


prea y) = 11 (x (Yo), Yo). 
For y = yo, we have 
| Z2(@, y)| < 28. 


‘If y > yo, we write T(x, y) as the sum of two integrals 


nay) = $ f+ fb We—x@),y—46—0). 


The first integral is seen to be less than 28, while the second can be put in 
the form . . 


f° W (a@—x(q),y¥— 9) 4G (q+ 0) + [G(yo + 0) — G(yo—0)] W(a@—x(yo), y—4 
Here again the first term is-less than 28, while the second has the limit zero 


when P approaches Q in the parabolic sense. Thus we see that 


lim | Í, < 46. 
PQ 





Since 6 is any positive number, and since 
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| iC Wee AG) aie G 0) | es: 


| Yo-€ 
we have 


Yo $ 
mo(P) = f 2W(x(Yo—x(n), Yo —- 1) 4G (7—0) 


= f °27(0,1)46(q—0) +f IWA) — x), 4o—2) — (0, 1) 146 (a — 0) 
= G (Yo — 0) — G (h) + v(x(Yo); Yo). 


Theorem 7 is thus seen to hold for v(P) =v,(P) and a similar proof holds 
for v- (P). 


7. The first boundary value problem. We shall prove the existence of 
a function (x,y) which is a solution of (1) in D, and whose limit as the 
point P(e, y) approaches the point M (zə h) in the parabolic sense is equal 
to a given function B(z,) of limited variation with regular discontinuities 
[here a= yı (h) < to < xe(ħh) = b], also the limit of 1(P) as P approaches 
in the’ parabolic sense a point Q(xi(Yo), Yo) With yo > h is equal to a given 
function H;(yo) of limited variation continuous from the left. | 

Let F(x) == B(x) fora <a < b and let ane = F(b) = 0, and set up 
the function 


(25) my =$? f" W((—1)Le— yaa) ], yn) din) 


ip S G-We@—by—h) ar 
==, (¢,y) + v2(2,y) + u(r, y). 


We see that in the domain D the function /(#, y) satisfies equation (1) > 
if the Gi(y) are functions of limited variation. Since the v4(z,y) approach 
zero as P approaches M (so, h) for a < zo < b, we see from Theorem 6 that 
under a parabolic approach 


(26) - liml(a,y) = B (£o). 
PAM 


As P approaches @(yi(Yo), Yo) in the parabolic sense with yọ > h, we have 
from Theorem 7 


(21) lim (x, y)— L@s(yo—0)— E (h) ] + X vs (xs (Yo) 90) + Ui (Ye) 9)» 


and we must show the existence of functions of limited variation Gi(y) so 
that the above limit is equal to the given functions: 


(28) Hi (Yo). 
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Let us note that the v:(x;(y)}, y) approach zero with y approaching h 
when t = 7 and also when 1547. Also as (xi(y) — xi(h))/(y — h} 
approaches zero with y — h, we see from Theorem 6 that lim u(xi(y), y) as 
y approaches A exists and has a finite value. Taking this value for u(x: (h), h) 
the function u(xi(y), y) is a continuous function of y in AS y Sg. 

Set 


(29) fi(y)= Gi (y —0)— Gi (h) + u (xi (h), h)— H: (h), y >h; =0, y =h, 


and on equating (28) to the right member of (27) with yo = y, we have the 
following system of integral equations ` 


(30) fy) = gy) +E f Euadh, (i= 4,2), 


where 1 | | 
gi(y) = [H: (4) — Hi (h) |] — [u (x: (4) y) — ulu (h), h)], 
(31) Kalyn) =—2[W ((—1) [xi (y) —xi (a)l: y—n) — W (0,1)]. 


Here 8;* is 1 or 0 according as i= j or ts*j. The kernels Ki; can be put 
into the two integral forms 


(32) Ku) S” PHB BO a JO) Oy Dae 
(33) | | 
= (1) f° PE — y(t) ] Toews t — at 


We have seen ?* that the system of integral equations (30) having kernels 
with the representations (32)-(33) and with g;(h) = 0, have unique solutions 
fi(y) of limited variation and continuous from the left provided that the 
gi{y) are such functions. The H;(y) have these properties and the 
u(xi(y),y) are continuous; it remains to show that the w(xi(y),y) are of 
limited variation. We shall do this in the last section. Thus we state the 
result : 


Lemma 2. For a gwen set of functions gi(y) of limited variation, con- 
tinuous from the left, and vanishing at h, there exists a unique set of func- 
tions fi(y) satisfying (80) and having these same properties. 

The equations (29) determine each G;(y-——0) to within an additive 


constant which does not affect the function (s, y); moreover, 1(«, y) ‘is in- 


12 The constant w(x, (hk), h) —H,(h) is put in to make g,(h) = 0, 
12 Paper (A), pp. 651-653. 3 
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variant under the replacement of Gi(y) by Gi(y—0). Considering then the 
gi(y), we see that if ule, y) is fixed the gi(y) are unique. If we put 
on the restriction 


(34) F(a) = F(b) 


in forming the function u(x, y) defined in equation (23), it then follows from 

Theorem 6 that the only u(z,y) which, under a parabolic approach to 

M (zo h) (a < zo < b), has the limiting value zero, is u(e, y) identically zero, 

We shall say that u(x, y) is regular if it is formed under the restriction (34). 
We now state the main theorem of Part 2: 


THEOREM 8. In the class of functions (25) with u(a,y) regular, there 
exists a unique function I(x, y) such that I(a,y) is a solution of (1) în D 
and, under parabolic approaches to the boundary, takes on preassigned func- 
tions of limited variation. On the characteristic y = h the assigned function 
has regular discontinuities, elsewhere the assigned functions are continuous 
from the left. [Hach x’i(y) is assumed continuous. | 


8. Functions of limited variation. In this section we shall show that 
the functions u(xi(y),¥) appearing in the integral equations (30) are of 
bounded variation. 

Let y(y) have a continuous derivative and define 


b Xy} 
(35) Ha) = f f Ut—&y—hyatar(e), h<y Eg, 
b X (y) 
—lim f U (t— £ y —h)dtaF (£), yh. 
yh a $ ' 


H(y) is seen to be equal to the function u(x(y),¥) and Theorem 1 insures, 
the existence of the above limit. 


LEMMA 3. The function H (y) defined by (35) is of limited variation 
inh: YS g. 


We give the proot for x(%) == b; the proof for other values of x(hì can 
be handled in a similar manner. 
Write H (y) in the form 


| o | 
Hy) = f f Taare +S J Uara), Jsi 
= (y) + 1:(y). 
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Under the transformation (t— £¿)/2(y— h)? the function 


b 
f U(t — é, y —h)dt 
E 


is seen to be monotonically decreasing with y for each é, and to have a total 
variation less than one on the set y > h. It then follows that the variation of 
I (y) on this set is less than the total variation of F (£). 

With Y2 = y, > h, write 


X (ye) 
h(y) —L(y) = f f Ü G— éy — hdt are) 


Po =Í Maa z5]. = ne 8) EREE 


lid: wT NE (Eer 


Remembering that b = y(h) and that x (7) is fancied! the first two integrals 
on the right are easily shown to be less than Vy: — h— Vy,—h times a 
constant C. The constant C depends only on the maximum of x’ (q) and the 
total variation of F (€). We obtain for the third integral a similar bound, 
if, after using the theorem of the mean, the following property of exp(— «@) 
is used. If P, k are two positive constants with 0 < k < 1 and g is a variable 
= 0, then there exists a constant K such that 








a? exp(—a) < K exp(— ka). 


Since the function Vy—-h is of limited variation, the function I2(y) 
is seen to have a variation on h< yg less than a constant times the 
variation of Vy —h. 

As the function H(y) is bounded it then follows that it is of limited 
variation on the closed interval A Sy Sg. 
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ANALYTIC CONTINUATION OF FUNCTIONS DEFINED BY 
FACTORIAL SERIES.* 


By Grex T. MILLER and Howard K. HUGHES. 


In this paper we shall be concerned with the determination of an analytic 
continuation of a function Q(z) defined by a factorial series of the form: 


p oO g(m) (— 1) ere 
PO = el) Gm) ’ 


where & is a positive integer, and z is a complex variable. 

The results here obtained may be considered to be an extension of a 
theorem obtained by Hughes+ for a function defined by a series of the type 
(1) when k==0. The methods used bear a close analogy to those used by 
Ford ? and Newsom ® in their work on functions defined by Maclaurin series. 

It is well known that the region of convergence of a factorial series is a 
half-plane bounded on the left by a vertical line R(z) =A, where A(z) denotes 
the real part of z and —o SAS œ. Furthermore the convetgence is 
uniform in the half-plane R(z)=-A-+ 8 where & is any positive number. 
Consequently the series (1) represents an analytic function in the region 
R(z) >At i 


The results are given in the following 


THEOREM. Given the factorial series (1), whose abscissa of convergence 
ws finite, and for which k is a positive integer; let it be assumed that the 
function g(m) occurring in the coefficient of (1), when considered as a func- 
tion g(w) of the complex variable w =s + iy, satisfies the following 
conditions : . 


(a) tt is single-valued and analytic throughout the half-plane T> — $; 


* Received January 15, 1942. 
. +H. K. Hughes, “On the analytical extension of functions defined by factorial 
series,” American Journal of Mathematics, vol. 53 (1931), pp. 771-776. 

2 W. B. Ford, “ The asymptotic developments of functions defined by Maclaurin 
series,” University of Michigan Studies, Scientific Series, Vol. 11. 

°C. V. Newsom, “On the character of certain entire functions in distant portions 
of the plane,” American Journal of Mathematics, vol. 60 (1938), pp. 561-572. 

‘t For an account of the properties of factorial series, see The Calculus of Finite 
Differences by Milne-Thomson (1933), Ch. X. 
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(b) for all s = — 4, and for all values of | y | sufficiently large, we have: 
xt uy 
(2) LEEW | <Mewl((k+4) 3191 


where e is an arbitrarily small positive number and M is a constant de- 








pendent on e. 
Moreover, let there exist a positive constant q, dependent on «e, but inde- 
pendent of z, such that when z is confined to any finite region, we have, 





gz) N 
s laetery| < 25 


when «> q, and where N is a positive constant. 


Then the function Q(z), defined by (1) may be continued analytically 
throughout the whole finite plane, except in the neighborhoods of the points 
z2==0,—1,—2,---, and throughout this region will be defined by the 
equation 

sin krs g(x) 


(4) az) = F(z) f ` e e T” 
P(y,2) 





dy 


HEG) (Hi) [ee 
where s l 
_. (* [sinh x(s—y) 9g (— 3 +%8) 
(5) F(y, z) a Í, T(z + 4 -+ is) A ds. 


The proof of this theorem is based on the following theorem in the 
Calculus of residues, due to Newsom: 

“Let P(w) be regular within a closed region bounded by the curve - 
C in the w-complex plane, and enclosing the points: m = 0, 1, 2, ', n, 
but no other vanishing points of sinww. Furthermore, let P(m) 0, 
m = 0, 1, 2, +, n. Then | 


1 | P(w) (— 1) med) k ; o. PET 
(8) at Janm age Be tata a) PE am) 
where m = 0,1,2,---,2, and where (3a,%.- ' - a) denotes the sum of the 


(2) products of ¢ factors each formed by taking the possible combinations 
of the k quantities + (k —1)i, + (k—3)i,--- Fa 


zal. ; . ; i : on 
0 is + tor0 according ask is even or odd. The integration is performed 


in the positive sense. 


t at a time. Here _ - 


< 
239 5 








5 Newsom, op. cit., pp. 562, 563. 
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Proof of the Theorem. 


- Let us suppose that z has any fixed value which is real and positive and 
greater than A, the abscissa of convergence of series (1). We shall write the 
series (1) in the form: 
oo m)T (2) (— 1.) (k+) 


g( 
i oG) =a Tem +i) 


and shall seek to determine P(w) so that 


This is a differential equation in m with constant coefficients. The 
roots of the characteristic equation are distinct, and are + (k-——1)m, 


~ 


$ (kaj ` j pa . If we denote these roots by jt, where 
(9) : y—k+1—2%, 15jSb, 
then a particular solution of (8) is given by 
na ee = E m exp(— rjrim) g(m) 

(10) P(m) = 2, exp rrim f rea 
where 
(11) pe ee 

7 (Rmi) aa a— j 


In some of our later considerations we shall find the following form for 
b; useful: 


: i 1 k— 1 
m n= gaa (jai) 9 


If we replace m by the complex variable w == æ + ty, then P(w) is an 
analytic function of w in the finite- w-plane. Hence i£ P(w) has the form 
indicated by (10), then the equation (6) can be written in the form:, 
iy i O 

ab V(izt+m+1) 24 g (sin ww)* 
where: the contour C is so chosen as to enclose the points w == 0,1,2,°--,%, 
but no other vanishing points of sin w. 
If we substitute the form for P(w) from (10) in (13) we obtain a 
= contour integral for the determination of the first n -+ 1 terms of the series 
(7) as follows: 


5 
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| (— 1)" 9(m)T (2) P(e)! 7 exp rjyriw I(w, z) 
= » iz+m-+1) = 2i 2 b; Ee mw ) et gw 
ere 
_ (2 ep(—rmiw)g(w) 
(15) I(w,2) = Í, n A 


and where b; is given by (11). 

We ‘shall choose as the path of integration the rectangle enclosed by 
the lines (1) w = x + tp, (2) w=—}44+ iy, (8) w = x — wp, and 
(4) w ==n + $+ iy, and shall denote the integrals along these sides by 
A, B, D, and H, respectively. Then in order to evaluate the contour integral 


P(w) 
Í; (sin ww )*# ay 


we must consider k integrals of the form: 


l exp ryriw I (w, z) 
116) i J, ~ (sin wi) * i 
where 1 Sj Sk, and I (w, z) is given by (15). i 
In (15) let us take the path of integration along the z-axis from w = 0 
to w= zg, and then along a line parallel to the y-axis to the point w = s + w. 
The function Z (w, z) then can be written in the form: 


I(w,2) = R(x, z) + iS (T, Y, 2); 
where A 3 
-a (Zep(— rme) g (2) 
A geas f T(iz+¢+1) di 
and 
v exp(— ri(s + iy)) g(a + iy) a 
sayo — f Eeti) geti gy 
(% 8) = J atr E 
With regard to R(a,z) it is sufficient for our purpose to note that 
| R(x, z)| is bounded when g is bounded. 
It is known that for all «> Zo, Where 2% is arbitrary, and for all y 
sufficiently large, we have: € 


(17) 





rer | <Fevlie+ oly 


ion the above inequality, together with (2) and (9), it follows that 
the absolute value of the integrand in (15) is less than 


m, exp[ryny + {(k +1) —4e}] y |], 


-© Ford, op. cit., p. 61. 
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the constant m, being dependent only on «. It follows that there exists a 
constant K, dependent only upon e, such that 


(18) | S(a,y,2)| < K exp[rjry + ((4 + 1) — de} y |]. 

We are now ready to consider in detail the various contributions to the 
integral (16). We shall first consider the contribution A. Here we have 
w = z -+ ip, and 

sin ww == sin rp (sin rg coth rp + t cos rz). 


Since lim (sin rz cothrp -+ t cos ræ) = 1, sin rw is of the order of exp rp 
POM 


when p is large. 
In ‘order to evaluate A we must consider & integrals of the form: 


Ayam fete + te) LA, 2) + iS (2, p,2)] 4, 





a exp mp (i + 1) 
where 17k. It is evident that we may write 
4 R(2, 2) f S(x, p, 2) 
19 aTa | ae ey | E ad L a ee 
(19) 145/35 | Jag exp wp (k + 1+ 1;) + J amabiicn® 


Since #(z,z) is bounded if æ is bounded, the first integral on the right 
of (19) approaches zero as p approaches infinity. 

With regard to the second cae i on the right of (19), we have from 
(18) that | 


| 9(a, p,2)| < K exp (Le (r; +k + 1) —4elp). 


The absolute value of the integrand in the integral in question is there- 
` fore of the order of exp(—— 4ep) for p large, and since e is positive we conclude - 
that lim 4; == 0. It follows that lim A =Q. 


PIO poo 


In a similar manner it may be shown that lim D = 0. 
poo 


We next consider the contribution E. We shall choose n to be an even 
integer so that sin ww == cosh wy. I consists of k integrals of the form: 


(20) Hy == 40" | ik(n +4 2) f S ERN ay 


=f exp (— ryry)S(n + 4, „Y, z) ay | : 
(cosh wy) ** 
We shall set 


~ Ct? exp(— timy) ; . 
f (cosh wy )** = 


Then by using the result of Newsom’ and (9) we can write 


7 Newsom, op. cit., pp. 567, 568. 
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a Qh 


H; = I (1 4/6) Cj. 


Let us next consider = second. integral on the right of ( 20). The 
integral can be written: l 


as ‘o exp (— ry) S (n +452) ay 
(21) J (cosh ay ) Et 


=] g(n) fo exp (—ryry) Si(m + 4, y, 2) ay 
(z+n-+1) (cosh ay) **+ 
where 
T(z +n t 1)g(n- è+ ty) exp rry 
g pi = AET ET O TE CS SA 
i(n + 2, y2) Í, = T(z 4n + 3/2 +iy)g(n) ay. 
We now make use of the following well known property of the gamma 
function : 8 


D(a + iy) = (2r)? (£ + iy) #4 exp(— s — y are tan y/z) (1 +8) 
where ô approaches zero as either or y becomes infinite. Then we have 


(22) T(z+n +1) 
Pe Fn F 3/2 F iy) 
By the use of (22) and (2), and taking into account the behavior of 
(cosh ry) for |y | large, it follows that the integrand of the right member 
of (21) is of the order of exp (— e | y |), for | y | large, and hence the integral 
converges. ` Furthermore, since the series (1) was assumed convergent, we 
have: 


< K exp (7/2 | yl). 


g(n) 
eera a 


Consequently the integral on the left of (21) tends to zero as n approaches 
infinity. The total contribution Æ; is given by 


| Wy = iH; lim R(n + 4,2). 
n—>00 
We next consider the contribution B arising from the integration along 
the side where w = — $ + iy. Here sin mw == — cosh zy and we must con- 
sider & integrals of the form: | 


- T DA P r  {— 1 
(23) 3) — [ae A 


i (— cosh zy) ** 
. (exp rit (— 3 + y)8(— 3, & 2) 
is f (— cosh ay )**+ dy. 


8 Ford, op. cit., p. 6l. 
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The first of the integrals above, when combined with the contribution Ej, 
can be written in the form: 


rH, lim [R(n + 4,2) — R(— $ 2)]= iH; f 
NOX) 


exp (—— rimiz) an. 
C(z-+2-+ 1) 


If we multiply the above integral by bj, we obtain as the sum’ of the 
7 integrals in question when substituted in (14) 


sin kre g(x) 
Gi BG yf singe r(z+ 2z- iy 
Finally let us investigate the second integral in (23). When substituted 
‘in (14), the sum of the & integrals in question may be written in the form: 











s09 k-——1\ (— 1)! expr; 4-1 is) 
(25) i f à ( oa ETETA á 
, i (cosh wy) ** 
But 
(26) $ ay (— 1)?" exp ryr(s — y) = 241 (sinh x(s — y) ee, 


Upon substituting pee) in (25), we find the value of this contribution 
to be: 


a [sinh w(s zE iq {(— 4-4- is) 4 
(27) TE(z)kr(—1/2)* f Tei : ate “ip 
cosh wy) y. 


The value of the right member of (14) is therefore the sum of the 
expressions (24) and (27). We thus obtain equation (4). 

Up to this point we have restricted z to values which are real, positive 
and greater than A, the abscissa of convergence. Q(z) as defined by series 
(1) is'a function which is analytic throughout the half-plane R(z) >A with 
the exception of the points z==0,—1,—-2,---. The right member of (4) 
furnishes an analytic continuation of Q(z) in any finite region which does not 
contain the points z == 0, — 1,— 2,- ++, since throughout such a region the 
member under discussion is an analytic function. To prove this last state- 
ment, it is sufficient to show that the integrals on the right of (4) converge 
uniformly for all values of z in the proposed region. From (3), we see that 
the first integral in the right member of (4) converges uniformly, since it is 


dominated by { “ade. From (2), (5), and (17), it is evident that the 


second integral converges uniformly, since it is dominated by ix exp (— dey) dy. 


The theorem is therefore proved. 
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Extensions of the Theorem. 


In the hypotheses of the theorem it was required that the function g(w) 
be analytic for all values of w == x + iy for which « = — 4.. This condition 
is unnecessarily restrictive, as we shall now show. Let us assume that g(w) 
has a singularity at a point w == wy, in this region, and that wp is not an 
integer. We shall now show that the theorem continues to hold provided 
that we subtract from the right member of (4) the loop integral 


T T(z) (exp kriw sin ew T(z -+w -+ 1) a 
BT De Si, g(w) j 


wherein the contour Lp is described as follows: Draw a straight line from 
w == Wp to infinity in a direction of the fourth quadrant, and let this line be 
regarded as a cut in the w-plane. Let the contour Lp consist of the two lines 
drawn on either side of and arbitrarily close to the cut, the ends near the 
point w == Wp being joined by a circular arc of small radius about the same 
point. The integration is to be performed in the positive sense. We note that 
Jp is analytic for all finite values of z except z = 0, — 1, — 2,- 

An examination of the analysis of the proof of the theorem shows that 
if g(w) has the singularity mentioned, then the theorem still holds if we 
subtract from the right member of (4) the loop integral | 


k! aT (2) P(w) 


ce 2i Lp (Sin ww )** 


dw 
where Lp denotes the contour just described. We shall show that Hp can be 
reduced to Jp. 

Noting the value of P(w) given by (20), it is aden that we may write 
P(w) in the following form: 


P(w) = f° > b; exp rjyrt (w—t) ag On dt. 
o j=1 r(z+ $+ 1) 
By using the form of b; given by (12) it is easily verified that 


i ei __ [sinr(w— t) ]** 
PAZ exp rim (w — tł) == (kI) . 
Thus we have 


a gC) 
a Ea f [sin r (w — t) |* P@+i+i) dt 
a i Ey 


(sin rw) * 
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Let Ù be a point on the cut, and let L’, be that part of L, drawn from 
Wp to w, on both sides of the cut. Let 


k-1 g(t) 
iG ie = S f” [sin r (w — t) ] OEE EN dt t 


(sin mw ) +? 


If we use the makai angle formula and expand [sin x(w—t) ]** by 
the binomial theorem, we obtain: 


(5 a S w (cos mt sin nt) ig (t 
(0) = : mts) $ 2 =) J (— got wee csc? rw i ae dt dw. 


After integrating by parts and making simple reductions, we obtain 
es A we > co = . [cot niw sin rw)’ (cos rw)*-i — (cos mw)” 
H(t) = 1 — dw 


Lp i rwr(z +w- 1) 


If we carry out the summation. under the integral sign and make simple 
transformations, we obtain 








. Dar k 
ma) = 20) f orin + en nil) Sara LIO 
"y sinrw T(z+w-+1) dw. 
On setting 
z (5) = = gw) 


2i Lip EXP eriw sin rw TEE ie 
it is evident that a Jp (w) = 


We shall show that as w —> œ% salons the cut, we have ae [Jp(w) — H,(w) | 
= 0, and it will follow that lim H; (ÑW) = Jp Now we have: 


w00 


To( iB) — H,(w) = Tla) exp (— riw) 
$ (=) exp(— mriw) (k— m) * exp(—aiw) (m—1) (zy g(w) 


a \m) OEE ee Ae) 
x L’p sin rw T(z+ w+ 1) dw. 


But if @—> œ in the fourth quadrant we have for large and for all w on L’, 





sin ww aes 
p re | <1 and exp(— riw) < exp(— miw) and hence 

J (w) — O apin) f — g(w) 

Jp(w) H(w)| < | 2) exp(— mii) | 2 wape i)rwsin ew TGF w pI) 


A 
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The integral exists because of the hypotheses of the theorem, and since 
the factor exp(—- riw) approaches zero, the above quantity. can be made arbi- 
trarily small. Hence if the function g(w) has a finite number of singularities 
at the wp, p—1,2,- - -,n, the theorem continues to hold if we subtract from 
the right member of (4) the sum of the n integrals Jp. We note that if the 
singularity of g(w) at W, is a pole, then the integral J, reduces to the residue 
of the function | | mi | 


a ( ) 
E+ } 


where w == wp and P(w) is given by (10). 
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A KIND OF EVEN-DIMENSIONAL DIFFERENTIAL GEOMETRY 
AND ITS APPLICATION TO EXTERIOR CALCULUS.* 


- By Hwa-Cuune Les.’ 


Introduction. In this paper, we study the differential geometry of an 
even-cimensional space, into. which a nonsingular skewsymmetric matrix is 
‘introduced as fundamental tensor. In this geometry we define a curvature 
tensor from which there arises the distinction between general, flat and con- 
formally flat spaces. Necessary and sufficient conditions for such spaces to 
be flat or conformally flat are found in 1, 2. The results are applied, in 38, 
to the exterior calculus to discover a necessary and sufficient condition that a 
nonsingular exterior differential form of degree two admit an integrating 
factor. The paper is concluded in 4 with a brief study of the infinitesimal 
automorphisms of the spaces. 


1. The space La. Consider a manifold of even dimensionality 2n 
whose’ points are described by a system of codrdinates ve (a, B, Y, p, ©, T 
= ],: : -, 2n), and let agg be a nonsingular skewsymmetric covariant tensor 
whose components are analytic functions of the w’s. The manifold equipped 
with such a tensor is denoted by Ln, and the tensor is called its fundamental 
tensor. It is at once verified.that the skewsymmetric quantity 


(1. 1) Kapy = Oatpy + Îpalya + Praag (dq = 0/02) 


is a covariant tensor, which we call the curvature tensor of Lon. This is the 
simplest tensor involving the derivatives of the fundamental tensor. The 
curvature tensor evidently satisfies the identity 


(1. 2) 8p K apy — aK py — BK apy — yK app = 0 


which is a tensorial equation, holding for all codrdinate systems. 
In terms of Cartan’s well known notation in the exterior calculus,? there 
is associated with aag the exterior differential form of degree two 


(1.8) Q = dap| dx%dz? | 


which we call the fundamental form of Len. AS Qag is nonsingular, Q is also 
called nonsingular. The exterior derwative of Q is 


* Received October 27, 1941. 
.+ The author wishes to express his thanks to Professor J. M. Thomas for reading 
the manuscript and giving valuable criticisms. 
° See e.g. E. Cartan, Legons sur les invariants intégraux, chap. VII. 
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(1.4) O! = 4K apy(dedada] 


and (1.2) is equivalent to the well known fact 0” == 0. . 

An Loy is called flat if its curvature tensor vanishes. Evidently, every 
L, is flat. For a flat Lo, we have ©’ =0 so that Q itself is the exterior 
derivative of a pfaffian form.? Taking, by a change of codrdinates, this 
pfafiian in its well known canonical form * we find that Q may be written as 


[dzida?* | + [ da?dz?" | + i 


the last term being certainly [dz"de"*?] because of the nonsingularity of Q. 
Hence in the new codrdinate system the fundamental tensor assumes the form 


0 J 
ee ee A i 
ee) i E a) 


where J denotes the matrix of order n with 1’s on the secondary diagonal 
and 0’s elsewhere and 0 denotes the zero matrix of order n. 

It is also clear that there are other codrdinate systems for which-the com-. 
ponents of @gg are any constants. The converse is evident, and we have 


THEOREM 1. An Lon is flat if und only if there exists a coordinate system 
for which the components of the fundamental tensor are constants. 


2. Conformal spaces. An Lan and an ‘Len over the same underlying 
manifold are said to be conformal to each other if their respective fundamental 
tensors dag(z) and ’dgg(x), referred to the same codrdinate system, are con- 
nected by a relation of the form ) 


(2.1) “Aap = $lap, 
where œ is a nonvanishing scalar function of the coordinates in question. 


Evidently, every La is conformal to every other La. We shall assume 2n > 2 
throughout this section. By (2.1) we find 


(2.2)  "Kapy = $(Kapy + pyc log p -+ Ayalp log $ + Gagôy log $). 

Since aag is nonsingular, it has an inverse aê (skewsymmetric in a, 8) 
defined by a*%ayg = 8," where 8%“ is 1 or 0 eccording as « is or is not equal 
. to 8. Define the covariant vector 

Ky =x Kapya?” i 
and call it the curvature vector of Loy. Since by (2.1) we have as == tath, 


we find from (2.2) - 
(2.3) 'Ka = Ka — (2n — 2} ôa log ¢. 


! See e. g. E. Goursat, Leçons sur le problème de Pfaff, p. 105. 
4 Goursat, loc. cit, p. 42. 
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Consequently the skewsymmetric covariant tensor . 


is an obsolute conformal invariant: 
(2. 5) "bap = bag. 


We call bag the first conformal curvature tensor of Len. : 
The result of eliminating the derivatives of log @ in (2.2) by means 
of (2.3) may be written 


f 


(2.6) ‘Capy == $ Capy 
where 
(2. 7) Capy == Kapy + (Kadpy + Kptya + Kyag)/ (22 — 2). 


Thus the skewsymmetric covariant tensor Cagy 1s a relative conformal invariant 
which we call the second conformal curvature tensor of Lon. 
Solving (2.7) for Kg, and substituting into (1.2) give 
(2.8)  Gpabpy + appbya + Apybap + bpalgy + Oppdya + boyla = Cpapy: 
where for the sake of brevity cpagy indicates the aggregate of terms independent | 


of the derivatives of Ke. Because of (1.1) and (2.7) this expression may 
be written l 


Cpapy = (2n — 2) (OpCapy — Palppy — ÎgCpya — Îycpap) 
++ (K pCapy — Kalppy —K pCpya — KyCpag) 
(which is a skewsymmetric covariant tensor). Transvecting (2.8) by a°” and 
Writing Cap == @??Cpapy we find 
(2n — 4) bag = baap — Cag 


where 6 ==a%b,g. Transvecting the’ above equation by a% and writing 
. C= ae we obtain 2(2n —2)b = — c so that 


(2.9) — 2 (Bn — 2) (2n — 4) bag = Clag + 2 (2n — 2) Cap. 
We observe that (2.4) and (2.7) immediately imply 


THEOREM 2. The first conformal curvature tensor vamshes if, and only 
uf, the curvature vector is a gradient and the second conformal curvature 
tensor vanishes if, and only if, the curvature tensor is of the form 


(2. 10) Kapy = Jatpy + 9ptya + Jylap 
where gq is a covariant vector. 


When 2n == 4, (2.10) consists of four equations which are directly 
verified to be solvable for the four unknowns g1, gs, gs, gs. Hence 


436 HWA-CHUNG LEE. 


THEOREM 3. The second conformal curvature tensor of every L, vanishes 
identically. 


An Ln is said to be conformally flat if a scalar œ exists such that the 
‘Lon defined by (2.1) is flat. Suppose that Lən is conformally flat. If ‘Lon 
is the corresponding flat space, then “Kapy == ( and therefore "Ka = 0, ‘bag = 0, 
"Capy == 0 so that by (2.5) and (2.6) we have bag == Q, Cagy == 0. Suppose 
conversely that the latter hold. Then Ka is a gradient (by the first part of 
Theorem 2) and 'Cegy = 0 (by (2.6)). The former fact shows, by (2.3), 
that we can make ’K, vanish by properly choosing ¢. From ‘¢ggy—90 and 
‘Ka == 0 we have “Kapy —0 by (2.7), whence ‘Lon is flat and therefore Lon 
is conformally flat. Thus we have proved 


THEOREM 4. A necessary and sufficient condition that an Len (n > 1) 
be conformally flat is that the first and second conformal curvature tensors 
vanish. 


When 2n > 4, the vanishing of the first conformal curvature tensor is a 
consequence of the vanishing of the second conformal curvature tensor, as is 
at once seen from (2.9). Hence, in view of Theorem 3 for 2n == 4, Theorem 4 
may be refined into | 


TEEOREM 5. <A necessary and sufficient condition that an Lan be con- 
formally flat is that the first conformal curvature tensor vanish for Rn == 4 
and the second conformal curvature tensor vanish for 2n > 4. 


Given a conformally flat La», the determination of the corresponding flat 
space is now immediate. For in this case we have, by Theorems 4, 2 equation 


(2.10) where ga == — K,/(2n—2). The vector ga is a gradient and so may 
be written in the form : ; 
(2.11) Ja = — Îa log 9; 


where ¢ is different from zero and is determined save for a constant factor. 
Because of (1.1) and (2.11), (2.10) may be written 


(2. 12) da(pagy) + Op (paya) EE Iy (paap) = 

which shows that aag is the required fundamental tensor of the corresponding 
flat space. (2.12) also implies the existence of a covariant vector da, de- 
termined save for an additive gradient, such that 


(2.13) i pap = Dat — Ipla. 


3. Integrating factors of non-singular exterior differential forms of 
degree two. The theorems of the preceding section incidentally solve a 
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particular problem in the exterior calculus. An exterior differential form 
(of any degree) is called an exact differential if its exterior derivative vanishes. 
An exterior differential form is said to admit an integrating factor if it can 
be made an exact differential by multiplication of a scalar factor.° Except 
for the case when the degree of the form is one (pfaffian form), a necessary 
and sufficient condition for a form to admit an integrating factor has not yet 
heen found. 

_ It is clear that the form © defined by (1.3) admits an integrating factor 
if and only if the corresponding Lan is conformally flat. When 2n > 4, 
Theorems 5: and 2 imply that Len is conformally flat if and only if (2.10) 
holds. Write the latter in the form . 


(3.1) | V = [oO], l 
where w denotes the pfaffian gadx*. Thus Q is a factor of 0’,° and we have 


THEOREM 6. A necessary and sufficient condition that a nonsingular 
exterior differential form of degree two in an even number (> 4) of variables 
admit an integrating fastor is that the form itself be a factor of tts exterior 
dertwative. 


Again by Theorems 5 and 2, an L, is conformally flat if and only if Ka is 
a gradient, i.e. the pfaffian form 9 = K,dx* is an exact differential. Now 


0 = Kadzt = Kapya Ydes Sane aB K a gy dvr = a%FG, g 


where bag == Kagydv7 is a system of (six) pfaffian forms, said to be associated 
with the form 0’? Calling @= a°6,, the contraction® of this associated 
system, we have | 


THEOREM 7. “A necessary and sufficient condition that a nonsingular 
exterior differential form of degree two in four variables admit an integrating 
factor is that the pfafian form, which is the contraction of the system of 
pfafian forms associated with the exterior derwative of the given form, be an 
exact differential. 


4. Infinitesimal automorphisms of L.,. We conclude this paper by 
giving a brief study of the infinitesimal automorphisms of an Len, which are, . 
by definition, infinitestmal (point) transformations leaving invariant the 
fundamental form 9. In the same way as Killing’s equation in Riemannian 


E Goursat, loc. cit., p. 118. 
€ Goursat, loc. cit., p. 97. 
T Goursat, loc. cit., p. 126. 
8 This operation is unfamiliar in the exterior calculus. 
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geometry is obtained, we find that a contravariant vector v% is the vector. of 
an infinitesimal automorphism of Le, if and only if it satisfies the equation 


(4.1) V°Ootag + tppdgv? + apd gv? = 0. 


Introducing the covariant associate vg = apv? of v* we may write this equation 
in the form 

(4, 2) | Ogtg — gta == — UpK? ag, 

where K’ ag = PYK wap. 

We shall only try to solve (4.2) in particular cases. If Lan is flat, we 
have K’ ag = 0 so that (4.2) implies that a covariant vector is the vector 
of an infinitesimal automorphism of a flat Lə» if and only if it is a gradient. 
More generally, if Lan is conformally flat we may, using (2.10) and (2. ee 
write (4.2) in the form 


(4. 3) fal dug) — Opl tg) = Vdlap, 


where v == v’gp, which can be shown to be a constant. In fact, if we operate 
on (4.3) with @,, perform a cyclic permutation of «, 8,y and then add the 
three equations thus obtained, we find, on account of (2.12), agyGav + dyadge 
+ dapiyv = 0, whence @v==-0 and v= const. Consequently, in view of 
(2.18), the general solution of (4.3) is of the form 


(4. 4) Va = Vla + aW. 
If we introduce the contr avariant associate g*== agg of ga and nes 


(4.4) by g%, we find 
(4.5) gaw = — v (p + a) 


where a == g°đa. Hence 


THEOREM 8. A covariant vector vg ts the vector of an infinitesimal auto- 
morphism of a conformally flat Lon tf and only if it is given by (4.4) where 
vis a constant and w is a solution of the linear equation (4.5). 


In this conformally flat case (n > 1) it is easily seen that v == 0 if and 
only if va satisfies 


Va (Ogvy — Oy0g) + Veya — avy) + Vy (avg — Igva) = 0, 


i. €, Va is proportional to a gradient d,p, and this is the case if and only if 
the trajectories of the 1-parameter group of automorphisms generated by v% 
are at the same time trajectories of other 1-parameter groups of auto- 
morphisms, the generators of the latter being then necessarily v* multiplied 
by functions of p. . 
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OSCULATING CONICS OF THE PLANE SECTIONS THROUGH 
A POINT OF A SURFACE.* 


By BucHIn Sw. 


es 


1. Introduction. According to the classical theorem of Moutard all the 
osculating conics of œ? plane sections through a generic point O of an analytic 
surface immersed in a three-dimensional projective space are distributed on oo! 
Moutard quadrics each of which corresponds to a non-asymptotic tangent of 
the surface at O. In connection with the definition of Darboux pencils of 
quadrics we have studied + Moutard pencils of quadrics (so called because each 
of these pencils contains a Moutard quadric). This notion has been generalized 
ingeniously by Louis Green ? who shows, among other things, that two arbitrary 
non-asymptotic tangents at O suffice to determine a certain pencil of quadrics 
having a contact of the second order with the surface at O. 

In studying the residual osculating conic on a given Moutard quadric 
Chenkuo Pa has recently proved that * if a quadric through the two asymptotic 
tangents at O possesses one.and only one osculating conic of the surface at the 
same point, then it must necessarily belong to a Moutard pencil. Combining 
the investigation of L. Green with that of Pa we are naturally led to inquire 
whether the osculating conics belonging to different Moutard quadrics at O 
may be regulated in such a manner that they lie on a quadric of certain pencils. 

The purpose of this paper is to solve the problem of determining a quadric 
by means of an osculating conic of a given direction and another osculating 
conic of another given direction with a suitably chosen plane, showing that on 
the quadric thus obtained there exists a third osculating conic. Thus all the 
osculating conics of the plane sections through O are newly distributed, three 
by three, on: a quadric having a contact of the second order with the surface 
at O and meeting it in a curve containing these tangents as two of its triple 
tangents. 


2. Analytic basis. If the four homogeneous projective coérdinates z of 
a variable point on an analytic non-ruled surface S$ in ordinary space are given 


* Received July 17, 1941. 
1 Buchin Su and Ichida, “On certain cones connected with a surface in the affine 
space,” Japanese Journal of Mathematics, vol. 10 (1933), pp. 209-216. 
i 2 Louis Green, “ Systems of quadrics associated with a point of a BUEN 2 American 
Journal of Mathematies, vol. 60 (1938), pp. 649-666. 
3 C. Pa, “On the quadries of Moutard,” not yet published. 
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as analytic cous of two independent variables u, v, and if the parametric 
net on S is the asymptotic net, then the functions x are solutions of a com- 
pletely integrable system of differential equations in Fubini’s canonical form 


(1) Cun = Gulu + Bry + pa, oa 
Lop = ytu + Oty + qa (8 = log By). 
The coefficients of these equations are functions of u, v and satisfy certain 
conditions of integrability. 
The coordinates of a point O’ on S near O can be represented by the form 
TaT +- Lolu + Taty +- VeTuy. For the non-homogeneous codrdinates v, y, z of O” 
defined by putting | 


(2) T == T/T, Y = £3/%, Z = T4/T1 


we have- the canonical expansion in the form 


(3) z= ay — = (Bo? +y) + eleg) +: 


where 


1 l 3. A 
(4) da(a, y) ==> {Bort — 48Bya y — bhus” y? — 4ypry® + yyt} 
12 
and 


| blog By? _ flog Ay Bry , 


Consider the section of the surface produced yi a plane through a non- 
asymptotic tangent ¢, whose equations are 
(6) z = 0, y — ne = 0; 
the equation of this plane is evidently of the form 
(7) a= p(y—ne), 


so that the osculating conic of the plane section at O is given by the equations 
(7) and 
(8) — 2? + YL{(p/8n*).(B + yn) — (1/n) Je 
— (p?/n?){ (1/8mp) (B— 2yn*) + (1/n) bs(1, n) 
— (1/9n?) (8 -+ yn®)*FY + (p/n)] = 0, 
where we have placed 
(9) Y == y — ng. 





1 Cfr. E. P. Lane, “ Power series expansions in the neighborhood of a point on a 
surface,” Proceedings of the National Academy of Sctences, vol, 13 (1927), pp. 808-313. 
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Elimination of p from (7) and (8) gives the equation of ae Moita 
quadric belonging to the given tangent ¢,, namely, 
(10) 36n? (z — zy) + 12n? (28 — yn*) az — 12n (B —2yn') yz 
+ {4(B + yn*)? — BEng, (1, 2) }2? = 0. 

3. Quadrics having a contact of the second order with a surface. The 


equation of the most general quadric through” the two asymptotic tangents of 
the surface § at the Pomi O is — 


(11) ay + kiz + howe + kyz + kaz? = 0, 


where ki, ke, ka, ka are arbitrary functions of u and v. The conic intersection 
of this quadric and the plane (7) is expressed by (7) and 


(12) — 2? + YL {— (p/n) (kz + kan) —1/n}a 
— (p?/n) ((1/p)ks + ka) Y — k: (p; 'n)] = 0. 


In order that this conic be the osculating conic (8) of the plane section of the 


surface produced by the plane (7), it is necessary and sufficient that k, = — 1 
and 
ka + kan = — (1/8) (8 + yn*), 
(13) ka — (1/8n*) (B — ®yn*) = p{(1/n*) p4 (1, n) 
— (1/9?) (B + ynë)? — ka}. 


Suppose that two arbitrary non-asymptotic tangents to S at O are given, 
respectively, by the equations 
(14) ` | z= 0,  y— nz =l l (i = 1,2) 
and that through each of them there cues a plane . 
(15) z = pi (y — 1:2) (1 = 1,2) 


on which lies the corresponding osculating conic K, of the section at O. If 
the quadric (11) passes through both conics K, and K, the conditions (18) 
must hold for n == ni, p = p; (t = 1,2) and the same set of ke, ka and k4; thus 


16 | ka + kanı = — (1/81) (8 + yn?) 
(16) key + lege = — (1/822) (B + yr?) 5 


[bs — (1/824?) (8 — 2yns*) 

(17) = pif (1/ni?) ġa (1, nm) — (1/9) (8 + yè)? — hey}, 
| ka — (1/82?) (B — Byna") 

= po{ (1/me”) pa (1, na) — (1/9m2°) (B + yr)? — ka). 
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Solving (16) for’. and k, we obtain 


i 


(18) Keg === — (1/3) ((B/mine) (nı + n2) — hne}, 
fes Ta (1/3) 4 B/nate — y(m + na) }. 

The plane through one of the tangents t, and ¢, may be assigned arbitrarily 
and that through the other tangent is perfectly determined, since (17) gives 
k, for a given p, and therefore determines pz, except when the quadric thus 
obtained coincides with a non-Moutard quadric of the Moutard pencil belonging 
to the tangent ¢, or fta. In the exceptional case the plane (14) coincides with 
the tangent plane of-the surface at the point O, so that no osculating conic 
can be obtained. That is to say, there is one and only one osculating conic on 
a non-Moutard quadric of any Moutard pencil, as was shown by Pa. 

Let us consider the general case, confining ourselves to the determination 
of the other osculating conics on the quadric in consideration. Writing the 
equation of the plane of such a conic, if any, in the form 


_ (19) z == pa (yY — Ns), 
we have i 
lez + kana = — (1/3) (8 + ytic®), 
(20) fr — (1/8n5”) (B -— yna?) 
= ps{ (1/ns”) pa (1, m3) — (1/9na) (B + ynë)? — hy}. 


The last condition evidently determines p, and consequently the plane (19) 
provided that the quadric is not the Moutard quadric belonging to the tan-- 
gent ta Substituting the values of k, and ka given ‘by (18) into the first 
equation of (20)-and reducing, we are led to the relation 


(21) Nanan = — B/'y, 


which shows that the third tangent ¢, is completely Sama when the first 
two 7, and t are known. 


By virtue of (21) we can express (18) in the s ae iorn 


(22) { Ka — ty (tithe +} tatty + tra), 
ks == — fy (n + ne + Ns). | 


` Thus we arrive at the following conclusion: 


Gwen two arbitrary non-asymptotic tangents t tg to S at a generic 
point O and one plane m, through t, we can always determine a quadric Q 
through the two asymptotic tangents of S at O such that the osculating conic 
of the section of S produced by w, as well as that of the section produced by 
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the corresponding plane r, through t; ies on Q. This quadric, having.a.contact 
of the second order with S at O, contains a third osculating come at O and | 
forms a pencil when the plane m, turns about the tangent t. 


4, A covariant line.associated with two non-asymptotic tangents. Let 
us consider now the correspondence between the planes m, and r, passing 
through the non-asymptotic tangents 7, and ts, respectively, such that the 
osculating conics of the sections produced by ri, ra and the asymptotic tangents 
lie'on the same quadric. By virtue of (17) it is easily seen that the planes 
(15) for i= 1,2 are in the correspondence given by the equation 


(23) (1/px) {ka — (1/8n4") (8 — 2ym)} 
| — (1/p2) {ks — (1/8) (B — 2yn:*)} 
= (1/n,?) pa (1, nı) — (1/2?) 4 (1, na) 
— (1/9) (B + yn?)? + (1/912°) (B + yn)’, 


and are, therefore, in perspective position. 


In order to derive the plane, denoted by a2, on which lie all the lines of 
intersection of the corresponding pairs of planes r, and rz, we have to substitute 


1/pi = (1/2) (y — ma) - (= 1,2) 


into (23) and then to reduce the resulting equation by means of the relations 
(21) and (22). A simple calculation suffices to obtain the equation of the 
plane r12, namely, 


(24) B(2ns— pi) e+ yns(p2— 3na) y 
) = [f{— eee ts By A 


Na Ne” y nne 


— 48 + By (m1 + ne)} 
4 ue Na? + Nino iae Ng? 


M Na? 


— By(m? + mne + 12”) } Jz 
where we have placed 
(26) | Pi = na + Ne + Ns, Po = NyNe + Nang + gM. 

If we take the three tangents t; (t = 1,2,3) at O given by 


(27) a Z =Y — NL == 0 (i = 1, 2,3), 
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where 11, na, ng satisfy (21), then there are three planes mi2, 723, 731 Which 
correspond to the pairs of tangents tı, t2; t2, ts and ta, tı respectively. These 
planes are evidently concurrent in a line / associated with the tangents tı and 
t, (and consequently ¢,) of the surface § at O. 

From the equation (24), and that obtained by interchanging m, and na 
the equations of / follow immediately. The result of carrying out the compu- 
tation is as follows: 


(28) wy: z= 4 (— 1dBy + 2yped — ypipop) — YP} + $Y PPP 
:4 (— 1584 — 2B pip — YP: Pzp) — BYP? — $VPP: 9B + YPP: 

Several particular cases of the above result are worth noting. If the three 
tangents are those of Darboux, then p, = Øp: ==0 and, consequently, the 
corresponding line / is the canonical line of the first kind for which k == — 5/12, 
which we shall designate as the first azis of Bompiani.” | 

If two of the tangents lie in distinct Segre directions, the third is seen to 
lie in that Darboux direction which is conjugate to the residual Segre direction. 
Every Darboux direction thus determines a covariant line J. Putting 


t= (B/y) o, te == (B/y) a, na = (8/7) *0", 
where w = 1, w 541 and r = 1, 2,3, so that © 


pı = — 2(B/y) 40", pa = 2(B/y) Bo", 
we obtain the covariant line l, 
Gi ys %==— (11/20) p— (4/15) B*y%o" + (1/5) (y/8)* pa” 
:— (11/20) + (1/5) (B/y) Bor — (4/18) B% yo": 1. 


The harmonic polar of the tangent plane z = 0 with respect to the trihedron 
formed by l, l», la is easily found to be the canonical line of the first kind for 
which k == — 11/20. 

If two of the tangents are conjugate, namely, such that their directions 
are n, — n, the third must lie in the direction B/yn’, so that 


Pı = B/yn’, pe = — n 


and the covariant line J, corresponding to any non- Apong direction n (and 
its conjugate — n) is given by the equations 


(29) wr y:2—= {— (7/16)y— (y°/88) n* — (1/16) (y/8) pn? — (1/24) B(1/n*) 
i{— (7/16). — (B°/8y) (1/n*) — (1/16) (B/y) y (1/n?) — (1/24) yn?}: 


Cf. L. Green, loc. cit.?, p. 664. 
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In particular, for the Darboux directions 


n = — (B/y) %or (r == 1, 2,8) 


(and the Segre directions) we have the lines: 


By: z= {— (7/16)y — (1/6) B¥y%o" — (1/16) (y/8) o} 
: (— (4/16) $ — (1/16) (B/y) %o" — (1/8) (B%y%u°r} : 1, 


where r==1,2,38. In consequence, the harmonic polar of the tangent plane 
z == 0 with respect to the trihedron formed the these lines is the canonical line 
of the first kind for which k = — 7/16. 

If two of the tangents coincide in a non-asymptotic direction n, the third 
must lie in the direction — B/yn?, so that 


pı =— (1/yn®) (B—2yn*), pe =— (1/yn) (28 — ym’). 


By means of these values there is no difficulty in determining the line (28) in 
question. Without expressing the equations explicitly we shall only consider 
two interesting cases, namely, the lines corresponding to a Segre direction and 
a Darboux direction. In the latter case we have 


n = — (B/y) o". 
so that 


Pı = —3(B/y)%o", pp = — 3( B/y) Bo” 


and the line becomes 


Bly z= (1/3) — (1/12) (y/B) Fo” — y(B/y) *o"} 
: {=~ (1/38) 6 + (1/12) (B/y) Spor} : 1. 


These form a trihedron with respect to which the harmonic polar of the tangent 
plane z == 0 is obviously the first avis of Cech. 

In the similar way we obtain a covariant line corresponding to every 
tangent of Segre; the harmonic polar in question is the canonical line of the 
first kind for which k = — 7/16. 


5. The quadrics of Darboux. Let us confine ourselves to an important. 
case which can be derived from the general result stated in Section 3, namely, 
the case where the tangents are in Darboux directions. The quadric in question 
must be a Darboux quadric, since (22) gives ko = ka == 0 for the roots ni, na, 
ns of the equation 


B+ yn’ = 0, 
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sO that the equation of the quadric becomes 

(30) ty — z+ kaz? = 0. 

The planes of osculating conics lying on this Darboux quadric are 


(31). z= pi(y—mit) (t= 1,2, 8), 


where | . 
(82) 1/pi== — (1/8) Lea (1, ni) — rhe] 
and o n 
(33): ni = — (B/y) ut | (t= 1, 2,3) 


In order that these planes be concurrent in a line it is necessary and 
sufficient that 


te I/p 1] =0 
Tea 1/ps 1 

or — 

(34) E ks —e Fur. 


Hence we have the following theorem : 


Every plane through one tangent of Darboux uniquely determines a 
Darboux quadric Q such that the three osculating conics of sections produced 
by this plane and two others each passing through the remaining tangents of — 
Darbour he on Q. The planes of these comes are concurrent if, and only if, 
Q is the quadric of. Wilezynski-Bompiani. 


The common line of these planes, in the last case, can be found by sub- 
stituting (84), (82) into (31), so that the equation of each plane is 


mle + (5/12) y2] — [y + (5/12) oz] = 0. 


Hence the planes of the three osculating comes on the quadrie of Wilczynski- 
Bompiani are concurrent in the first azis of Bompani. ' 

l Since the expression (32) of 1/p: for a given n4 is linear in ky, we may 
‘conclude that if mo, mz, mw be the tangent plane and the planes of osculating 
conics of sections through a non-asymptotic tangent and lying, respectively, 
- on the quadric of Lie and that of Wilczynski-Bompiani:and if + denotes the 
plane through the same tangent such that the double ratio 


(worry mmy ) IS h, 
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the quadric determined by v is the Darboux quadric 
(35) | BY —2— {30u + (1 — h) By}2? = 0. 


Moreover, by means of the pencil of Darboux quadrics, we can also deter- 
mine the first and the second axes of Bompiani. ` In fact, the three planes of 
osculating conics lying on the quadric (30) form a trihedron of edges 


mie —y + (1/pi)e=0,  — nym—y+ (1/pj)2—= 0, 


where i= j, i,j =1,2,3 and p; is given by (32). An easy calculation, which 
we shall omit here, gives the equations of the harmonic polar of the tangent ` 
plane with respect to the trihedron, namely, 


Lyi Ze — (5/12)y:— (5/12)¢:1, 
which represent the first axis of Bompiani. 
In the similar way the three conics in consideration intersect each other. 
ať three points distinct from O; when.the quadric varies in the’ pencil of . 
Darboux the plane of these points of intersection describes a flat pencil whose 
axis is given by l 
z=0,  (5/12)ge + (5/12)yy + 1=0, 


that is, the second axis of Bompiani. 


6. The curve of intersection of a surface and a.quadric. As was 
shown in Section 3, the planes 


z = pi (Y — Nw) (i= 1,2, 8) 
determine uniquely a quadrie whose equation is - 
(36) ry — z + kz + kazy + kaz? = 0, 


provided that the directions mı, m2, ng are connected by the relation (21). 
From (86) it follows that the quadric thus determined must have a contact 
of the second order with the surface S at O. 

By means of the relation (22) we can easily demonstrate that the triple 
tangents of the curve of intersection of (36) and S at O coincide with the 
three tangents 


(37) (y— m2) (y — tet) (Y — nt) = 0. 


. Hence the quadrics corresponding to the planes through a non-asymoptotic 
tangent t, or ta form a pencil of quadrics having a contact of the second order 
with S at O and meeting S in a one-parameter family of curves each containing 


448 BUCHIN SU. 


these tangents as two of its triple-point tangents. The residual tangent ts at O 
is the same for all the curves of the family and is the common tangent of all 
the osculating conics each of which hes on a quadric of the pencil. 


Conversely, suppose that a quadric Q has a contact of the second order 
with the surface S at O; the curve of intersection has O for its triple point. 
From (8) and (86) we have the equations of the triple-point tangents 


== y — nit = 0 (i = 1,2, 3), 
where ni, na, na are the roots of the equation 
4B + kam + kn? + dyn? = 0, 


and therefore 
Mihana = — B/y, ko = Fy (MNa + Nona + Net), ks = — E (ni + na + na). 
In order to obtain the osculating plane of each branch at O we have to assume 
that the expansions for the branch which touches the tangent ti, 
Z = Y — 48 = Ü, 
are given by the equations 
(38) © y= nmg t Art, genet: 
and then to substitute (38) into the equation 
§ (8° + yy") + bala, y) + koty + kzz + kae? = 0; 

the left-hand side should be satisfied identically up to and including the term 
in z*. Thus the coefficient A in (38) is given by 
(39) (S/me?) bs (1, ni) — ba — (1/9) (B+ yn)? 

— (A/ni) [ks — (1/31?) (8 — Bye?) J. 
Observing that the osculating plane of the branch (38) at O is 
(40) Az == ni (y — nit) 
and comparing (39) with (17), we are led to the following result: 


On every quadric Q having a contact of the second order with the surface 
S at O there are, in general, three osculating conics of the.sections of S at O 
and their planes coincide with the osculating planes to three branches of the 
curve of intersection of S and Q. 


From this we infer that the characterization of the quadric of Wilczynski- 
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Bompiani stated in Section 8 coincides with the one obtained by L. Green.’ 
Similarly, we, can put the interesting result of L. Green into a new form con- 
taining the osculating conics of sections of the surface. 

Several exceptions to the last theorem shall be mentioned. 


(i) Ifthe quadric Q determined by an osculating conic C coincides with 
the Moutard quadric belonging to the tangent of C at O, then one of the two 
other osculating conics must necessarily coincide with C and the remaining 
. one is the residual conic of Q. . 

(ii) If the quadric Q is a non-Moutard quadric in a 5 Moue pencil, 
then the curve of intersection of Q with S at O has two coincident triple-point 
tangents, the osculating plane to each being the tangent plane of S at O. 
Therefore there is only one osculating conic on a pou mower’ quadric in a 
Moutard pencil as Pa has shown. 

(iii) If the quadric Q is the Moutard quadric belonging to. one of the 
Darboux tangents at O, there is no residual osculating conte. ) 

(iv) If Q is a non-Moutard quadric in the Moutard pencil belonging ` 
to one of Darboux tangents, it contains no osculating conic of the surface at O. 
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€ L. Green, loc. cit.?, p. 654. 


THE ASYMPTOTIC BEHAVIOR OF A CLASS OF ENTIRE 
FUNCTIONS.* 


By C.. V. Newsom. 


Introduction. This paper considers the behavior of the function, 


QQ): fF) Some, g= ATA), 


for large values of the complex variable z, if s is an integer > 1, and pj is a 
complex constant. In particular, if k = [s/2] +1 is chosen as an odd 
integer, it is shown that 


(2) f(2) = (mpage S osavat T È 05/ (szp)? + (2p, n) /(829)"], 
j=0 : 


p=- (k-1)/2 


for all values of z satisfying the condition —7/s < arg z < m/s; wherein Co: == l; 
| z | = | 2p |; arg zp = arg s — Bpa/s; p =Í pn; and pm a w (2p, n)=0. If k 


is even the same conclusion results shen that i Timits upon the first 
summation are —k/2 and (k—2)/2 when — 2r/s < argz < 0, and are 
— (k—2)/2 and &/2 when 0 < argz < 2z/s. 

The asymptotic behavior of the same function was considered by 


Van Engen 1 in his dissertation, but the method employed here is sufficiently 


general that it appears to offer an approach to the study of a large class of 
entire functions related to (1). 


1. A preliminary lemma. The present study employs an important 


lemma which is essentially a modification of a previous theorem due to the- 


author.? The earlier theorem and the present lemma are both concerned with 
entire functions of the general type (1) in which the coefficient g(n) is -such 
that the function g(w) of the complex variable w-=«- iy satisfies the 
following two conditions: 





* Received January 11, 1942. 
* Henry Van Engen, “On the asymptotic! behavior of i ae functions,” Disserta- 
tion, University of Michigan, 1934. 
20. V. Newsom, “ On the character of certain entire functions in distant portions 
af the plane,” American Journal of Mathematics, vol. 60 (1938), pp. 561-572. Note, 
also, C. V. Newsom and A. Franck, “ Upon the asymptotic representation of functions 
of the Bessel type,” Bol. Mat., vol, 13 (1940), pp. 11-14. ` 
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(3): g(w)-is single valued and analytic throughout the finite w-plane; and. 


(4) | g(w)| < K ev, where K is a: constant independent of x and y, and 
k is'a positive integer. 


The theorem then states that 


(5) f(z)—= f (g (e) [+ 2*]° (sin krs) {(sin2)}de— > g(m)a™ + bel 62), 


~¢e~1/2 


. -for all values of z satisfying the condition — r < arg (+ z8) <r; wherein ¢ 
‘Is any arbitrary positive integer; # is the integer appearing in condition (4)' 
above; the upper or the lower of the signs + is to be taken according as k is 
odd or even. and. m a°&,(¢, z) = 0, irrespective of the value chosen for c. 
(à @) 


To inaugurate the study of the se icant (5), let k be odd. In view 
of the fact that (sin kav) /(sin wr) = 1 T 2 Sy cos 2prgr, it follows: that the 


p=1 
integral of (5) may be rewritten in the form, 


OO 


| : (1) /2 | 
(6) f {g (x) [20 + 2 E zprerTie cos 2prax |} dz, 
-c-1/2 p 
wherein —- m/s < arg 2 < m/s. arg Zp = arg z — 2pr/s; and |z| =] zp |. 


Since 2¢°?'? cos 2prx = 1 +- e4”™!*,. the expression within. the bracket of 
the integrand of (6) may be considerably simplified. In fact, under the 
- conditions upon g(w) previously given, we have the conclusion, 


() fle — S CLE g(x)eptlae— È ginam + hloa), 
-6-1/2 ` 


p=- (k-1}/2 


in which —~—r/s < arg z < m/s; arg Zp == arg z — ĉ?pr/s; and |z |= | zp l. 

If k is even, a similar analysis is possible. The conclusion obtained 
~ differs from (7), however, in the fact that the limits upon the summation 
are —k/2 and (k —2)/2 when — 2r/s < argz < 0, and are — (k— 2) /2 
and &/2 when 0 < argz < 2z/s. . 


2. Proof of the theorem. To employ the result (7) in the study of 
the particular problem of this paper, it is merely necessary to specialize: g(x) 


(11) 
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as indicated in (1). As a consequence of a lemma demonstrated = Ford, : 
condition (4) is satisfied when k = [s/2] + 1. Thus, it is apparent that. a. - 
study should now be undertaken of integrals of the type, 


(8) | ff (es Thr e+ ps) lee, 


-o~1/2 
subject to the restrictions upon z listed after (0): 
If z= (2 yY -— 2p T s 4 1)/2s, where p= > pm, the integral under con- 


sideration becomes 


Gi Aaf, E til 


in which, d= F and F(y) is the ratio of the functions, 
r(y +1) and Ji T(y/s + 1/2 + 1/2s— p/s +- p;). The path of integra- 
tion extends Rom “ihe lower limit of the integral to positive infinity in: the 
direction of the real y-axis. 

The analysis of log F (y) follows immediately when it is recalled that 
(10) log T(y) = log 2a + (y — $) log y— y + o(y), 
in which | | 
o(y)= Bı/1- 2y —B2/3: 4y +--+ 4+-(-—1)"* [Ba + e(y, n) ]/(22—1) (Rn) yh, 
and where ae e(y,n) = 0, and |argy| <r. So, for sufficiently large 

ypo i i 


values of y taken upon the path of integration, and after considerable algebraic 
simplification, it is determined that i 


log F (y)= 4(1—s) log 2r + 4 logs + t/y + a2/y? + + Lan + a(y, n) ]/y", 


in which the a’s are complex constants, and lim a(y,n) = 0. Of course, then, 
i jyl->20 


(123) F (y) = six)? exp{0,/Y + 02/4 +: + Lan + a(y, n) ]/y”}. 


As a consequence of a well known principle in the theory of asymptotic 
series,* the exponential factor occurring in this equality may be represented 
asymptotically by a power series in 1/y, in which the constant term is unity. 


. 3 W. B. Ford, Asymptotic Developments, Scientific Series, POETEI of Michigan, 


XI (1936), p. 61. 
t Ford, op. cit., pp. 3-4. 
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_. This series, in turn, may be reformulated into a factorial series so that integral 
_ (9) now becomes: 


- 


(18) (Be) Desas f $ [e(r +f + 1) dy 
d 
+f LE (y, n) (s2)¥/T(y + n + 1) |dy}; 
d 


wherein ¢) = 1, and the remaining c’s are complex constants; and lim 1 BCs Y, 1) 
|vl—> 


== 0, In fact, each integral obtained from relation (7) will be of T type. 

Integrals similar to those appearing in (183) were studied by Ford® in 
his consideration of functions of exponential type. In his study, however, 
it was necessary to make the restriction, | arg z | < 7/2. This condition is 
satisfied in the present analysis by all the z’s except possibly 241) 2 and Z-z 
when k is odd, and 2x-2;/2 and 2.472 When k is even. Thus with the exception 
of these particular 2’s, typified temporarily by the variable u, the part of (13) 
inclosed within the brace may be writter immediately in the following form 
as the result of the study of Ford: | 


(14) et $ 37 (82)? + e(2,0)/(82)"]; 
j= 
wherein lim w(z,) = 0. 
|z|->00 


For the case when the real part of w= 0, a slightly different analysis of 
(13) is necessary. Referring again to the study of Ford, it will be observed 
that the first integral of (13) gives a result similar to (14) except that the 
remainder term does not involve the exponential factor, and is, in fact, in 


the form 3) a; (u, 2) /(su)%, where lim a;(u,2) ==0. Thus, for any z having 
j=0 fuj- 


the property that | arg z | < 1/2, it follows that the product of this remainder 
term and the factor e**(sz)™ produces a function which has the limit zero 
as | z | = | u | —> œ, when m is any positive integer. Consequently it may be 
combined with any w(z,n) occurring in (14). A similar method serves to 
dispose of that part of the right member of equality’ (7) which is outside 
the integral. 

The second integral of (13), when the complex variable u is 2(%-1)2, may 
be written thus: 


5 Op. cit, pp. 65-67. 
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00 
(15) 1/(su)” f [8 (£ — n— 1, n) (su)? /P (2) ]dz 
dtn+1 ; i 
o 
—1/(s%)"{(Zo/u)" È [P (2) (s2)®*/E(2) Jde}, 
: d+n+1 
in which P(x) == (z — n -— 1, n)e(?-)(-#)ri/s, Of course, a similar analysis 
is possible for any other value of u. . | 
As the result of the application of another theorem given by Ford;* the 
function inclosed within the brace of (15), when multiplied by esz, has the 
limit zero as | 2)|—> œ. Thus w(%, n) may be augmented ‘by such a product. 
Consequently, result (14) is appropriate irrespective of the particular z 
selected. It is true, however, that the expansion ceases to be dominant for 
any z having the property that its real part <= 0. 
. In summary, the representation of f(z) given in (2) follows immediately. — 
In practice, k should be chosen as [s/2] + 1, or perhaps, [s/2] + 2, if it is 
desired to enlarge the sector. for z over which the expansion is valid. j 


THE UNiversiry or New MEXICO, 
ALBUQUERQUE, NEw MEXICO. 


° Op. cit., p. 38. 


CONFORMAL GEOMETRY OF HORN ANGLES OF 
HIGHER ORDER.* 


By Mary ELIZABETH LADUE. 


Introduction. Under a conformal transformation a single curve has no 
invariant, but two intersecting curves have as an invariant the size of the © 
angle between their tangents at their point of intersection. Since the order 
of contact is also a confcrmal invariant, two curves with first or higher order 
contact will be transformed into a pair of curves having the same order contact 
and the invariant mentioned above will have the trivial value zero. This con- 
figuration, an ordered pair of analytic curves with n-th order contact, is a 
horn angle of the n-th order with its vertex at their’ point of intersection. 
Kasner has shown that the lowest order non-trivial conformal invariant of a 
first order horn angle is a third order differential invariant. In fact he has 
shown that every horn angle has one and only one non-trivial conformal in- 
variant which for an n-th order horn angle will be of differential order 2n + 1. 
This 2n 4-1 order differential invariant of the n-th order horn angle he calls 
the measure of that horn angle, and he has found the expressions for the 
measures of first and second order horn angles (1). In this paper the measures 
of third, fourth and fifth order horn angles will be obtained. . 

The measure of an n-th order horn angle is determined by the values - 
assumed by the first 2n -+ 1 derivatives of the two curves forming the sides 
of the angle at their point of intersection. Consequently its formula can be 
expressed in terms of the first 2” + 2 coefficients of the power series expansions 
of these curves (actually the first n -+ 1 of these cancel out), or in terms of 
the curvatures and arc-length derivatives of curvature evaluated at the vertex, 
or finally, in simplest form, in terms of n+ 1 certain simple functions of 
these curvatures and their arc-length derivatives. For any particular curve 
the n— 1 values assumed by these functions at any particular point can be 
regarded as the codrdinates of a point in an n -+ 1 dimensional space. If the 
set of all curves (analytic arcs) through a given point and having there n-th 
order contact with each other is called an n-th order horn set, then with such 
a horn set is associated the set of points corresponding to the curves of that 
set. This set of points is called the Ky,.-space associated with the given horn 
set. Since the distance between any two points of this space is given by the 
measure of the horn angle giving rise to these points, the study of the geometry 
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of this space is equivalent to the study of the conformal invariants of this 
set of curves. The properties of the geometries of the E-spaces associated 
with first and second order horn angles have been studied in considerable 
detail by Kasner, de Cicco, and Comenetz (2), and in this paper the geometry 
of a third order horn set is investigated in order that tke similarities and 
differences in the geometries corresponding to various ordered horn sets may 
be considered. . 

Roughly dual to the group of conformal transformations is the group 
of equilong transformations of the plane which convert straight lines into 
straight lines in such a way that the distance between the points of contact 
of any two curves (defined as the envelope of an infinitude of lines) having 
a common tangent remains invariant (3). When this distance is zero and the 
two points of contact are the same, the configuration becomes a horn angle 
which Kasner has shown to have a non-trivial equilong invariant of higher 
order (la). As in the conformal case, it is possible to associate with each horn 
set an equilong geometry which will have as its metric the equilong measure 
of horn angles of that order of contact. Kasner has investigated the equilong 
geometry associated with first order horn sets and found it to be identical 
` with that of the conformal geometry of first order horn sets (4). In this paper 
the equilong geometries corresponding to horn sets of second and third order 
are investigated and, as in the earlier case, are found to be identical with the 
corresponding conformal geometries. The comparison of the conformal and 
equilong geometries of several higher orders is to be published soon. 

. The problem of a conformal measure of a horn angle :s interesting not 
only as the study of the invariants of an important geometry—the geometry 
associated with the group of conformal transformations o= the plane—but 
historically in that it answers by modern methods a question the ancient 
Greek mathematicians were unable to cope with satisfactorily. For the con- 
formal measure of a horn angle provides a means of distinguishing according 
to size between angles which the Greeks were unwillingly forced to call the 
same, a measure furthermore which is significant in that it is invariant under 
a group of transformations which includes the Euclidean group of rigid 
motions of Greek geometry. 


1. Conformal measure of Horn angles of higher order. In this section 
the measures of horn angles of several higher orders of contact will be de- 
veloped. Since these invariants can be expressed in terms of the metric 
invariants of curvature and the arc-length derivatives of curvature of the 
curves forming the sides of the angle, they are obviously invariant under the 


t 
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group of rigid motions. Hence there is no loss in generality in considering 
the measure of the horn angle whose sides are the curves 


(1) y = den? + asx? +: - 
(YW) y= p te (with da= Wa: + tln = Un Onn FEl m) 
which has the origin as its common point, the positive direction of the z-axis 
as its common direction, and has contact of order n at the origin. Further- 
more, this study will be limited to the effect on this horn angle of those direct 
conformal transformations which carry the origin of the (2, y)-plane into the 
origin of the (X, Y)-plane and the positive direction on the z-axis into the 
positive direction on the X-axis. Such a transformation can, in general, be 
represented by a power series of the form 
(2) Z= caz + ezg > (with c, real and positive), 
or if z = x + iy, Z = X + iY, and cn =a + ibn by 
) X = a0 + a. (2? — yY’) — 2Bory + ° 

Y = ay + Bo(2? —y?) + Zary + - (a4, > 0). 
Under the transformation (2’) the horn angle (1, 1’) is carried conformally 
into another horn angle of the same order of contact which may be given by 
the pair of curves 


(3) Y = A,X*.4 AzA’ + iwa 
(3) FAPI ARX 4 ++ (with Ay = A'a, ee a E a 


` The Measure of a Horn Angle of the Third Order. The measure of a 
horn angle of the third order will be derived by determining an expression 


(2 


, in terms of the coefficients of the curves (1) and (1’) which is invariant under 
the transformation (2’). This will be done by first considering the expres- 


sions invariant under the modified. form ‘of the transformation which is ob- 
tained by setting a, = 1, 


X = a+ ae (2? — 4?) — pty + - 
Y= y + Ba (° —- y?) + awy + 


This will cause a simplification in the calculations and a slight modification 
in the results which can easily be corrected later by following the transforma- 
tion (2”) by the simple magnification 


(7) Z=ayz . (a, > 0), 


The condition that the horn angle (1, 1’) be equivalent to the horn angle 
(3, 3”) under the transformation (2) is expressed by the two identities in x 


Y 


(2” 
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(4) (aye? + age? E) 
+. Bo[a? — (at? +. ar? + +++)? | + 2a (aou? + aga +--+) -°° 
== Aa {t + x| t? — (den? + tt? + °° X] — 2B: (dou? + at eHe F +: 
(L) (W? +- at p) | , 
a a a E CAA 
== Á’, {e + a2[ 2° -—(a’ ou" 4. a’ sa® + +++)? ] —2 Bow (a’ou* + aga? +--+) 2°}? 4+ 
obtained by substituting (2”) into (3) and (3’) and eliminating y by means 
of (1) and (1’). The following equations, representing the effect of the 
transformation (2”) on the coefficients of the curve (1), are obtained by 
equating to zero the coefficients of the various powers of æ in the identity (4) 
and solving the resulling equations for Áa, * +, A;: 


(5,1) l Ao == (Lo + Be 
(52) As = t3 + Bs — Rafe | 
(53) A, == (14 — lg + 8 Baty” -+ (az Soe Ay" -+ 4 Bo") de -+ Bs rert Aba — 3AB; +. do 


(5a) As = ds — Raala + BBoGetts + (22° + 482") ag + Zaal? 
+ (383 — 6x82) dy” -+- (Ray — Baety +- 4a — 24a85? + 1288s) as 
+ Bs — 2Boa, — 4028, — 34,8, + 12asBeas +. Jaa Ba — lta? Ba 


(55)* Ag = le — 3al H` + t- 420048, 


is 
are 


(5a)! A; = ty — 4&alto JA ` + —— 132a" Bo. 

The corresponding relations (5’,),° © -, (5'e) for the second side of the horn 
angle are obtained from these by replacing de,--+,a@;, Aat c, A: by 
A2 * +, Wy, Aa +, A; respectively in the above equations. 


In order to find the invariants, it is necessary to eliminate the coefficients 
a:, 8; of the transformation. Since Aa, = Ad; = 0,? the coefficients a4, a5, Zs, 
Bs, Bs, Bs, 8; can be eliminated by subtracting equations (53),° © -, (5) from 


the corresponding primed expressions. The resulting equations are 
5 





(6) AAg — At, 


(7) AA. — Aa; 





QO Ål; 


(8) AAg = Al; — 8a.Aa; + 10 BeteAay — (%3 — 4a? — 48,7) Aa, 





1 The complete expressions for A, and A, in terms of a,- - -,@, and the coefficients 
of the transformation which involve, respectively, forty-five and eighty-three terms may 
be obtained from the author. ; 

* Throughout this section of the paper the A notation will be used to indicate the 
difference between corresponding expressions connected with the two sides of a horn 
angle; e.g, Aa, =e’; — üa ete. 





~. 
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(9) | AA, = Adz — 40 Ade + 12 Bat.Ads — (2a, — 8a? — 48,7) Aas 
-H 12BodgAds + 3al Alt, + (1283 — 480282) aA, 
A (tasas + 12808; — 82 —- 3202822) Ady. 


Next 82, 8; are eliminated by substituting from equations (5,) and (5.) and 

G2, a; by substituting from (7) and (8) into (9). Using (6) and rearranging, 

the expression 

(10) AA;*— 2AA AA AAs + (44, + 44.°AA,) AA — AAAA: 

am Aas? -— 2AasAa;Aa, + (Aa; + -4a Ads ) Aa? — 12a,a,Aa," 

is obtained. 
Equations (6) and (10) exhibit two quantities which are invariant under 

the special transformation (2”). Since the effect of the magnification (2’”) 

on the curve (1) is to divide the coefficient a, by a,”*, equations (6) and 

(10) still hold under the general transformation (2’) provided the factors 

1/a,° and 1/a,** are inserted in the right members of (6) and (10) respec- 

tively. (@,5<0 for a,” is the Jacobian of the transformation (2’) at the 

origin.) Consequently, the quantities 


(6°) Ads 
(10°) Ads? — 2AdgAa;Ady +- (Ad; + 4a Als) At? — INANA 


are relative invariants of the horn angle (1, 1°) under the conformal trans- 
formation (2’) of index 1 and 4 respectively, and 


THeorem I. The quantity 
Aas 


Ads? —~ 2AagAdsAd, + (Aa; +. 4a27Aas;) Aas — 12a.a,Aa,° 


(11) 


and the sign of At, are the invariants of a horn angle of the third order under 
the conformal transformation (2). Conversely, if two such horn angles agree 
in the value of (11) and the sign of Aas, they can be made to coincide by a 
conformal transformation (at least to any finite order of contact). 


For the proof of the converse, see Kasner’s Cambridge paper (la). The 
quantity (11) will be called the conformal measure of a third order horn angle 
and will be denoted by MW,,*. It is a differential invariant of the seventh order. 

The coefficients of the curve (1) are expressed in terms of the values, 
at the origin, of the curvature, yi, and its derivatives with respect to length 
of arc, yst °°, yY by the standard formulae 


(12,) Robs aoe Vt 
(122) 6a, oa yi 
(123) 244 a yi” + By? 
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(12,) 12800g— "+ 197.777 | 
(125) 720d5 = y” + 84 yi? yr + 48yry1* + 992° 

(128) 504007 = y + Söp ys > 199 yaya" ya” + 48y + 1185 ya4y1" 

and the coefficients of the curve (1’) by similar formulae in ya yr,’ © °y. 
Consequently, the invariant measure ay) can be written as follows: 


(13) M= 
875 i Ay’! | 

4. 42Ay"”3 neces TOAy” Ay” Ay +- (25AyY + 45yAy"”) Ay rez pan 2Töyy'A Ay’ 
This might be regarded as the intrinsic form for the conformal measure of a 
third order horn angle since it is invariant under any conformal transforma- 
tion, but it is an unwieldly expression and it will be convenient to use a 


simpler form. : 
Let the equations 


(14,) w = ths 
(142) T == ls 
l (14) y= Ge 


(144) Z = ay -} illo lg — Lalala 


define a correspondence between the number quadruples (w, z, y,z) and the | 
coefficients a,,° + +, a, of the curve (1). Then the conformal measure of the 
third order horn angle can be written in the form 

Aw* 
BN. M ee ae 
Ag® — 2AvAyAw + AzAw? 
where w, £, 4,2 and w’,2’,y’,2’ can be expressed in terms of the metric in- 
variants yı Yr’ "*, y1 and ys, yo’,* * +, yo" by combining the equations (12) 
and (14). C í 


The measure sf.a fourth order horn angle. .The derivation of the con- 
formal invariant of a horn angle of the fourth order is similar to the procedure 
outlined above for the third order case, presenting no new difficulties other 
than the increasing mechanical difficulty in handling the computation. The 
work can be somewhat simplified, however, by omitting the determination of 
the set of equations analogous to the set (5) and, instead, forming im- 
mediately a set of difference equations obtained by equating to zero the coeffi- 
cient of æ” in the identity (4) and in the identity (4’), then subtracting the 
first equation thus obtained from the second, and finally solving the panes 
REER equation for AA, (n = 5, +,9). 
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Note: These three operations, if done in this order, can be performed 
almost entirely by inspection of the two identities (4) and (£) because 
the difference equations contain considerably fewer terms than the equa- 
tions (5) due to the fact that in a fourth order horn angle Ad, = Aa, 
= Ad, = 0. However, the use of this method does entail the loss of the 
explicit statement of the effect of the transformation (2) on the coeffi-- 
cients of the curve (1) which is needed in obtaining the group of induced 
transformations of a fourth order horn set and the expressions for 8s and 
Bə which would be needed in the elimination process in the derivation of 
the measures of horn angles of order greater than eight. 


From these difference equations the coefficients «i, 8; of the transformation 
can be eliminated as before. As a result of this elimination the quantities 
(16) .Aas | | 
(17) Ade! — BAA Aae Al + (Aa;" + RAAsAQE -4+ 4a: Al?) Aas? 

~— (Ady + 4ä Aa; +- 12a2,a,Aa,) Aas" + (943? + 16244) Aas 


are obtained as relative invariants of the fourth order horn angle formed by ` 
the curves (1,1’) under the conformal transformation (2’). They are of 
index 1 and 5 respectively. Consequently, 


THEOREM II. The quantity 


Aas 
Ade* Sn T -} (9a? -+ 16a.a,) Ads' 


and the sign of Aas are the invariants of a fourth order horn angle under the. 
conformal transformation (2). Conversely, if two such horn angles agree in 
the value of (18) and in the sign of Aas, they can be made to coincide by a 
- conformal transformations (at least to any finite order of contact). 


The quantity (18) will be called the conformal measure of a fourth order 
horn angle and. denoted by 37,25. It is a differential invariant of the ninth order. 

Were it desirable, the quantities (16), (17), (18) could now be expressed 
in terms of the curvatures and arc-length derivatives of curvature of the curves 
of the horn angle as was done for the horn angle of third order contact in 
expression (13), but as this form is not needed, it will be omitted. 

The measure, M,.5, can be expressed in its simplified form analogous to 
(15) by means of the correspondence 


(19,) V == Oe 
. (192) W == Le 
= (193) Kh = r 
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(194) Y = ag + 2a07t, . 
(195) z= dg + Acta? -+ 12dtettalte — (Ig? + 16a2t4) Us. 
Then | . 

: Av 


(20) M$ = SS SEE ee 
Awt — 3AvAw*Az 4- (Av? + 2AwAy) Av? — Av Az 





is the measure of the fourth order horn angle in terms of certain simple func- 
tions of the coefficients of the curves of the horn angle and consequently in 
terms of simple functions of the curvatures and arc-length derivatives of 
curvature of these curves at the origin. Thus Jf,.° is a metric invariant also. 


The measure of a fifth order horn angle. Analogous to the results in the 
two preceding sections, the quantities ' 
(21) Aag 
(22) Aa? — 4AaPAlsAl, + (34a Aas + 3Aa,Aa? + 4ay2Aa,*) Aae? 
— (2Aa,Aaro 4 2AasAdy -+ 8ao7Aa;Aag + 12a243Aa;) Alo? 
+. [Aa + 4a Aas + 12a,agAd—s + (9a? + 16a2a4) Aa, | Ade! 
— (20d205 +- 24a904) Aa 
are relative invariants of the horn angle of fifth order contact formed by the 


curves (1, 1’) under the conformal transformation (%’). They are of index 1 
and 6 respectively . Consequently, 


TsxxoremM III. The quantity 


Aa 6 
Aa,* epee Pe ON emer Aa,® (20 dats 1. P4304 ) 


and the sign of Aas are the invariants of a fifth order horn angle under the. - 
conformal transformation (2). Conversely, if two such horn angles agree in 
the value of (28) and the sign of Aas, they can be made to coincide (at least 
to any fimte order of contact) by a conformal transformation. 


The quantity (23) will be called the conformal measure of the fifth order 
horn angle and denoted by 42,.°. It is a differential invariant of the eleventh 
order. 

Again the expression of these invariants in terms of the intrinsic metric 
invariants will be omitted. The measure, Jf,.°, can be expressed in the sim- 
plified form | | 
(24) Mif = aie 

Au’ 


Ave — LAUAD Aw + 3AN? (vAr + AvAw?)— 2Au? ( AvAy -+ AwAw) +- AutAz 
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by means of the correspondence 
(25) U= 

(252) U= d; 

(253) W = dg 

(254) T= Qy + %ae7a, 

(255) Y = tio + tls + blllall 

(250) Z= l + 4a lo + Ltolzls -+ (903? + 16 dots) a7 —( 20 Gots -+ 240305) de. 





By combining equations (12;) and (25;), the functions t, v, w, s, y,z can be 
expressed in terms of the metric invariants, curvature and its arc-length 
derivatives, indicating that M, is a metric invariant also. 

Since the existence of one and only one such conformal invariant has 
been established by Kasner for horn angles of any finite order of contact, and 
since the methods employed for each case are such simple extensions of the 
methods of the previous case, it seems probable that a general form for the 
Invariant for the n-th order case exists. So far, however, it has not been 
possible to find a symbolism in which to express this conformal invariant of 
differential order 2n +- 1 which is sufficiently compact to permit a proof of its 
existence to be carried through by producing the measure. 


2. Conformal geometry of third order Horn angles. In an earlier 
section of this paper it has been shown that two given horn angles of n-th 
order contact can be transformed into one another by a direct conformal 
transformation if and only if the two horn angles agree in measure (and in 
the sign of Aans) and that the measure of a given horn angle is completely 
determined by the values of the first 3n +- 1 derivatives of the sides at the 
vertex. Consequently, the study of the conformal geometry of horn angles 
may be reduced to the study of the conformal geometry of the differential 
elements of the (2n -+ 1)-st order passing through a given point in a given 
direction. In the remainder of this section the term curve will mean the 
differential element defined by a point on a given curve and the derivatives 
of this curve at that point, and the term n-th order horn set will mean the 
totality of all curves [ (2n + 1)-st order elements] through a given point and 
each having at this point n-th order contact with every curve of the set. 
Again the n-th order horn set for which the common’ point and common 
direction are the origin and horizontal axis may be considered without loss 
of generality. 

Associated with each third order horn set (y, y’) (i.e., the horn set of 
curves through the origin having there slope zero, curvature y, and arc-length 
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derivative of curvature y’) is a four dimensional space, K4(y, y), which con- 
sists of the totality of number quadruples (w, x,y,z) where w,a.y,z are the 
simple functions of the coefficients of the curves of the horn set (y,y’) given 
by the equations (14;;1). The conformal transformation (2;1) induces a 
transformation between the curves of the third order horn set (y, y). and 
those of another third order horn set (T, I”) and, consequently, between the 
elements (w, 2, y,2) of the space K,(y,y’) and the elements (W, X, Y, Z) of 
the space K4(I,I’). The geometry of the K,-space associated with a given 
horn set (i.¢., the invariants of this space under the transformation thus 
induced) will 7 the subject of this section of the paper. . 


Definitions of the elements of a k-space. A point of the aes is a 
number quadruple (w, %,y,z) as defined by the equations (14;; 1). 


A series consists of any single infinitude of points of the space. 


A line (linear series) consists of the single infinitude of pcints of the 
space which satisfy three linear equations of the form 


(1) T= PW T Ti, Y = Po + T2, Z = PW -+ T3 

where p;,7; (i = 1, 2,38) are constants. When two lines are considered, double 
subscripts will ‘be used, the second subscript indicating to which line the 
coefficient belongs. 


A plane (flat congruence) consists of the double infinitude of points of 
the space which satisfy two linear equations of the form 
(2) y = aw + bız -+ Cis % = QW +- box + Co 
where ai, bi, c (t= 1,2) are constants. Second subscripts will be used to 
distinguish between the elements when more than one is considered. 

A fiat consists of the triple infinitude of points which satisfy the single | 
linear equation 


(3) e= dw + fat gy +h 


where d, f, g, & are constants, subscripts indicating the flat to which they 
belong when more than one flat is considered. 


Derwation of the fundamental group, G: The transformation induced 
by the conformal transformation (2;1) and carrying the point (w,2,y,z) of 
the space Ka(y, y) into the point (W, X, Y, Z A) of the space K,(T, T’) is given 
by the equations 

W = mow + hy 
A = mtr + 3m mw + he 
©) Y == m5y +. 3m mæ + Mmw +h; 
Z = MEZ + AM MY -- RM MaE + EMa (Ma — IM Jw + ha 
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where m,540, ms, ms, hy, he, hs, hg are constants. The verification of this 
set of equations lies in expressing the functions W, X, Y, Z, defined as func- 
tions of the coefficients of the transformed curve (3;1), as functions of the 
coefficients of the curve (1;1) and then expressing this last set of coefficients 
as functions of w, £, y, z The effect of the transformation (2%; 1) on the 
coefficients of the curve (1;1) is given by the equations (5;1) from which 
. z and £, can be eliminated as before by the use of (51; 1) and (52; 1) 
leaving 


A= ay + f (de; Ga, Qis a Bi) 
Ás = ls — 2al; -+ g (Gs, G3, Xis Bi) 
(5) Ag = thy — 80205 ++ (— a3 + 400? + 442" +: 2A ce — bdo’) a, Z 
s ED h (a2, a3, Xi, ß:) 
Ar = ty — 40g, + 2 (— a + Aa? + 245” + 2A ote — 402”) as 

+ [— 4a: (— as + Ran? + 2A- 2A ote — Bay?) 

+ 12 (AAs — Gods) Jas + (de, a3, ai, Bi) 
where f, g, h, k are functions of a», ds, %:, Bi (1 —=2,:°~°,7%) and do not 
involve @4,°--,d;. The effect of using the modified transformation (2”;1) 
in place of the transformation (2;1) is eliminated by dividing each of the 
coefficients a, of the right members of equations (5) by a," as before and 
the resulting equations, l 


As = (1/22) + f 
= = (1/%,*) ds — 2 (a2/a,?)a, + g” 
(6) = (1/a,°) ag -— 3(a2/a,*)as + (1/015) (— o?a3 + hee 
+ da A? +. 2a, A vo — 649") a, + h’ 
Az = (1/19) a, — 4(a2/a1°) ag + 2 (1/08) (— Q: °% + 40,700" 

+ 40%? Aa? + 2a Astle — 402”) as 
+ [— 4 (2/45) (— ay?ag + 2a + aAa + 2a, A afte — baa?) 
+ 12(1/04°) (aA 243 — tzt) lay + K’, | 


express the effect of a more general transformation like (2;1) on the coeffi- 
cients of the curve (1;1). From these equations (6), the equations (14;; 1) 
and the corresponding equations expressing W, X, Y, Z as functions of 
Aa,’ ke are obtained the equations 


= (1/a,8)w +f 
= (1/ax4)2 — 2 (a/a) 0 + 9" 
(7) Y = (1/a,°) y — 3 (G2/a,*) a -+ (1/81) (— 2: a + 40°07 
+ 4a Aa + 2a,A 50. — 6a,”)w + h’ 
Z = (1/a,°)2 -—4(a@2/ay>)y + 2 (1/08) (— a,2a3 + 4a, ta? 
+- 4a A? + 2a Aol — t ) X 
— 4(a_/a3") (— Qa + Baa + 4a A + 2a, Atte — ba) w 
+ K +. 44529’ —12A,A sf” l 


(8) 
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which become the equations of the induced transformation (4) when the 
substitutions . 


M, = 1/21, Me = — 82/1, Ma == ( 1/214) (— a@y2a3 + Ao, 2a? 4- da2 A? + ka Aala — 
hy = F, he = g, hs sames h’, h4 == k -+ 4A. g — 12A-A f 


are made. Consequently, 
THEOREM IV. The group of conformal transformations of the plane 


induces a seven parameter group, G, of transformations between the points 
of the two K,-spaces associated with the given and transformed horn sets. 


Furthermore, Theorem I may be restated as follows | 
THEOREM V. An ordered pair of points of a space K,(y,y') has the 


unique absolute conformal invariant, the measure or distance between the 
points, Myo* (15; 1). 


Thus the differential of arc in this space is 


dw* 


(9) E — dw*dz — 2dwdzdy + dz” ` 


The general line. A null series shall mean any series of the K,4-space for 
which the measure of any pair of distinct points of the series is either zero or 
infinity. Thus from (9) it is seen that the null series are solutions of the 
differential equation (prime indicating differentiation with respect to w) . 


(10) 2’ — Rey + r” = 0 
and the special lines for which | 
(11) va ary 

The line (1) is said to be a general line if 
(12) ps— 2pipe + p? ~ 9. 


Geometrically, a general line is a line which is not tangent to a null series 
(i.e., the line and series do not have two consecutive points in common). 
Any general line (1) of a space H4(y, y’) is converted into a general line 


(1’) X == P W + Ry, Y = P,W 7 Ra, Z == P,W -+ R, 


of a space K,(T, I”) under transformations of the fundamental group. This 
statement is proved by obtaining the effect of the transformation (4) on the 
coefficients of the line (1) which is given by the equations 


a 


` 
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P, = m, p, + 2m:/m, 

Po = M? Ppa + Bmp, + m3/m,? 

P, = m? pa + AMM ps + 2M: p1/ M, + (4ma/m:") (m — 2m) 

Ry = m,r -— mhp + he — 2mh / M 

Ra = M, To + BM Ma, — M hipa — Bmehip: + hs — Msh / Mm? 

Ry == Mmr + 4m Mora + RM Marı — Mi hipa — 4myMehy pe 
— 2mghips/m, -+ ha — (4m2/m,*) (Mma — 2me?) hi. 


(13) 





Then it can be seen that 


(14) Pa — 2P P: + Piè = m3 (ps — 2pips + pr’), 


and consequently the line (1°) is a general line if the line (1) is. 

Given two general lines, lı and la, it is possible to obtain from the equa- 
tions (13) the following expressions from which the coefficients m2, ms, 
hı, + +,hs of the transformation (4) have been eliminated ° 


AP, = MAD, 


(15) AP.AR,—AP,AR, = PCr — Ap,Ars) 


BAP, (APAR, — APAR) S 4AP. (APAR, =o AP,AR;) 
= m,5[3Ap,(Ap,Ar, — ApiArs 5) — 4Ape(AprAr, — Ap, Ar.) |. 
The left sides of these equations (15) and of the two expressions (14) stated 


once for each line are then relative invariants, consequently, 


THEOREM VI. Two* general lines possess the four independent absolute 
invariants 


S 
16; E <a S 
(165) Psi — PoP + Pij” G ) 
APAT; — Ap Are 
16 FEE E aa 
ee (Pai — Papa + Pè)” 
(16,) 3AP: (APAT, — ApiAr,) — 4Ap2(ApoAr, — ApiAr a) 
i petit “ct eg! “6 rh ea E SRA Aa 0 Nee el: a! E aa A 


(Dai pee RVP 211P] ° ) ae 


Note: Two intersecting general lines possess only the two independent 
invariants (16;). 


The dirèct dihorn angle, aij, between the lines l; and l; is defined to be 
the quantity 


° Throughout this section of the paper the second set of subscripts will be used to 
indicate to which of two elements the coefficient belongs and the A notation to indicate 
the difference between corresponding coefficients for the two elements. 

*A single line possesses no absolute invariants a has the expression (12) as a 
relative invariant. 


468 MARY ELIZABETH LADUE. 


(Pri — Pu)? ; 
a Psi — PPa; + Das?” 
and the reverse dihorn angle, x;;, for this ordered pair of lines, is defined by 
formula (17) with the i and the 7 interchanged. From the definition of these 
two angles and definition (15;1) the trihornometry (2b) of the third order ' 
can be developed. l 
Similar to the proof of Theorem VI is the proof of 


THEorEM VII. A point (wWo,%o, Yo, 20) and the general line (1), not 
containing the general point, have the three independent absolute invariants 


Vy —— PiWo — T1 
(Ps — P:P + pr*)*” 
2 (Yo — PoWo — 12) — BD1 (To — P1Wo — T1) 
18, I es eeen ee 
(182) Lpr | (Ps — 2P1P: + p)” : 
(Zo — PsWo — 13) — 2f1 (Yo — Poo — r2) + (8p1? —2p2) (Lo — PW — 
(Ps — 2p1pe-+ Pè)” 


(18:1) Irn = 


(18) Ip, = 


The extremum distance between the point and the line is a function of these’ 
invariants 
Ws 


(18,) Extremum D = VOL WwW WOI iW a WS ie 


where W is that function of Ipi, Ipis Pr obtained by solving the cubic 
equation _ l 
(19) ws — 21 p1,W? — 3lp1Jpi,W — 4I pi? === (), 


v 


The general plane. The plane (2) is a general plane if | 
(20) [2% a2 — 18b, (2a, — be) ~— 16B,°]? — 4[8 (2a, — bz) + 40.2 ]8 34 0. 


Geometrically a general plane is a plane which is not the osculating plane of 
any null series (i.e., the plane and series do not have three consecutive 
points in common). — 
From equations (4) it is possible to show that under the fundamental 
group, Gr, any general plane (2) of a space K4(y,y) is converted into a 
_ general plane of a space K,(T, I’) 


(2’) *VeAWeexyico, 2 AW er Cc. 


‘The transformation between the planes of the two K,-spaces is given by the 
equations 
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A, = m,74, — 2meb, + (ms — bM) /m? 
B, = mb, + 38me/m, 
Cy = MŽ + (2mehy -— miha) bd, — m’ hid T ha — 3mzhe/m,—(m3— 6m? \hi/m,? 
Ay = M,’ — 2M1 Maba + 4m Mo, — 8m? b/m, — BM /mMm,? 
Ba = m,?bs + 4mb, + 2m,/m? N 
Ca = my8e, +. mM (Rmeh, — Miha) be — Mm: hia + 4m,4 es 
be (Am2/m1) (2mh, — mhz) b, —- 4mymehid, + hy — 2mgho/m,? + 8m-"h,/m3 


(21) 


From equations (21) it is possible to obtain the following invariants: 
‘Truoneat VIII. A general plane (2) possesses the absolute invariant 


[2%a, 18b, (2a, — ba) — 160,°|? 
4[3 (2a, — be) + 46,7]? 


THEOREM IX. Two general planes possess, in addition to the invariant 
(22) stated for each plane, the four independent absolute invariants 


[3 (2ds2 ies Boo) “— 4b,,7|° 





(22) #1. 


(28) Tatan — 18b Qan — ba) — 16b]: — 4] 8 (Gan — ba) F Abn] 
CS ETE PE, A E 
‘: 5 [2an — 1801: (2a ——s bor) — 16b; ] — Sa (2a, — Box) ~f- 4b,:”] 

[27a — 18b11 (Zarı — B21) — tbn TE — i Ga- — ba) + 461:7]° 
(23 ) (Aa.Ab,; — Aa Aba)? 
4 


[Bang — 180s, (Bos bn) — 160°]? — ila Bas bn) F Dak 


Note: In general two planes have only a single point in common, but if 
they have a line in common, the invariant (234) vanishes. 


THEOREM X. A poini (Wo, Vo, Yo, Zo) and a general plane (2) not con- 
taining the given point possess, in addition to the invariant (22) of the plane, 
‘the two independent absolute invariants 


(Yo e Ly Wy — bito == C1) 7° 
[27a — 18b, (2a, — be) — 16b, |? — 4[3 (241 -— b2) + 4b,?]? , 


-3 (0 — Gatto — bano — Ca) — tbi (Yo — Wo — bito— 0) 
[2%a. — 18b, (2a, — bz) — 16b,°]* — 4[8 (2a, — ba) + 40,7]? ° 


(241) 


(242) 


THEOREM XI. A general line (1) and a general plane (2) | possess, in 
addition to the invariant: (22) of the plane, the four independent absolute 
invariants 


2a, — 18b, (2a, — Be) — 16b,? 


25 
(251) Ps — RPP -F P? 
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(2b, — 3p,)? 
256 Pee. NS A ee iN See 
( 2) pao RPP -|- D” 
(25a) (ay p13 P)? 


(Ps — 2P Pa + pr*)? 
(25,) Lao + Biba — ps) (64+ ribs 12) —( + pbp) (Co riba — re) P 
(Ps — 2p1pa + p”)? 
Note: If the line (1) lies in: ‘the prane (2), the invariants (25) and 
(254) vanish. 


The general flat. The flat (3) is said to be a general flat if 


(26) 8d + 4fg + g* 0. 
Such a flat is not the osculating flat of a null series (i.e., the flat and the 
series do not have four consecutive points in sonnen at a point for which 
T = g/2. 

From equations (4) it is possible to show that under the fundamental 
group, Gr, any general flat (3) of a space K,4(y, y’) is converted into a general 
flat of a space K,(T, I”) 


(3°) Z = DW + FX 4- GY 4 K. 
‘The transformation between the flats of the two K-spaces is given by the 
equations oo . ' 


D = m,’ d —- 2inymef — (ms — 6m?) g/m, — (4ma/m,?) (ma — 4m?) 
F = m'f — 3mg -+ (2/m:?) (m, — 6m") 
G == mg +- 4ma/mı 
K = mk — m hid +. m (2mehy — miha) f 
+. [ (mg —- 6m) h/m, + 8mMoh2— miha] g + ha — 4moh3/m, 
—~(2/m,*) (ms — ma’) he + (4ma/ m°) (mg — 4m?) hz. 


(27) 


From equations (27) itis possible to obtain the invariants listed in the 
following theorems. 


THEOREM XII. Two general flats possess the two independent absolute 
invariants 
rr, 
28. eee sr, aa 
Sd 8d; + figi + 97° 
THEOREM XIII. A point (Wo, Lo, Yo, 20.) and a general flat (3) not con- 
taining the given point possess the absolute invariant 


(J = 1,2). 





5A single flat possesses no absolute invariant but has the expression (26) as a 
relative invariant. 
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256 (Zo — dw — f&o — JYo — k) 
(8d + 4fg + 9°)” 


which is the extremum distance between the point and the flat. 


(29) 


THEOREM XIV. A general line, (1) and a general flat (3) possess the 
three independent absolute invariants 5 


: (2p, — g)* 
a Bd + aig + 6 
(2p: — g)? 
30. oe ood 2 aes Sees 
es) Ps — 2p1p2 + pr® 
Pa — 4 — fP1— gp: 
oe 8d + 4fg -+ 9? 


Note: In general a line and a flat have a single point in common, in 
which case 


(31) -Pa -— d — fp, — ope ~ 0 


and no extremum distance can be computed. If in particular the line and 
the flat do not intersect (i. e., the line is “ parallel ” to the flat), the expression 
(31) vanishes but 


(32) Ta — k — fr, — gr: 0 
and the extremum" distance is given by the expression 
256 (r3 — k — fry — gre) 
(8d + 4f9 + 9°)* 
which in this case only is an absolute invariant. If on the other hand the 


line lies entirely within the flat, both (31) and (32) vanish and the expression 
(33) gives the extremum distance, -which is then zero. 


— (88) -Extremum D == 


THEOREM XV. A general plane (2) and a general flat (3) possess, in 
addition to the invariant (22) of the plane, the three independent absolute 
invariants 
27a — 18b; (2a, — bz) — 16b," 





— 8d + Afg +g” 
ES (4b, — 3g)? 
= Mate 
[3 (2a, —-f) + bı (4b, — 39) ]° 
ia ~ BiFag+g 


Note: As in Theorem XIV, no extremum distance can. be computed if 
the plane and flat intersect either in a line or in a point; but if they do not 
intersect | 
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(35) j (lg — d -— tg = ba — f — big = 0 

and the extremum distance is given by the expression 

256 (C2 — 1g — k) 

(84 + 4fg + 9°)? 

- which in this case only is an absolute invariant, or if the flat contains the 
plane both (35) and (36) vanish, the extremum distance being zero. 


(36) Extremum D == 


8. Equilong geometry of second and third order Horn angles. 


The equilong measure of second and third order horn angles. In this 
section of this paper the equilong measure and the equilong geometry of second 
and third. order horn angles will be developed in order that tae rough duality 
existing between the conformal and the equilong theories may be studied - 
further. 

An equilong transformation of the plane is any contacz transformation 
of the plane which converts straight lines into straight lines in such a way that 
the distance, 6, between the points of contact of any two zurves having a 
common tangent remains invariant. Since the element is tae straight line, 
it will be convenient to use Hessian line codrdinates (u,v) to indicate that 
directed line having a normal through the origin which is v units long and 
makes an angle of u radians with the prime direction. In this codrdinate 
system a curve is given as the envelope of a single infinitude of lines and 
therefore by an equation of the form 


DV = lo + AU Gq? + 

Two such curves will have contact of exactly n-th order at the line v = & if 
the first n+ 1 coefficients in their power series expansions are the same and 
the (n + 2)-nd are distinct. If these two curves have contact of first or higher 
order, the invariant distance, 8, has the trivial value zero and the pair of 
curves form a horn angle of the given order of contact. This horn angle will 
have a unique equilong invariant. The form of this invariant for second and 
third order horn angles is obtained below. As in the conformal case there 
is no loss in generality in limiting the study to the invariants of the horn 
angle 
(1) V = tou? + agu® 4+---- 

v= ou? +a'gue+- + (with a = Wo ++ dn = Wn, na Ana). 


Since the group of equilong transformations of the plane can be shown to 
consist of the set of all line transformations of the form 


U = $(u) 
V = gu(u)v + y(u) 
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‘where œ and y are arbitrary analytic functions (3), the equations 


(2) U = au + au? ++: - . 

V = (m+ 2au+---)u+ Bu+ Bow? +: -- (a, 0) 
represent an adequately general equilong transformation under which the horn 
angle (1) is equivalent to another horn angle of the same order of contact 
given by the equations 

3 Vex AU? +AU? +:-:: l i 
( ) V == A’, U? + AU? +-+-- (with As = A’, tt An = A'n, Ana ¥ A’ nai). 


' Again the two identities 


(4) (a + 2aou-+- + -) (au? + agu? +: - -)+ Bru + Bou? +-- - 
== Ao (ait + au? +--+ +)? 4+ Aalan + au? 4° )8 oo: 


(£) (a, + Ragu +--+) (a’pu? + au? +--+ - +) + au t Bow?+--:- 
== A’, (au + agu? -+ - 24 A's (au -H au? + - oe) ee ee 

are the conditions for the equivalence of the horn angles (1) and (3) under 
the transformation (2). As before, when for a horn angle of a given order 
the coefficients of like powers of u are equated to zero in each identity, dif- 
ference equations formed from the corresponding pairs of equations, and the 
constants a; and 8’ of the transformation (2) eliminated, a pair of relative 
invariants are obtained for this horn angle. For the second order horn angle 
the relative invariants are 

5) Ads 7 of index 2 
Aa,” — AasAds of index 6 


and for the third order horn angle 
A f index 3 
(6) As of index 


Ads? — 2AaAa;Aa, -H Aa An, - of index 12 
Consequently, 


‘THEOREM XVI. A horn angle of second order has the unique absolute 

equilong invariant 
Aa? 
(5°) e pA : i ? 
Ada — 2Aa,A; 
and a horn angle of third order has the unique absolute equilong invariant 
Aa! 

Als? — 2Aa Aas Alg -+ Aa, All; ' 


(6') 
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These quantities (5’) and (6°) are called the equilong measures of second and’ 
third order horn angles respectively and are denoted by-py2* and prot. 

As in the conformal theory, the invariants can be expressed in terms of 
intrinsic metric invariants, in this case in terms of the radii of curvature and 
their derivatives with respect to the inclinations of the curves. However, 
it 1s more desirable for comparing the equilong and conformal measures to 
leave the equilong measures expressed in terms of the power series coefficients, 
regarding these as functions of the metric invariants of radius of curvature 
and its inclination-derivatives. Then the comparison of the equilong measures 
p2? (5’) and p4 (6’) with the corresponding conformal measures M, ° and 
My2* (15;1) reveals that the two measures for second and third order horn 
angles are identical in algebraic structure. 

The “ duality” of the conformal and equilong goman of second and 
third order horn angles. In section 2 of this paper the transformation induced 
in the space of elements (w,a,y,z) associated with a third order horn set 
by the conformal transformation (2;1) has been discussed in ‘detail. The 
conformal geometries associated with first and second order horn sets has also 
been discussed thoroughly by Kasner and de Cicco (2). Furthermore Kasner 
has shown that the equilong geometry associated with a first order horn set 
is identical with the conformal geometry associated with that horn set (4b). 
In this section of this paper the extension of this “ duality ” to the geometries 
of second and third order horn angles is established. 

The conformal K,-space associated with a given second order horn set 
may be defined as the space of elements (w,y,2z) given by the equations (2c, d) 


X == hy 


(7) y= ts 
Z === eg -— Alts As 


where the a; are the coefficients in the power series expansion (1;1) of the 
curves of the second order horn set. For this space the fundamental trans- 
formation induced by the conformal transformation (2;1) of the Cartesian 
plane is given by the equations? | . 


40 Ar? 
a Hy? — te. E a a 
j 3 BAP — 4Ar Ar” te 4AT 
, 875 Agri ao Aa 
hays e e e 2 = 


M PE 
4 42AT — TOAT? Ar Ariy + (25Ar¥ + 45A” y Ar” rig” i Ay? — ArAg 
7 Equations (7) and (S) differ a little from the definition and transformation of 
the A-space given by Kasner and de Cicco because the author found this definition 
more convenient. The effect on the geometry is unimportant. 


"~ 


Cat 


CONFORMAL GEOMETRY OF HORN ANGLES OF HIGHER ORDER. ` 4 


xX — M, T — hy 
(8) Y = mM èy +- by M2 + he 
Z = miz + 2m: mAy + me2e + hs 


and the fundamental invariant distance under this transformation (1. e., Mia”, 
the conformal measure of a second order horn angle) by 
Ar? 
(9) r . 
; Ay? —— AvAz 


If the equilong K’,-space associated with the second order horn set is 
defined as the space of elements (x, y,2) given by the equations 


(10) T = lg, Y= la, 2 == ls, 


where the a; are the coefficients in the power series expansion (1) of the curves 
of the horn set in Hessian line coördinates, then the transformation induced 
in this equilong K’,-space by the equilong transformation (2) of the Hessian 
plane is also given by the equations (8) and the fundamental distance in- 
variant, the equilong measure of a second order horn angle, by equation (9). 
Thus the “ duality ” extends to second order horn angles. 

In section 2 of this paper the conformal K,4-space associated with a third 
order horn set was defined as the space of elements (w, x,y,z) given by the 
equations (14;;1) with an induced transformation given by the equations 
(4;2) and a metric given by the expression (15;1). In this paragraph the 
corresponding equilong K’,-space will be defined and shown to be identical 
with this conformal Ky-space. The equtlong K’,-space associated with a given 
third order horn set is defined to be the space of elements (w,2,y,z) given 
by the equations 
(11) | W = lly T= as, Y= lo . 2 = llr, 


where the a; are the coefficients in the power series expansion (1) of the curves 
of the horn set in Hessian line coérdinates. The development of the equations 
of the transformation induced in this space by an equilong transformation (2) 
of the Hessian plane follows the same procedure as that outlined on pages 18 
and 19 for the conformal case. Given a third order horn angle expressed in 
Hessian line codrdinates in the form (1), it is possible to obtain from the 
identity (4) the set of equations 


a ==(1/a,?)a, + hy (Ge, ds, Ai) 
(12) = (1/a,*) ds 2 (2/01) de + he (Ge, 3, %4) 
h = ( 1/25) ag — 3 ( 42/01") @s —(1/a1) (83/81 — 4an?/01%) Ga + ha (te, dg, @i) 
A: ==(1/a1°) ay — 4 (82/21 ) a [a >) (a3/a,5 — 4a? /2:6) a5 
-+ 4 (a2/a,*) (23/81 — Ray? / 01°) by 4 ha (Qa, 3, a4) 
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(where hı, © +, ha are functions of a2, a3, a; and do not involve @a' ' ',ar). 
These: equations, which express the effect of the equilong transformation (2) 
on the coefficients of the curve (1), become the equations of the desired trans- 
formation by means of (11) when the substitutions 


(13) m,==1/a, thy = — 09/043, Tta = — [a /o,5 sed 2 /q,8) ] 


are made. It is only necessary to write out this transformation in order to 
see that it is given by the equations (4; 2) and consequently has the expression 
(15; 1) as its fundamental invariant. Consequently, 


THEOREM XVII. The equilong geometry of a second or third order horn 
set is identical with the conformal geometry of that horn set. 


BARNARD COLLEGE, 
CoLUMBIA UNIVERSITY. 
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ON THE SINGULARITIES AND THE QUALITATIVE BEHAVIOR 
OF THE SOLUTIONS OF THE PROBLEM 
OF CENTRAL FORCES.* 


By E. K. HAVILAND. 


Introduction. The purpose of the present note is to investigate the 
motion of two bodies under the influence of their mutual attractions, when 
these latter satisfy certain specific conditions. By choosing the origin of the 
coördinate. system so that it coincides with one of the particles, the motion 
may be reduced essentially to that of a single particle under a static central . 
force. The force function, U, will in addition be subjected to the requirement 
that it be homogeneous of degree A (=< 0) in the Cartesian codrdinates x and 
y. In the particular case where A= 0 the latter requirement is replaced by 
the condition that the first partial derivatives Uz, Uy be homogeneous in z, y 
of degree à — 1 = — 1. This leads in the former case to a force function U 
proportional to 7 and in the latter to one proportional to logr, where the 
constant of proportionality is chosen so as to correspond to an attractive force.* 

While a number of the results concerning the nature of the’ paths in ` 
various particular cases have long been known, the present paper is concerned 
primarily with an aspect of the subject which appears not to have been treated 
in detail hitherto, viz., the analytic character of the collisions, a subject which 
appears elementary at first glance, but which turns out to be complicated 
enough to involve a rather deep analytical apparatus; in particular, the proof 
of the non-existence of an analytic continuation in certain cases will be made ` 
to depend on Bohr’s theory of almost-periodic functions of a complex variable. 

At the same time, it has seemed desirable to complete and systematize 
the description of all the various cases arising from force functions of the 
above type, and in this connection the most striking result is that in the range 
—2<\’<0 the situation is the same as for the Newtonian exponent 
à = — 1l; in the sense that the non-vanishing of the constant angular mo- 
mentum, c, remains necessary and sufficient for the non-existence of collisions 


* Received March 25, 1942. i 

1Of. W. Whewell, On the Free Motion of Points, Cambridge (1836), especially 
pp. 39-79. E. T. Whittaker, Analytical Dynamics, Cambridge (1917), pp. 77-86. P. 
Stickel, Encyclopédie der mathematischen Wissenschaften, vol. 4, pp. 494-496. 
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and singularities, and that in addition the three subcases belonging to a fixed 
c £0 are qualitatively the same as in the classical case. 


1. Classification of cases. Turning now to the detailed treatment of 
the problem, we observe that, if polar codrdinates be introduced, the equations 
of motion possess the integrals 


(1) A (0? + rg?) — U(r) =h 
and 


(2) r =c ( = d/dt), 


the former representing the conservation of energy and the latter the con- 
servation of angular momentum. Since ¢ is an ignorable coérdinate, (1) may 
.be replaced by 

(1 bis) 41? — U(r) + 472/77 h - 


ie, by 47 — U* = h, where U* = U* (r; c) == U(r) — $c?/r", so that 
fa? == U (r) — $e? + h =F (1), say. 


We proceed to deduce from (1 bis) and (2) the nature of the motions 
corresponding to various forms of U(r). Since the number of possibilities 
is rather large, it has been thought desirable to summarize the various cases 
and subcases in the following table: 


I. c==0. (A) Ver’, 0<A<+to 
(a) h>0O. 


1. A irrational. 2. A rational = p/q. 
1*. p odd, 2%. p even = 2x. 
21". «+ q odd, 2.*. «+ ge 
(b). h= 0, ae n 


(c) h< 0. 
(B) U = — logr 
(O Tee 
(a) O<A<1 (8) ISA<+ 0. 
(a) h> 0. (a) h > 0. 
(b) ASO. (b) AS0. 
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i: #0. “SO: 
(4) U= 
(a) 0<A< 2. 
| (a) h>O. (b) k=O. (e) h< 0. 
(i) F(ro) > 0, (ii) P(r) =0, (iii) P(r) < 0. 
(8) A=2. 1— fe? =t. 
(aa) £>.0,h > 0; (ab) ¿>0,h <0; (ac) £>0,4—0. 
(ba) €==0,h > 0; (bb) =,0,2 == 0, (be) = 0,2 <0. 


(c) <0. 
(y) 2<A< + a. 
(a) h> 0. 
(i) F(t) <0. (ix) . (i2) 
(11) F(ro) =0. 1. A irrational, 2. À 
Gi) F(ro) > 0. rational = p/q. 
1*. p odd. 
2*, p even == 2x, 
2”. x + q odd. 
Re". K + q even. 
(b) hÆ 0.. 


(B) U =—logr. 

(i) h <loge+ 4}, (ii) h= loge +4, (iii) h>loge +h. 
(C) V=—rOcA<+ om, 

(i) F(ro) <0, (ii) F(7.) =0, (iii) Fro) > 0. 


2. The case of vanishing angular momentum. For convenience in 
treating the individual cases, we have written (1 bis) in the form 


¿ C) dy”? = U (r) — 4/7 + h = F (r, h) = F (r) 
whence 
(3 bis) A(t — t) = f " + | P(r, h) | Bar, EE EA 


We shall first suppose that 


480 E. K. HAVILAND. 


(I) c=0; (A) U =r^, (0<A<+ 0); and (ai h >O. 


Under the assumption (I), the motion is rectilinear, so that we may write 
x (>07 for 7, and (3) then becomes i 


(3 bis) dz" =ò + h = F (2), 


whence 


Qt = f° (a> + h)?da = f wh? (1 +- hæ*)da. 
s70 0 


As «> 0, t— 0, so that a collision occurs, corresponding to t==0. To in- 
vestigate its nature, we consider only values of x for which 0 < ha < p, say, . 
(p <1). Then the parenthesis in the preceding integral may be expanded 
by the binomial theorem and the resulting series integrated term by term, 
leading to the equation 


Bt = AMD (97/(2 + 2) —h/(8A + 2) 29 | 
+. 3h*/[4(5A + 2) Ja? — 5A /[8 (7A + 2) Jo 4 + +, 
Regarding now t and x as complex variables, we set «\== y. Then 
me EMH) — BMY {RY (A + 2) — hj (3A + 2)y 
H 3h?/[4(5A + 2) Jye — 5h8/[8(7A + 2) y + PMA), 
pr, 24/O+2),- » - denoting those branches which are real and positive for real 
positive values of the argument. Thus z= 4A (y), where W(y) is a regular 
analytic function of y in some neighborhood of y = 0 and (0) 0. Con- 
sequently, 2’(0) £0, so that y is a regular analytic function of z in some 
neighborhood of z==0 and may be developed into a power series there, and 


since the coefficients of the series for z are real, the same is true of the series 
for y. On expressing y,z in terms of x,t respectively, this leads to 


(4) w= Bt? (1 + Bot” + Bet” 4----), where B, > 0 and y= 2A (Aa + 2), 
the Puiseux series in parenthesis converging uniformly for all ¢ such that 


[¢ | < pi, SAY, pr > 0. 
Two cases arise: 


1. A is irrational. Then 2/(A-+ 2) is. also irrational, and æ has a- 
logarithmic branch point at = 0, so that x(t) possesses no analytic con- 
tinuation through t = 0. iay . 

To prove this, we observe that, if we start with that branch of x which 
is real and positive for real positive values of ¢ (which is seen to be possible 
from the fact that the coefficients in the expression for < are seal and B, > 0), 
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then since 2/(A -+ 2) is irrational, it is clear that no number of circuits about 
t = 0 will restore the first factor on the right of (4) to a real value. If, then, 
a is to assume its original value, it must, in particular, be real and this is 
possible only if, after n circuits, the second factor is proportional to the con- 

jugate of the first, with a real proportionality factor k. Put t= p exp(t). 
~ Then after n circuits 


$2012) c 2! Mexp (t4arn/ (A + 2)) = p exp (122ra) , 


where a == (2n/(A + 2)) = 2n/{A + 2) — [2n/(A+ 2) ]. 

The second factor on the right-hand side of (4) would then have to be 
of the form hp?/“exp(—i2ra) for all p < pı- But this is impossible, since 
inspection of the factor in question shows that, for p sufficiently small, it lies 
in an arbitrarily small neighborhood of ¢==1 and hence in the interior of 
the angle bounded by the half-rays # == + 27a. From this contradiction, it 
follows that v has a logarithmic branch point at _ 0. 


2. à is rational, say of form p/q, where p and gq are relatively prime. 
Reasoning similar to that of case 1 shows that æ is real if and only if 42/2) 
is real. Therefore, v will be continuable through t= 0 under and only under 
conditions such that-t?/(**) is real for negative t. 

This last factor may be written as ¢°9/'**4), where 2q/(p + 2q) is to be 
interpreted as reduced to its lowest terms, viz., 2g/(p-+ 2q), if p is odd; 


q/ (4p +q), if p is even. Then 


(1*) If p is odd, p+ 2q is odd and real analytic continuation is always 
possible, g arbitrary. This includes the Newtonian case p = q = 1. 
(2*) If p is even, put p==2«. Then 2/(A+ 2) becomes g/{x-+q), and — 
(2,*) If «+ q is odd, real analytic continuation is again possible; 
(22"*) If x -+g is even, g must be odd, since otherwise we should not. 
have p and g relatively prime. Then «is necessarily odd. In 
this case, real analytic continuation is impossible, e.g. p = 2, 
q = 1. 


If the positive square root be chosen in (3 bis), it is seen that x increases 
steadily with £ As x—> œ, t— œ and ~ (2h)*#. Hence the solution is 
not bounded. If there are in general to be equilibrium solutions or asymptotic 
solutions, we must have * for some 1p 


(5) F (ro) = Fr (ro) = 0, 


nn rier 





=m ete 


“Cf. equation (3) above and A. Wintner, Analytical Foundations of Celestial 
Mechanics, p. 132 and p. 153. 
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~~ 


or in the present case, F == Fe = 0. - But from (3 bis) it is seen that neither 
F nor Fs vanishes for 0< £ < “+ œ, so that under the present assumptions 
neither equilibrium solutions nor asymptotic solutions exist: 

Suppose next that 


(b) h=0. Here the motion is the same as in (a), with respect both to 
boundedness and to the nature of the collision and to the non-existence of 
equilibrium or asymptotic solutions, but the results are more easily obtained, 
since 


@ 
t= 272 f aidan = rN / (A -F 2) or g == const. 7/02.. 
Ja 


Again,.suppose that 


(c) A <0. Then the nature of the collision is as before and there are no 
equilibrium solutions or asymptotic paths, since Fs 3&0, (O0<a@<-+ œ), 
but z~ (2h)#¢ implies that‘the solution is bounded. 

Let assumption (I) be retained, but (A) be replaced by 


(B) U == — log r, . (r = z), 
so that 42 = F(x) == — log z- h; Py =— o ; Frs == 0°, Thus there are 
no finite positive zeros of either F, or Fos. For all h = 0,F(0+) —=+ œ, 
F(-+- œ) ==— œ. The path is rectilinear and has a maximum at v == ¢', 
corresponding to a cusp.’ 

Since ; 
(6) dt = IŻ (h — log z) -4dz, 


it follows that, if ¢* be the time arbitrarily corresponding to the position «*, 
(0 < z* < e"), then a , 


(7) (— it =? f (h — log x)-#de, 
, g* 


from which it is seen that the solution path, starting from æ*, reaches both 
== 0 and «= eè in finite time. To z= 0 may be made to correspond t= 0, 
these representing the place and the time of collision. 

A necessary condition that s(t) be continuable analytically through 
{== 0 is that it should have at most an algebraic singularity there, whereupon 
the same would be true of the inverse function t= t(x) and hence of the 
derivative of the latter, since differentiation cannot introduce transcendental 
singularities. But (6) shows that this derivative has a transcendental (loga- 





7 


2Cf. A. Wintner, op. cit., §§ 185, 186. 
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rithmic) singularity at s == 0, from which it follows that the analytic con- 
tinuation of «= s(t) through t= 0 is impossible.* . 
As 'in the preceding case, there are no equilibrium solutions and no 
asymptotic paths. 
Continuing the assumption c == 0, we now suppose 


(C) | U= U(r) = — a, 

(a) 0<A<], 

then F(z) ares a h; Fy = — Aot; Fes =—A(A—1)2*”, so that Fo 
and Frs are s£ 0 for all z, 0 < ES + 0. Suppose further, that 

(a) ; h> 0. 

Then #(0) =h > 0, F(+ œ) =— œ, so that there exists a bounded colli- 


sion path, the maximum value of x corresponding to a cusp. As before, there 
are no equilibrium solutions or asymptotic solutions. To examine the nature 
of the collision, we consider 

(8) T° == 2(h — r). 


Taking, as' we may, the positive square root z’ == (2h)}(1— s^/h)?, and 
` setting 2/h/\ =r, we may expand the parenthesis by the binomial theorem 
and the resulting series converges uniformly for | | < p, say, (p <1), and 
may be integrated there term by term, leading to the expression 


ae 1 A 8 gy 5 nP: > ON ee 
teen Tn aan an Th 


(k = const. 4 0). 


Regarding t and r as complex variables, we put 7% == y, so that 


h 1 3 2 eee le 
De ae tea 0 a (2a py % + J^ 


z = $^ and y = 1 denoting those branches which are real for real values of 
the argument. Then, as in case (Aa), z = yA (y), where UW(y) is a regular 





t This fact may also be verified by making the substitution log « = y, followed by 


y = h — z", whereupon (7) becomes ¢ — t* == — V2 exp(h) * exp (eyes If z= 2{(t) 
represents the inverse of the foregoing, then œ is given as a function of t by 
z = exp(h—z*(t)). Since the nature of the transcendental singularity of t = t(z) 
at == œ Is quite different from that of y == logs at »=0 (or «= ©), it follows 
that æ as a function of t has a transcendental singularity at t == 0. For the nature 
of t(z) at z= œ, ef. Polya and Szegé, Aufgaben und Lehrsätze aus der Analysis, 
Berlin (1925), vol. II, p. 38, no. 189. ` 
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analytic function of y in some neighborhood of y == 0 and (0) £0, so that 
y may be expressed as a regular analytic function of z in some neighborhood 
of z = 0, and this leads to an expression ofthe form 


E == yt [l H yt PNL + yt + yeth +--° SI, 


where yı > 0 and'ys 3&0, (k = 2), whereupon reasoning similar to that of 
case (Aa), shows that 


1. If à is irrational, no analytic continuation is possible. 

2. If A is rational, == p/q say, where p and q are relatively prime, we 
write (k— 1)p/q = m/s, where it is understood that m and s are 
relatively prime. Here real analytic continuation is possible, if s is 
odd, but not if s is even. a 


If, on the other hand, 
(b) hs, 


Pi 


it is clear from, (8) and from the expression for Fs that there is no motion 

at all. | | 
Finally, if | 

(8) ~1Sa<+eo 


and (a): A > 0, there exists, as before, a bounded collision path, the situation 
with respect to the behavior at the maximum value of x and with respect to 
the analytic nature of the collision being precisely as in case (a). In the 
cases in which analytic continuation through the origin is possible and A > 1, 
the motion is similar to the case A= 2 of the harmonic oscillator. Since F ` 
and Fs do not vanish simultaneously, there are no equilibrium or asymptotic 
solutions. . l 

If, however, (b): A = 0, then there is no motion except, in the case h = 0, 
for the trivial equilibrium solution q == 0. i 


3. The case of non-vanishing angular momentum. Having considered 
linear motions, we now turn to the case 


(If) c £0, 


Where we may suppose without restriction that c >0. As our first sub-case, 
we shall consider that in which 


(A). U(r) =r^™ and (a) OSA <2. 
Here (3) becomes a 


(9) 


| 


72 pAn ger? a h = F(r), 
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whence ; 
(10) F,(r) = —)r*? + er and (11) Py, (r) =A(A + 1) rd? — 80%, 


As r-—>0-f, 17? —-—. 67/77, which is See for real 7, so that there 


is no collision in any of the three cases h= = 0: ; 

As. 7—> +. 00, 77% ~ 2h, so that if faye. h > 0, then r~ kt, ka aiant 
which may be Ser, positive. In this casé, a solution exists and is not 
bounded. dr/dé has just one zero, since F, has but one positive real zero and 
F crosses the r-axis an odd number of times, therefore once. ‘The zero of 
dr/dt corresponds to a minimum value of r, which we may suppose to occur 
at ¿= 0. For the nature of the path at this point, cf. the reference under 
(i) below. By (2), ¢’ = c/r*, (c > 0), so that ¢ increases steadily with 7. 
Moreover, as r ~ ki, integration of (2) shows that ' approaches a finite limit 
. as t-> +- 0, and a similar result holds if t —>— œ. 

In this case, # (ro) = Fr (r) =0 would imply Frr(ro) = 0 also. But 
the latter two equations imply A = 2, contrary y to hypothesis, so that no equi- 
librium or asymptotic solutions exist. . 

Again, if (b): h= 0, 2(dt/dr)?~ 1^, so that r~ const. 12/02), Here 
“+ becomes infinite more slowly than in case (a), but the motion is otherwise 
the same. 

Thirdly, if (e): A < 0, any possible sition will be bounded. To de- 
termine whether or not a solution exists at all, we observe from (11) that 


32 N-A) 
AA +1) ) | 
Consequently, F (r) is first concave and then convex from below. The ex- 
tremum of F(r) is located at te= (c?/A) YEN, where Fy(ro) = 0. For 
0<A< 2, it is seen that ro < rı so that the ein is a maximum. 
F(0 +) ==— 0, F(+ 0) <0. Therefore, 


| << l < 
Frr(r) = 0, according as r S21; = ( 


(i) if F(ro) > 0, there will be a bounded (periodic) non-circular motion. 
for a more detailed discussion of which the reader is referred to A. Wintner, 
The Analytical Foundations of Celestial Mechanics, § 215, p. 153; 

(ii) if F(1,) = 0, there will be a circular motion and nothing else; 

any if F (ra) < 0, no solution will exist. 

In case (i), 0 < Ry Sr R, say, so that from (2) | o—o| Z ckr? |t], 


and becomes positively or negatively infinite with 7, and the same is true 
in case (ii). 
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F and F, vanish simultaneously in, and only in, case (ii). The circular 
path then represents an equilibrium solution, but there are no asymptotic paths. 

Under the assumptions (II): c > 0 and (A): U = 17>, we now consider 
case 


(8) A—=2. 


We set 1 — $c? =f, and examine first the subcase corresponding to 
(aa): €>0;h>0. Then 


(12) r° =e 2(h+C/r?), whence (138) r= RE ( (24) -p ht)% 


if t= 0 corresponds to 7 == 0, and conversely. In this case, there is a collision, 
but no real analytic continuation of r through ¢ == 0 is possible. Substitution 
of (13) into (2) and subsequent integration leads to 


p — po = c[2 (26) ]= log[t/( (26)? + At) ], 


so that @ becomes logarithmically infinite as ¢->0-+. As ¢ increases and 
becomes positively infinite, the same is true of +. œ also mereases steadily, 
but approaches a finite limit as t— -+ œ. 

If, on the other hand, (ab): 4 < 0, the situation with respect to the 
collision as t-> 0 +- is the same as before, but as ¢ increases, 7 remains 
bounded. ¢ increases steadily with ¢ and becomes infinite ast + —(2f)3/h > 0, 
while as ¿ -> 0 +, ¢ becomes negatively infinite. 

In both the foregoing cases, x == r cos ¢ becomes 


e — A ( (2g)! + ht)? cos(e(8L) Hoglt/((2¢)* + ht) ]}, 
and the expression for y = r sin @ is similar. 


Thirdly, if (ac): h = 0, we have 177 = 2£/7", so r= (8£)4t. Here, as 
before, there is a collision, and real analytic continuation of r through ¢ == 0 
is impossible. = c/r? == c/((8£)4); = ¢(8f£)#log¢-+-const., so that 
$ — — œ a t=- 0+; ġ-> -+ œ as t->-+ œ, in which latter case 
r => -+ co also. 

Again, if (ba): ¿==0, h > 0, (12) reduces to 1? = 2h, so r= (2h)4t. 
In this case, v can be continued analytically through ¿= 0, g == c/2ht*; - 
$ = -— ¢(2h)t-1, so that as t —> 0 +, ġ becomes negatively infinite (assuming 
c > 0), but more strongly than in the preceding three cases. As t>-+ co, 
r> -+ co and p—>0—. x= (2h)#t cos (c/2ht), y = — (2) 2¢ sin (c/2ht). 

If (bb): £=-0, h=—0, (12) reduces to 7 =Ù, r= p = const. and 
$ = cpt -+ const., where the latter constant may be taken to be zero, and 
we have circular motion. 

If (be): = 0, h < 0, there is no real solution. 
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Finally if (c): £ <0, there is no collision for any value of h. Ifh <0, 
there is no real solution at all, just as in case (bce). If, on the other hand, 
h>0, ` 


t = 2-4 1 r(h1? + E) 4dr = (hr? + £)4/h2?, 


where R is the minimum value of r, corresponding to t==0. For the behavior - 
of the path there, cf. the reference under case (IIA aci). = h (2h t — é), 
so that upon substitution in (2) and integration, ¢ = cy/(2h) arctan (yt), 
where ° == 2h?/(— ¢), from which it appears that ¢ approaches a finite limit 
as t>0-+ and as t-»-+ œ, while in the latter case, r >+ œ. 

The usual tests applied to the case A == 2 show that there are no equi- 
librium solutions except in the case (bb), where #==0 and F,==0, in which 
case all circular motions are equilibrium solutions. In no case do there exist 
paths asymptotic as t —> œ. 

We next assume (II): ¢>0; (A): U =ò; 


(y) , 2LAS+ ow. 
l In this case, 7 < 1o (cf. p. 485 for the notation), so that the extremum 
of F(r) is a minimum. 
We first suppose (a): A > 0, so that it is seen from (9) that F (r) tends 
to +.0 as r—+0- and is positive as r— -+ œ. Then according as 
G) P(r) <0; Gi) (rm) = 0, (iti) P(r) > 0, 
there will be . 
(11) a bounded collision path and (i>) an unbounded path without collision ; 
(ii) a circular equilibrium path and asymptotic paths corresponding to (i) 
and (is) ; l 


(iii) an unbounded collision path. 
We examine first case (i). Here 


fa’? me — Gere + h, (2<rA< + ©), 
so that . : 


(14) t=24 f M1 + (hò — gert) } 4dr, 
(15) t==22 f p21 — 4 (hò — gere) 4 34 (hr — Lo2ph-2)2 —-- -}dr. 


The series in brackets converges uniformly and absolutely for | r+ | (4c? 
+ | hr? |) <p, say, (0<p<1), ie. for [r| <7**, for a suitable 7** > 0 
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Consequently, (15).may be integrated term by term there and the resulting 
series will converge uniformly for r in the above range. Before carrying out 
this integration, it is convenient to write (15) as e an 


badd f rò/2{1 — bee 4c?) A. Shr? A-2) (hr? — 42)? 4 - ‘ dr 
0 


aa PAE J, {r A/2 ——. 4hr 3A/2 -}- en + Bh pPp 5/2 — 3h hcrre\V/2-2 + ew ‘} dr, 


so that: 


$ ; 
(16) tm nie | : : 


eee et Se a a A 
at AAF) 
i c 3h? ` Bho?’ 
qeA-2 2A —. 
t eaa 1 BBX 2)" O ALA 


t 


pe? to. 
i. €., $ is of the form 


(17) t= 7809) (gy a" aa + agree + agr +: - +} 


or . 
(18) i= pert) {ay + Qa”: + (i478 -} aa” + ae 37 


where ¢ and r are henceforth to be regarded as complex variables, the coeff- 
cients and the exponents, however, being real and 7” for any exponent vy 
referring to that branch of the function whica is real and pooner, for positive 
real r. 

From (16) and the remarks preceding it, it is seen that ¢ is a. regular 
analytic function of r in the domain 0<|r|<7**. Moreover, from the 
‘uniform convergence of the integrated series, it follows by the approximation 
theorem for almost-periodic functions of a complex variable? that é is an 
almost-periodic function of + in that domain. Furthermore, if A is irrational, 
t has an almost-periodic singularity (corresponding to a logarithmic branch 
point) at r = 0, as is seen by applying to (17), where a, > 0, the reasoning 
used in case (I A a 1); Also, since A > 2, (16) shows that the exponents 
of the series for ¢ are all positive and that amongst them there is a smallest, 
viz., $(A-+ 2). Consequently, ¢== f(r) is an analytic almost-periodic func- 
tion in the domain 0 < |r| <r** and has a normal almost-periodic singu- 
larity at the point t = 0. Then, by a theorem of Bohr,’ for a sufficiently small 
r* > 0 the function t= f(r) will represent the neighborhood Ee of r= 0 
on a simply connected domain D of the Riemann surface S;, which domain D 





5 Of. H. Bohr, “ On the inverse function-of an analytic almost periodic function,” 
Annals of Mathematics, 2nd Ser., vol. 32 ens p 249. 
s Cf, H. Bohr, we , p 251, 
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will contain a complete neighborhood Hp. of t = 0. Hence in Ep» there exists 
an inverse function r = g(t) and this function will (for sufficiently small p*) 
be analytic and almost-periodic in 0 < |¢] < p* and have a normal almost- 
periodic singularity at ¢ == 0. 

Furthermore, if A == $ (à -+ 2) > 0 denotes the smallest exponent of f(r) 
and M > 0 the smallest exponent of g(t), then 


M = 1/A = 2/ (A + 2), 


and if we write f(r) = råf, (r) and g(t) = tMg, (t), the modules of f, (7) and 
of g(t) will be connected by the equation | 


Mg. == ATMS: ; 


(where it is seen from (16) that Mf, is generated by A and 1). Consequently, 
the reasoning of case (I Aal), applied above to (17), now shows that r as a 
_ function of ¢ possesses, in the case à irrational, a logarithmic branch point > 
at ¿ = 0, so that in this case analytic continuation of the motion through the 
- instant of collision is impossible. | 

If, on the other hand, A is rational, the right-hand member of (16) - 
becomes a Puiseux series which may be inverted just as in case (I[Aa). As 
there, we conclude that if X= p/q, p and q relatively prime, then 


1* If p is odd, q arbitrary, real analytic continuation is possible; 


2* If p is even, = 2x, then 
(2,*) If «+g is odd, real analytic continuation is again possible. 
(2.") If «--+ g is even, no real analytic continuation is possible.. 


The smaller zero of #(1r) is simple and corresponds to a maximum Æ, 
of + ==7(¢), which, by (3 bis), is reached in finite time.® + decreases. steadily 
with ¢ from r = R, to r == 0, the point of collision. From (2) it follows that 
¢ increases steadily with ¢ as r increases from 0 to R, and then decreases to 0: 
If 0 < r* < R and if t*, t be the times corresponding to 7", R, respectively, 


. i t 
` then the finite value of d— ¢* =Í (c/r*) dt for all ¢, ¢* =t = t, shows 
t* 


that ¢ approaches a finite limit as r—> R, If t— 0, then r— 0 and 


' . 
$p — po~ k f END dt, k= const., A > 2, 


so that @ approaches a finite limit in this case also. . 
With. respect to the case (II A y aiz), it is seen that R», the larger zero 
of F(7), is also simple and corresponds to a minimum of r == r(t), which is 
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` reached in a finite time from a point on the path for which r= r** > Ra 

_ As t- varies in any finite range; the same is true of ¢, so that ọ approaches a 
finite limit as t— 0, if t = 0 is made to correspond to r= Re As r= -+ œ, 
~ (2h)*, so that r~ (2h)# and by (2) 6~h,t*+ ko, (kı and k, con- . 
stants), so that ġ approaches a finite limit as £ — 4+- © also. The motion is 
similar to that in cases (II A aa) and (II A æ b). This completes the dis- 
cussion of the motion under the assumptions (II): ¢>0; (A): T=; 
(y): ZKA + %; (a) k > 0; (i) F(t) <0. 

If (ii): P(r) = 0, then, as already pointed out, there is a circular 
motion, corresponding to an equilibrium solution and asymptotic paths one 
lying inside the equilibrium solution and corresponding to case (1,) above, 
while the other lies outside and corresponds to (i2). The former is a collision 
path behaving at the moment of collision as the path in case (i) above. - 
r increases steadily with ¢ and approaches r, ast—>-+- œ. ¢ likewise increases 
_ steadily with ¢ and becomes infinite as r— f, (i. e., as t—>'œ) as may readily 
be seen from the integration of (2) in view of the fact that r remains bounded. 
On the outer asymptotic path, £ becomes infinite and ¢ approaches a finite 
limit as r, starting from some 7** > 79, becomes infinite, just as in case (iz), 
but as r decreases toward 79, £ becomes negatively infinite and $ decreases 
indefinitely with ż. 

If, finally (iii): F(ro) > 0, then F(r) has no zeros in 0 <r < -+ a, 
so that there exists an unbounded collision path. The nature of the collision, 
corresponding to t= 0, is exactly the same as in subcase (1,) above. As 
_ & increases from 0 to + œ, r increases steadily and ~ const.t, while ¢ 
approaches a finite ‘limit, this i of the path being similar to that of 
case (iz). 

” Let assumptions (II), (A), (y) be retained, but let is be replaced by 
(b): 4220. Here F(0 +) = -+ œ, but F(r) < 0 for all sufficiently large r. 
F(r) crosses the 7-axis an odd number of times, hence just once, as F,(r) has — 
but one positive real zero. The motion corresponds to a bounded collision 
path precisely similar to that of subcase (i,) under (a). This concludes the 
treatment of case (ILA). The only equilibrium solutions or asymptotic paths 
are those treated. under subcase (ail). 


Retaining the assumption (II): c > 0, we now suppose that’ 


B) | U= — log r. 


F (r) == — log r — fer? p h; Pelr) = — r + er; Fy (r) = 17 — Ber” 


ON THE PROBLEM OF CENTRAL FORCES. 491 


F; == 0 implies r= (> 06), while Per = 0 according as r? = 3c%, For 
all h = 0, we have F(0 +)=F(+ %)=— œ. F(r) has one maximum, viz., 
at r= c, and F(c) = 0 according as h = log c + 4. 
Consequently, (i) if h < log c +- 4, there is no solution; 
(ii) if h==loge-+ 4, there is a circular motion and 
nothing else; i 
(ii) if h > log c -+ 4, there is no collision, but a bounded 
periodic motion like that of case (II A « ci). 
Finally let assumption (II) be retained but (B) be replaced by 


_ (C) = U=, 0<A<C4+o 
` Then l 
F(r)= — r — ger? + h; Fe(r)=— Art +r; Fer == —A(A—1) 1? — 807. 
‘As in the previous case, for all h, F(0 +) =F(-+ œ) = —o. F, has just 
one zero, viz., at To == (e?/r) VO, Then 
(a): if 0 < A <1, it follows that F,, = 0 according as r = Ti = 
(3c (1 — àA) 2) +), respectively, and 1% < mı, since 1< 3/(1—A). 
(8): if à= 1, direct calculation shows that F, vanishes at ry == 0, 
while F P yy — — 36274 < 0. 
| (y) HAD>1, Fe vanishes at 1) = (c?/A)/O*) and Fe = 0 for all r > 0. 


. Hence the extremum is'a maximum, and according as F (ro) = = 0, there exists . 


(i) no solution; (ii) a circular ‘motion and nothing else; “(iii) a bounded 
periodic motion like that of case (II A aci). 
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RAMANUJAN IDENTITIES INVOLVING THE PARTITION ` 
FUNCTION FOR THE MODULI 11°. 


By Josera Duk 


` J. Introduction. Rarianujan conjectured that 
(1.1) > p(n) =Q (mod q) if R4n==1 (mod q), 


where p(n), with n > 0, is the number of unrestricted partitions of n, and 
q is one of the primes 5, 7, 11. Direct proofs of each of these three con- 
gruences were given by Ramanujan.? 

He also indicated an indirect method ‘of proof; namely, as immediate 
‘consequences of certain identities, which he stated without proof, and of 
which the following is an example: - 


WQ oo 
: — . [I (1 —2™)3 J1 — r”y 
(1.2) | E p(n + 5)e" =] +. +. 492. i.. 
n=O TI (1 — 2™)* Ti(i— z")8 

a 1 


The identities for the moduli 5 and 7 have since been proved by several '_ 
writers.: Ramanujan did not give an identity for q= 11. 
Ramanujan stated more than (1.1).. His most general conjecture—that 


(1.3) p(n) ==0 (mod g*) if 24n==1 (mod q*), a= integer > 0 


—is known to be false for q = 7, a > 2, but G. N. Watson* [15] has proved 
the correctness of (1.3) for q = 5, « Z 1, and has proposed and proved’ a ' 
substitute congruence for q == 7 and all a. In the same paper he promised 
a discussion of the moduli 11%, but to date it- has not appeared. A proof of 
(1. 3) for q == 11° is contained in one of Ramanujan’s notebooks but has not 
been published.’ For higher powers of 11, nothing is known concerning the 


* Received March 16, 1942. 

+The author wishes to express his thanks to Professor H. Rademacher, who 
suggested to him the problem treated in this- paper, and to Professor’ J. B. Rosser for. 
helpful advice in connection with the computations of 9. 

* [14], pp. 210-213, 232-238. (Square brackets refer to the bibliography at the 
end of this paper.) 

* For references see footnotes 3, 4, 4a in [11]. 

4See also [16] and the reference in footnote 3 of that paper. 2. Ñ 

E [4], p. 100. ds ' 
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correctness of (1.3), except for-an affirmative test by D. H. Lehmer ° of an 
-solated value. . 

The procedure of Watson and Zuckerman was to establish identities of . 
sype (1. 2). containing a factor q% in the right member. Recently Rademacher ` 
[12] developed a systematic method for the investigation of these identities, 
and applied it to the moduli 5%, 7, 72, 18% Rademacher’s method displays 
very clearly. the underlying connection between the Ramanujan identities and 
the theory of modular functions. But it is not so powerful as Watson’s 
process, which employs modular equations: it does not establish, except for 
the first few values of « where direct computation, i 18 possible, the integrahity 
of the coefficients of the modular functions (which themselves have integral 
coefficient expansions) in the identity, and so the congruence (1.3) does not 
follow. | 

In the present paper we use Rademacher’s method to establish identities 
“or the moduli 11%. For a= 1, the coefficients in. the identity are com- - 
puted--6—-while in the case « = 2—-9—they are determined sufficiently to 
prove the congruence (1.3). For higher values of « we cannot prove the 
integrality of the coefficients in the identities and so cannot prove (1.3). 
Thus, our goal, the proof or disproof of the congruences (1. 3) in the unknown 
eases (i. e., « > 2), is not reached. 

It is felt that the identities possess some interest in themselves, partion. 
larly since they highlight the arithmetic character inherent in the larger part 
of the theory of modular functions. From this point of view the Ramanujan 
congruences appear to be an arithmetic expression of certain facts pertaining 
to special subgroups of the modular group and the functions belonging to them. 


2. Outline of the method. We shall make use of a simple.modification 
of an operator studied by Hecke.” Let P(r) be an entire modular function 
belonging to the subgroup I'p(q) of the full modular group. I'o(q) is defined 
by the condition c = 0 (mod q) in the substitution? A ; Where q is a prime 
> 8. We define the linear operator 


(2.1) | UF (2) Say >). 


q 


In general, we cannot prove that UF is entire modular on Ty(q). How- 
ever, if F exhibits a simple behavior a the (non-modular) substitution 
tT = — 1/qr, such as 


(2.2) F(—1/qr) =cF(r), or F(—1/qr) = cF (r), c = const., 





See [9], p. 90. 
apes [5] for a readable sketch of this theory and [6} for a cone account. 
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then UF will belong to To(q). Moreover, in certain cases F may be a 
modular function of Ty)(g*), and not of To(q), but still the same conclusion | 
will hold. _ This i is true of the function 


; _ (qr) 
oe) . ; (7; q° )- y(r} 2 


where (7) is the well-known Dedekind function | 

l ” 

(2. 4) y(r) = exp(ri7/12)- UT (1— z”), «exp dir. 
i 1 


(r; q”) is an entire modular function on To(q°), but Ua® (7; q7) belongs 
to the larger group D, (q). | : E 

We now take g==11 and show in 5 that every entire modular function 
of Pẹ(11) is a rational function of certain basic functions Ai (r), Ci:(r). 
The latter have power series expansions in © = exp 2rir with integral coeff- 
- cients. We find in 6 that ; 


(2.5)  Unð(7;11?) = 11(11 AC? — 11°C + 240 — 320 — 2), 
l f A = (r), C = Cn (r). 
On the other hand, we have as a special case (q==11, a==1) of 
Theorem 7,- | ) : 
06 oO, F 7 
(2.6) U(r; 121) =z JJ (1— z”) S p(11l -+ 6)r!, 2 = exp rir. 
1 i=0 x 
This, together with (2.5), gives | 


Q OO 
(2.7) È p(1 + 6)oh = 11 J (1—2) {1140 — 11°C + 240 — 320 —2}. 


From (2.7) we deduce, by comparison of coefficients in the two members, 
_ the correctness of Ramanujan’s conjecture (1.1) for q= 11. 

The identity (2.5) is equivalent to (2.7) and is far more convenient, 
‘since it involves only modular functions. We shall obtain all identities in 
the form (2.5), the transition to the partition function then being nade by . 
analogues of (2.6). 


I. The Identities. 


3. Preliminaries. By the statement “ F (7) is an entire modular func- 
tion on a subgroup T of the full modular group » we mean that F satisfies 
the following conditions: 


(A) #F(r) is an analytic function of r which is regular for àr > 0. 


© (B) F(r) has at most polar singularities, measured in the uniformizing 
variable, at the parabolic vertices of T. l 


* 1 š 
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(€) For every substitution 





! ar + b 
(3.1) | Mae ad 
belonging to T, we have 
(3. 2) _ F(V) = F (7). 


The subgroup of greatest interest to us is To(q), defined by c= =0 (mod F 
in (3.1), where g is a prime > 3. Because of the primality of q, the funda- 
mental region of Ty(q) has only two parabolic vertices, which we may take 
to be 7’ == 0, r = 100. 

The uniformizing variable for r= i% is evidently © == EXD E since 
To(q) contains the substitution Str-=-r-+1. For 7’=0, we use the sub-. 
stitution 7’ = — 1/gr and employ the transformation equation of (2.2). This 
will give us an expansion in y, so that v is a uniformizing variable ie for 
7 = 0.8 

Notation. r is a complex variable with &r > 0. The. point r= i% is 
the infinite point of the r-sphere considered as the limit of ty, y > -+ ©, 
y œ> 0. s= exp 2rir. q is a prime > 3. 8, T, V, W,: >+, are linear sub- 
stitutions, r == (ar + b)/(cr + d), with integral a, b, c, d and determinant 
ad— bc = 1. T(1) is the full modular group, consisting of all such sub- 
stitutions. To(n) is the subgroup of ['(1) defined by c’==0 (mod n). O(s) 
denotes a power series in æ with integral coefficients beginning with a term 
of order => s. 


Formulae. 


t 0o +00 
(3. 3) da 2 (— 1) tan On) {1 — gar? t è H a mI He 
2 


(3.4) I (1— g”) = È p(n)ar p{0) =1. 
(3. 5) y(r + 1) = exp (7/12) `n(7), y(r +24) = g(r). 
(3.6). © (Ir) = (— tr) y(t), | 


' where the square-root is positive when r is purely imaginary. 
For every modular substitution Vr == car -}- k /(er-+d)e r1), with . 
c > 0, we have 


BN (Vr) =e } xi (s(a,0) — oe) | [—i(er + d) ia (7), 


ae e e 








8 The substitutions of the group Aatamia the form of the uniformizing variable. 
Thus, for F (4), the uniformizing variable for r= 0 is s’ == exp(— 2ri/qr). It is 
_ only because the functions considered here have an additional property of the type 

(2.2) that v = exp 2rir can be used in place of 2’, and it is convenient to do this. 
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where the sign of the square-root is determined as in (3. 6), and where s(a, c) 
is a.“ Dedekind sum.” The Dedekind sums are fully discussed in [13]. 


(3.7) is the transformation formula of n(r) and was discovered by- 
Dedekind and Hermite. (3.6) is a special case of this. (3.5) is obvious’ 
from the definition (2.4) of n(r), and the first two formulae are classical.’ 


4. Modular functions of To(q). Our first object will be to develop a 
set of modular invariants of I,(11). We shall, however, speak more generally 
of To(¢), g being always a prime > 3. We consider, first, modular forms. 
of negative dimension, from which modular functions (zero dimension) will 
be obtained by division. Since we need entire modular functions, we must 
have one modular form which is zero-free in the interior of the fundamental 
region. Such a form is provided by 


THEOREM 1. The functions 


(41) 00 War(t) = {y(qr)9(7)}" 
where l 
(4.11) r(q+1) =0 (mod 24), 


are regular and zero-free in the upper half r-plane. Fhey have’ the trans- 
for mation equations: 


(4.12) Yara) = (0/9) (er + 4)"ar(s), PrePo(4). 
(4.18) bar (—1/4r) = (~ir) "Yar (2). 


(a/q) is the Legendre-J acobi symbol. It will be indicated in this way when- 
ever confusion with the rational number a/q is not to be feared. Otherwise, 


we shall use the symbol («|q¢) or Gay" 
Theorem 1 is proved in Part II. 
A second set of modular forms, of dimension — 2r, is given by the 
Eisenstein series 1° 
(2—1)! 


` +00 , 
(4.21) gr(7) = ECSERI seo (mr +n), ree 
with the well-known property ** 
(4.22) i gr(Vr) = (er + d)”gr(r), Vrer(1). 


° >’ means in this case that the term m = n = 0 is to be omitted. 

10 These functions can be defined for r== 1, also, even though the series on the 
right is no longer absolutely convergent. See [7], p. 207 

1u [3], pp. 20-22. 
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| They havé the Fourier series 1? 
(4, 23) - grh) L B,/2r TeS > oara (m) 2", > 

n(n) =J d, B= 1/6, TA T 


The forms (4. 21) belong to the full group T (1) whereas we are interested 
_ in functions having the modular property on no group containing To(q) asa 
` roper subgroup. But consider 


(4.81) © Gar(t) = 9 Gr(qr) —gr(r), r22. 
Clearly . 

(4.382) > Gar( Vr) = (cr + d)” Gar(T), VreTo(q), 
(4. 33) Gar(— 1/qr) = — (0r) Gar(r). 


© Still another class of modular forms can be obtained from’ the multiple 
theta-series, . ua assume from now on q = 3 (mod 4). The function 





+00 an 
(4.41) tals) = SE atm, Gomma EEL m 


Myn=-CO 

i isa modular form of dimension — 1 with the properties 1” 

(4.42)  6(Vr) = (cr +d) (a/q)6(r), (a/q) == Legendre-Jacobi symbol, 
| (4, 48)  9(—1/gr) — — ig’!*r(r). 


For higher dimensions we use either powers of 6, or theta-series in more 
variables,** 

From these modular forms we construct entire modular functions by 
, dividing each form by a ¥gr(r) of appropriate dimension. In particular, we 
ebtain the functions of the following theorem." | 


—— — 


17A convenient method for treating the transformation of ‘6, is developed in 
Hecke [8]. We first reduce Q to a.sum of squares: Q = 44 ( (2m +4- n)? + qn’) 
== 4 (M° + qgN°), where M=N(2). Hence Q= pw/q, where p belongs to the 
' principal ideal (V-~q) in K(V—q). We then have OT) =8(7; 0, (1), W—@) ` 
in Hecke’s notation (p. 222). The relations (4.42), (4. 43) of the text ere equivalent 
to Sätze 7 and 5, respectively, of Hecke’s paper. If q =1 (mod 4), We must use 
‘quadratic forms of determinant — 4q, rather than — q. 

18 The transformation of theta-series.in more than two variables can 1 be reduced 
to that of double theta-series. See [7], pp. 210-11. 

+4 The functions which can be formed in this way from modular forms are not 
necessarily linearly independent. The number of linearly independent modular func- 
tions having at most a given valence can be determined from the Riemann-Roch 
Theorem applied to the Riemann surface which is the map of the fundamental region 
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. ‘THEOREM 2. The functions 


: A(t) py Gor(r) 
4.51 Ate... Biya 
(4. 51) 4al) = dart)? eames 


are entire modular functions belonging to the subgroup Uo(q) : 

(4.52) Ag(Vr)—=Ag(r), Bo(Vr) =Ba(r), VreTo(q), q=3(4). 
Furthermore, 

(4.58) Ag(—1/gr) = Aal),  By(—1/gr) =— Blr). 

Lhe valences of Ag and Bg are Rsa and 4sa, respectively, where Sg =r (q +1) /24. 


We need to prove only the statements concerning valence. The valence of 


a modular function is defined to be the multiplicity of the root of the equation 
| F (7) == 0, | | 


where c is an arbitrary complex number and r ranges over a point set 
consisting of the interior of the fundamental region and a complete set of 
inequivalent boundary points. The multiplicity must be measured in terms 
of the uniformizing variable. We may take c = œ. Since Ag(r) and Bg(r) 


are entire modular functions, they can nore poles only at the parabolic points: 


T = 0, 7 m4 00, 
We can find the expansions of Ag and Be from (4. 4), 11), (2.4), 
(3.3), (3.4), (4.31), (4.28), and 


t= 


(4. 61) Ogl7) = $ Ae (2) 2", © = XP 2atr, 


where Ag(n) is the number of representations 1° of n by the form Q. Thus, 
for t =i œ, 

of D (q). Since Ti (11) is of genus one, it follows from the Riemann-Roch Theorem 
that there are m — i + 1 = m independent functions on Tg (11) of valence at most. m 
if m > 1. In particular, there are 2 independent 2-vulent functions (since univalent 


AS do not exist on Riemann surfaces of positive genus 1) which may be taken as 
a1 (7) and A,,(7) +1. Now, we can consiruct another 2-valent function, namely, 


Gy May, (7T) = A’,,, where Gaa = == lig (llr) —g,(7} (see footnote 10). Hence — 
there must be a linear relation between A,, and A’,,. Indeed, we find by comparing . 


power series that 6A’,, = 5A,, —8. Similar relations hold-among the m-valent func- 
tions when m > 2. Na 

15 Expressed otherwise, A (r) is an automorphic function of the group 
Tr(g) =r 4) W r, (4), W = — l/qr. Of course, T(q) is not a subgroup of the 
modular group. i i 

10 Counted in the usual way, i.e, two representations are distinct if they differ 
only in the order or in the sign of the unsquared summands. For special Ag (1) 
explicit formulae are known: for Q = m? + mn + 3n°, det. Q =—- 11, we have 


aw 


A 
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(£62) Aalt) = exp {— (wir/12)r(g + 1)} + veep ty 


(4.63) Balt) = exp {— (wir/12) -2r(q+1)} +: + ate pe, 
At the other parabolic point, we use 7’ = — 1/qr and (4.53), and have 
(4.64) Alr) = Aq(r) arses, Balir == By) ore 7 Pasy 


Hence the valences are Zsa for Aq and Sq for Bg, as stated. 
We conclude this section' with a proof of the fact, noted in 2, that 
Uq®(7;q°) is an entire modular function of To(q). We recall the definition 


(4. 71) Uat (r; g’) -rS (=; ). 
; A= 0 q 

Condition (A) in the definition of an entire modular function — 8 — is cer- 
tainly fulfilled since Ug® is simply a sum of functions, each of which is 
regular in the upper half-plane. £ 

In the sum of (4.71) we can replace the range of summation of A by the 
equivalent condition: à modulo q. This follows from the fact that ® is periodic 
with period 1; replacing A by A+ g leaves each summand unaltered. Hence 








(4. 72) | Ug® (7; q?) = 3 (=, a) ; à mod q. 
Ur Gar oo aae 
(4.13) alra) -x EEEE eee 
=È gro", u = T ; Qu 0. 


‘Introducing (4. 73) in (4.72), we have | 
Uad (1; 9°?) = 97 X dn exp (rin (T + 24A/q)), Amodg, n=u | 
` ; Amn : 
= gt > dy exp (2ri(nr/q)) 2 exp (271 (24A/q) ) 


= X dm exp 2xi(mr/q), qim. 
(4.74) Ugh(r; g) = È pan exp (2minr) = È dant", v = [u/g| + i. 


Ay (1) = 24 x d — Z d,\, where d, = quad. residue, d, = quad. non-residue, (mod 11), 
; > dt da| t : 
and 1540(11). See Dickson, Introduction to the Theory of Numbers, 1929, p. 81, 
-ex. 12. For l= 11k, we-use the substitution m = M + 6N, n= — 2M —N, and deduce 
easily A, (11k) = Áq (F). Hence for 1 = 118k, Uk, Ag (l) =Ag(k,). 
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Thus for r= iœ, Ug® has an expansion of the required type. tee effect of ` 
Tq is ney to sents On DY gne 

For 7’=0, we write r = T == —1/r and aiy the transformation 
equations (3.6) and (3..7). First, 


De® (r; g) = g7 Da (g (r + 24d) (r + 24/9) 
= qtn(qr) 2 (Taar), A mod q 
where Tyr = (r + A)/q and where we have made use of (3. 5). Hence, 
(4.81) QUD (r5) = 9(— 0/1) Sa (TaT) =a 4/2) f (— gr) 
| + E (Taa). 


Now © ` E | ba 
( 4., 82) , Taf = VaT 248» 
where l 
[An — (24?Aw + 1) ‘1 
- (4, 84) 247 Ay = — 1 (mod q), 0< Bg. 


' We see from (4. 84) that Å runs with A over a reduced residue system modulo q. 
Using (4.82) in (4. 81) and applying the transformation panon of ee 
we get 


qU (25°) = 7 iglt/q)y (ar) + nC) = 1 (VaT zaur) 
(4. 85) = 7 | 

| aa 
= TONG g) + talaa) 2 Cer (T asyr), 


with. | 
Cu = exp (ri(s (24), q) —2(A—p)/q)}- 


A ‘computation similar to [12], (5.4), shows that 
(4.86) Ou = i02 (6u/q) =a(n/q); at=]. 


Hence, the sum in the last member of (4. 85) is 


2- === €] > op -5 AR Er Eate) ; (a/g) p(n) exp ( 2xin te) j n= 0, a 
j - a (e= 1, -,q— 1) 

m= e, exp (— wir/12q) Z p(m) exp (Bri(nr/q)) Z Cu/4) | 

x exp {2nt- (24n — 1)»/q}—since (0/q) == 0— 
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= ag" exp (— rir/12q) » a at) p(n) exp (Rri(nr/q), eet = 1 
where we have ee use of the Gaussian sum 


(487) G(h, gq) = Z (1/q) exp (mi (hi/g) = e9? (h/g), mod q, at = 1. 


i 


We replace T by gr and obtain finally 
PU gb (75g?) = B+ (73g?) + e(r) exp (—air/12) (1 + O(2)) 
= O(a"), T "=— 1/ Gr, 


by (4.73) and (2.4). Hence, Ug® has a pole of order u in t= xp 2rir for. 
7 = 0, and condition (B) is satisfied. 

~ That Ua® fulfills (C) with T == T, (q) is seen as follows. Pini Theorem 
8, which is proved in Part II, we take the fact (@ == 2) that 


(4. 91) (Vr; P) =8(r;q@), VeTo(q?). 
We require also the following lemma, proved in Part IT. 


LEMMA 1. To any V eTo(q) and à, OSA < q, there exist p OS h< |, 
and WyeT)(q"*), such that 


(4. 92) TV = Wil p, Tyr = (r +A) /¢. 
Furthermore, p runs with » over a complete residue system module. q. 
i Therefore, | m 
(4.98) Uyb(Vr3q°) =° ZO((Vr+A)/q3q), Amodg 
=O" ADT) = gD (WiTur;@),  pmodg 
= aE EEG jm T(r: q’) s 


as ak This proves (C) “a 


THEOREM 4. The function Uat (r; 9°) is an entire modular function of 
the group To(q). 


5. A rational basis for T,(q). The next'step is to find a basis for the 
entire modular functions of Ty)(q). For this purpose the following lemma 
will be useful.27 


Lemma 2, Let fit), fa(r) be modular functions on a group T having 


17 For proof see [1], Th. 13, pp. 96-97. 
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the property that an arbitrary pair of values of the | functions is assumed at 
but one point of each fundamental region of T, i. e., the equations 

file) =A), fel) = fal) 


Shall imply that t and 7’ are congruent under T. Then every modular function 
of T isa rational function of f, and: fe. 


We are now ready to prove 


THEOREM 5. If the function Ag(r) of (4.51) ts  2-valent on To(q), 
then the functions Aq(r), Ba(r) constitute a rational basis for T(q). 


‘Proof. By Lemma 2 we have only to show that 


(5. 1) f i Aq(r) = Ag(r’), Ba(r) = Ba(7’) 
is impossible if r547" and +, 7’ lie in the same fundamental region of To(q). 
Since Ag(r) is 2-valent it follows from (5.1), (4.53) that +” = — 1/gr. 


But then 
) Bq(r) == Ba(— 1/97}, 


which, in general, is inconsistent with (4.58), since By(r) is not identically 
zeT0.7° 

As a special case we take q = 11 = 3 (mod 4), n = 2, su = 1, satisfying 
` the conditions of Theorem 2. Then A, (r) is 2-valent on (11) and we have 


COROLLARY.!? The functions An (r), Ba (7) form a rational basis for 
the entire modular functions of T,(11). 


"Note tat. | 
. (5. 2) val Ay, =2, val’ Bi, = 4. 


- 


6. An identity for modulus eleven. Since (1,®(7;11*) is an ie 
modular function of the group Tro(11) (Theorem 4), it is a rational function 
of Ayi(t), Bir(r): aa 
(6. 1) - Unuð = P (4an, Bn). 


It will turn out, however, that P is a polynomial. That is, we assume P as a 
polynomial with undetermined coefficients, and then show how to determine 
these coefficients so that the difference Ui, — P, which is an entire modular 


18 This argument shows, incidentally, that B,(r) must vanish at the fixed point of 
the substitution 7’ =-— l/gr, and indeed at the fixed points of all elliptic substitutions 
of the group ['(q) (see footnote 15). 

19 See’ [2], p. 406, (12). Fricke denotes A(r) by r(w) and B(r) by o(w). 


RAMANUJAN IDENTITIES FOR THE MODULI 11%. ` 503 


function, has no poles. Then it must be a constant, which can be evaluated at 
T == 4%, Say. 


The expansions of U1, at the parabolic points were worked out in the 
proof of Theorem 4. We repeat them here. 


(6.2) Uð (7; 112).= 0 (£) 
(6.3) 1PUn®(r; 11) =r — r — r t 0(), = —1/1lr, 


where we have used the expansion 


" a (1217) 


calculated from (2.4), (8.3), (3.4). 

We are now ina position to compare the principal parts of the two 
members of (6.1): At 7==100, U1, has a zero of the first order, whereas - 
Áu = Á and Bıı = B both have poles, by (4.62), (4.63). It will therefore 
be convenient to construct a new function, C1:(r) = Cu, which has a zero of 
‘the first order at r == tœ. We wish C to have the lowest possible valence, 
1, è., 2, since the fundamental region of To (11), considered as a closed Riemann 
surface, is of genus one. In other words, C must have a double pole at 7’ == 0. 
If we add the requirement that the expansion of C at r= tœ shall begin 
with z, the function is then determined, by the Riemann-Roch Theorem.” 

From the expansions—see the table on p. 514— 


“I fu.» 2 ee ee 5 2 ae aline S f 121i 
S- (7; 11) = =r (1— e—a fat p) D p(n), 
n=0 . 


(6. 41) A(r) = oi +6 + 1%2 + 46a? ++ 
(6. 42) B(+) = a? + 2r — 12 — 1162 — 597z? +. - 
we find 


(6. 43) C(r) == 27-117 (4? (r) — 104 (7) — 22 — B(r)). 


Tts expansion at r = 10 Is 


(6. 44) CGS tes ee 


n=l 
From the last relation and (4. 53), we see that . 


2-112C (7) = A? (r) — 104 (r) —22— Br’), YP =—1/llr 
(6.45) ©” 
= Á?’ (r) — 104 (7) — 22 + B (r). 
20 The number of linearly independent functions having a pole of second order at 
7=0 is 2—1 -+ 1 =2. The most general such function contains two arbitrary con- 


stants, one of which is used to insure the zero at r==i%, the other to guarantee the 
coeficient 1 for the linear term. l 
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This gives 74 
(6. 46) 117C (7) = r’ + 2ar34-- - -È Cnt”, 


Lemma 3. The coefficients Cn, C'n of (6.44), (6.46) are rational integers. 


Proof. Since A,B both belong to T)(11), they are connected by an 
algebraic relation, which is of degree 2 in B and of-degree 4 in A, in accord- 
ance with the valences (5.2). By writing such a relation with undetermined. 
coefficients and then using the expansions (6.41), (6. 42) we find easily 


(6.51) B? = At — 204? + 5642 — 44A. 
From” (6. 43) 


(2-117C + BY = (A?—10A — 22)? = A*— 20A* + 564? — 44A + 484 (2 
== B? (mod 27-117), 
2°11°C + B= B (mod2-11?) - 
. Or o 2: ace 0 (mod 2- nu 


Thus the Cn are iat. 
Again, let C(—1/11r) = C, ete. Then, from (6. 45), 


2: 110 — B = A*— 104 — 22, . - 
(2 11°C — ne (A* — 104 — 22)? == Pp? nea 4), 
2:1120’ — B = B (mod 2), 1120’ == B (mod 1). 


This proves the lemma.” 
For future reference we include another lemma. 


Lemma 4. AC —1==0 (mod 11). 
Proof. First, 
2245 — 55At +. 44.43 = 0 (mod 11) 
or AS( A? 4+- od -+ 1) == A?(A*— 204? + 564A? — 444) (mod 11) 
== A?B? (mod 11). | 


“= In what follows we employ the following simple theorem: Let F = a-1 -+ Za o”, 
G = m-l -+ Eb ar, »>—1; a, and b, are integers. Then if F° = G° (modk), k A 
-we have F = G (mod k); if P G? (mod 24). AX > 0, then F = G (mod 21), 
general, we would have F= £+ G. The correct sign can be determined from the ae 
terms of the power series for F and G. 

2? The functions 0 and 0’ = C(—I1/l1r) do not satisfy so simple a transformation 
equation as A and B do. However, this equation can be found easily by eliminating 
A and B from the three relations (6.43), (6.45),.and (6.51). The result is - 


113020"? — 12.1100" —11 (0 + 0’) —1=0. 
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Hence, 
A?(A +1) = AB (mod 11) 
27° 11?A?(A + 1) = 2?- 117AB (mod 2?- 11%) 
A?(B? + 2?-117(A + 1)) = 27 114 + 2?-117AB + AB? (mod 2? - 11%) 
A? (A? — 10A — 22)? = (2-11? + AB)? (mod 2?- 11°) 


if we use the computation in the lines following (6.51). Hence, taking note 
of footnote **, we obtain 


A(A?—10A — 22) = 2-11?-++ AB (mod 2- 11°) 
A(A? — 104 — 22 — B) = 2-11? (mod 2- 11°), 


and by (6. 43) 
2- 11240 = 2-11? (mod 2: 11°), 


which completes the proof. 

Following the procedure outlined at the beginning of this section, we set 
Ui,® equal to a polynomial P in A and C with undetermined coefficients. 
The poles of even order in the expansion (6.3) of Uy, at 7’ ==0 can be 
eliminated by powers of C, those of odd order by A times a power of C. Since 
both U1, and P are bounded at t = tæ, it is clear that the term in s” 
(at 7 = 0) must drop out automatically. Otherwise, the difference Ui, — P 
would be an entire modular function having a angle pole of the first order on 
To(11), a subgroup of genus one. 

We therefore write 


11°0,,8(— 1/117; 117) = r5 — rt — r’ +0 (1) 
=== Mmg AO? -+ doz”? ot ta AAO -- fig O” + Boo, ba =— C(— 1/lir) 
11°U 1,8 (7; 115 =n O(«) = las AC? + Boz” LL Ma AC -4- Aor? + oo. 


This gives us the following five equations, which are solved seriatim beginning 
with the uppermost. 


G12 ° 117 == J 
(6. 52) dy2+ 10° 11-4 + aoe: 11-4 | 
; -21-114 + aot 411+ + an: 11 aah 
gig 4s 11-* maa 20: it -4 L aa: 8 117 + or 1i =0 
Air + Goo == 0 
The values of the a’s are: iz == 11, doo == — 11°, ay, = 2-11, dor == — 32°11, 
Goo == — 2°11. l . 


This constitutes the proof of 
10 o 
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THEOREM 6. For q == 11, there is a “ Ramanujan identity” 
(6.6)  Un®(r; 181) == 11(11A0? — 11°C + 240 — 320 — 2). 


Ramanujan’s congruence (1.3) with q == 11 follows from (6.6) and (2.6), 
which together yield (2.7). 


7. An induction. We now wish to establish identities of the same sort 
as (6.6) but involving higher powers of 11. But it is not yet clear what 
functions, analogous to U,® (r; 121), should appear in the left member of 
such an identity. Our guide in this respect will be formula (2.6), which 
connects the partition function with U,,%. The first step, therefore, will be 
an appropriate generalization of this formula. 


THEOREM 7. Let 


(7.11) DG ee, 
(7.12) L(r; qg) == Ug{B(r; g) (+; g?*)}, B=0 
(7.13) L(+; gP?) = UL (7; et”), B= 0. 


Then for a = 1, 


‘00 oO 
(7.2) L(r3q*) =a TT (1—2) Z p(t t piz’, © = exp 2rir, 
ai 1 1=0 
where *3 


(7. 21) t = t(q*) =1 for. q < 24, 
1, æ even 
(7. 22) | pss eee 
and 
(7. 23) 24p == 1 (mod q*), O< p< g*. 


(2. 6); is the case « == 1 of (7.2). 
Proof. We replace (7.2) by two statements, 


(v. 31) L(r39*) = TE nlr) (=), A mod q°, 


Z 24A 
(7.82) e Ñ (1—aem) Spit oe =e gler (H, 

1 =~ 
and proceed to prove the first. Suppose a == 1; then B=0, and (7.31) . 
reduces to , | 


24AN. 
(7.4) Da e) =r Salar’ (TEM), moa g. 


23 Actually, the value of ¢ is 1 if a is even and [q/24] + 1 if a is odd. 
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Now (see the lines following (4. 71) ) 


U(r; g) = oS ® (=a ; g) >  Amodg, 
tT- 24A). | 7 R4r N 
=r Salas + 240)? (1) Salary (ZEB), 


where we have used (8.5). This is (7.4). . | 
Suppose now that (7.31) has been proved for «= 28. From (7.12) 
we have 


L(r; g8) = Ua oe P Solr) (z tee) ,  Amod g* 








a(t) q”? 
= g0, P ie) ze (EF) } 


iar qE- qr) ¥ 7 (edie) ; y mod "iia 


which establishes the inductive step from 28 to 284-1. The step from 
2B +1 to 28 + 2 is accomplished in the same way. Thus (7.31) is proved. 
To demonstrate (7.32) we employ the formula 


pi mr\ & - 
(7. 5) =h- m) 2 p(n)e 


which follows immediately from (2.4) and (3.4). Introducing this in the 
right member of (7.382) we see that it becomes 


gn (er) > exp (— z. Í PLB) § 2 p(n) exp (2nin ed , Amod q? 
x 


— (er) exp (— 55) 5 p(n) exp (2412) exp (21% (tn —1)) 








ate (— ort w) ji II (1—2) $ p(m) exp (2i mr.) 


24m = 1 (mod qg*), 
from which (7.32) follows readily with 
z4p —1 -H eg" 
(7. 6 t = Ht", 
K ) 249% 
Clearly ¢ is an integer. For, eq? == q == (q8)?==1 (mod 24) for a == 28, 
and «gq? = q% = g*8t? — (q8t1)2 == 1 (mod 24) for «=28-+-1; moreover, 
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q7 divides 24e — 1 by (7.23). Since 0 < p < q° and since we assumed in 
(7.21) that q < 24, we find that 


O0<t<144/%4<2; 


therefore, as an integer, t= 1. This completes the proof of the theorem. 

Theorem 7 shows us that we must attempt to construct identities in which 
one member is L(r; 114) while the other is a polynomial in A and C. 
Obviously we shall proceed by induction, in view of the recursive definition 
(7.12), (7.13) of the Z’s. The first step of the induction (a == 1, 8 —0) 
has already been proved; it is: Theorem 6. 

The nature of the inductive step from « to ¢-+-1 will depend upon the 

parity of a, as the equations (7.12), (7.13) clearly show.** However, we can 

bring these two cases together. Suppose that we have an identity 


(7.7) Bry 11*) = P(A(s), C(r)), 


where P is a polynomial in A and C with rational coefficients, in which A 
appears at most linearly and always multiplied by a power of C. In order to | 
obtain L(r; 11%), either we apply Ui; directly to P or we first multiply by 
@(7;11°) and then operate with U,,. Since Uy, is linear we may apply it to 
each term of P or P separately. Thus the most general function which we 
need to consider is 


(7.8) @(r34, j,k) = Un® (r; q?) A (7) (1), | 

1=0 or 1, j=Oorl, k=}. 
The induction will be completely established if we prove that G(r; i, j,k) 
can be expressed as a polynomial of typa P(A (r), O(7)) in (7.7). 


The procedure will parallel that used in the case « = 1. The whole proof 
consists in showing that @ is an entire modular function of T)(11). The 
expansion of Gat + = tœ will not contain any terms with negative exponents. 
By examining the proof of Theorem 6 we see readily that any such function 
can be expressed in the form of a polynomial of the desired type. . 


8. Identities for powers of eleven. 


THEOREM 8. Let G(r;%,j,k) be defined by (7.8). Then G(r; t, j,k) 
is an entire modular function of Y%(11). Moreover, we have 


G(T; i j,k) = P(A, C) 
where P is of the same type as in (7.7). 


21 See [12], pp. 624-625. 
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Proof. We-must show that conditions (A)-(C) of 3 are fulfilled. This 
is obvious for (A) since all the functions involved in G are regular in the 
upper -half-plane and U., is simply a sum of such functions. 

We now consider the expansions of G at the parabolic vertices. At 
t= 10, we have 
(8.1) - Bf(r;11*) = O(a), Al(r) = O(a"), 'C*(r) = O(2*), 

‘by (4.73), (6.41), (6.44). Then 


co : 
DiAIC* (r) = O (28) = Vaz, we. 


NW 
Hence, as we saw in (4. 74), 
; oO 
(8. 2) G(r34, 9, k) = Uy, Bt AIC* = $ dunt", w = 1. 
, non’ 
For r = 0 we write r == Tr == — 1/r, and have 


10 
G(T 3t, J, k) = 117 > PAIC (TT?) 
A=0 
A 





— 11 È O'AI0*(Toa), Tigao a 
=0 


i 10 
= 1170iAi0*(— 1/117) + 117 $ tA (TaTr) 
— 117i AiO (— 1/117) + 117 > BAIO (Vu out), 


if we recall (4.82). The functions A and C are invariant under Vis which - 
belongs to [y(11), but ®(Tsr) picks up the factor ` 


1120p == 11i (4/11) ; where (u/11) is the Legendre-J acobi oa 
as is seen if we put q = 11 in (4. 81)-(4. 86). This gives 
10 
(8.31) 11G(7’) = PAIO (—1/11r) 4 111i E (w/11) PAIO (T asur). 
. pal 
We write 
oO co oO 
(8.32) (7311?) = È ne”; A(t) = DB ane”, C¥(r) = 2, Cn”; 
N=54 t=-j nok 
where the coefficients are integers. Then 
11G(r’) = AIC (— 1/117) 
+1177 © (4/11) dmancy exp Qri{m + n+ p) (i + a) : 
HyMrhsP 
The sum in the right member is 


a $mOnCp exp (Rrt(m + n + p)(1/11)) 2 (u./11) exp {2ri(m + n + p) (244/11) } 


= E guno (MBER EPPA) 115 exp (2ri(m + n + p) (7/11), 


MNP 
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where we have evaluated a Gaussian sum, (4.87). Using (8.32) and replacing 
r by ilr, we now have r = — 1/iir, 


(8. 4) DLE (r) = O (g5) L O(g) s= O (gi j-22) , 


(8.2) and (8.4) show that G has only polar singularities in 
T = exp 2mtr at the parabolic vertices. 
It remains to prove that 


(8. 5) G(Vr) = G(r), Ver (11). 
. Here we require (4.92) of Lemma 1. 


10 
G(Vr) = 117 X BiAiC*(T)Vr), V eT% (11) 
G i 
10 i 
== 111 SBtAiC*(WaT pr), Wye D (11?) 
p=9 a 
10 
= 117 X pA (Tyr) = G(r), 
p=0 


since all three functions are invariant under Fọ(117). This completes the 
proof of the first statement of Theorem 8. 

That G can be expressed as a polynomial in A ma C now follows in the 
same way as in the proof of Theorem 6. We set G equal to a polynomial 


G = Zap AIOE, jJ = 0 or l, k= 4, 


with undetermined ajx. Then, equating coefficients of like powers of 2 in the 
expansions at the parabolic points, we obtain a set oi linear equations analogous 
to (6.52). The first equation will involve only one coefficient, and each suc- 
ceeding equation will add one new coefficient. Hence, the coefficients are 
determined uniquely. They are obviously rational numbers, since the expan- 
sions of all functions involved have rational coefficients. This establishes 
Theorem 8. 

Making use of the remark in the tines following (7.8), we see that we 
have proved. 


THEOREM 9, For every ke a= 1, there is a “ Ramanujan identity” 
of the form 
(8. 6) L(r; 11°) = P(A,C), 


where L is defined in (7.12), (7.18), A= Ai: m (4.51), and C in (6. 43). 
P is a polynomial in A and C with rational coefficients. 


By using Theorem 7 we can put (8.6) in the form 
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(8. 7) > plq + p) att — P(A, C) JI (1 — g), 


with the p, e of (7. 23), (7.22). Unfortunately, we have not been able to prove 
the integrality of the coefficients of P except when a = 1,2. Thus, for higher 
values of a, (8.7) gives no information concerning Ramanujan’s congruence. 
The discussion for « = 2 is given in the next section. 

The following remark may be of interest. If F(7) is an entire modular 
function of To(q) and we subject UF to the transformation 7 es 
we find, following the indications already given, 


(8.81) gUq'(— 1/gr) — qUeF (qr) = F (— 1/q’r) — F (7). 
If, in addition, F(+) has expansions in the same uniformizing variable (say 
©—exp 2rir) at both parabolic points, then UF will be entire modular on 


To(g). Now suppose that [o(q) is a subgroup of genus zero. This is true for 
g = 5, 7,138. Then there exists a univalent function l 


(8. 82) ` arli) = un) i 


where 7(q — 1) = 0 (24) and r is minimal. Moreover, 
(8. 83) bar(— 1/gr) = grot (1), 


F(r) and UF (7) are polynomials in &¢,(7), and this is true also of F(7’) 
and UF (r), by (8.83). Substituting these expressions in (8.81) we obtain 
an algebraic equation connecting ®q,r(r) and ®4,r (qr). If this is irreducible, 
it is the modular equation of ®g,(7). For the primes mentioned, these equa- 
tions have been discussed by Rademacher [12]. 


Another approach to the modular equation is given in a forthcoming 
paper of the author [10]. | 


9. The Ramanujan congruence for «—2. For «= 2 we can determine 
the coefficients of P in (8.6) to an extent sufficient to establish the Ramanujan 
congruence. (6.6) can be written 


E(r311) = 112(AC? -— 110?) + 11(2(AC — 1) — 320). 
Also, by (7. 13), 
i L(7; 11°) = U,,L(7;11). 


The application of U,, to a power series mn replaces each coefficient dn by | 
dyin. It is clear, then, that 
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But by Lemma 4, each coefficient of AC — 1 is a multiple of 11; hence, 
L(r; 11?) =110,,C (mod 117). 
By (7.2) Ramanujan’s congruence for g* == 11? is equivalent to 


L(r; 112) == 0 (mod 112). 


Therefore, in order to prove Ramanujan’s congruence for the modulus 11°, 


it is sufficient to show that 
(9.1) U „C= 0 (moc 11). 


This was done by a direct computation of the coefficients of the polynomial 
(9. 2) UnC (r) = Q(A(r), C(r)) =} bjxA?(r)O¥(r). 
Since U,C, A, and C have expansions (in s= exp 2qir) with integral 
coefficients, the statement (9.1) reduces to 
(9.21) bj, = 0 (mod 11). 


Tt is therefore sufficient to determine the bj, modulo 11. 

The coefficients bj, will be determined by considering the expansions at 
the parabolic point t = 0, except for boo, which is to be determined at 
7==140. We therefore replace boo by g, a onlay which may vary with each 


occurrence, and determine g last. 
The expansion of U,C at 7’ = 0 is, by (8.81) and (6. 46), . 


(9. 31) 11°00 (r) == g? 2 4- E O(1), t == —'l/1ir 
and this we set equal to 


(9.32) g + LRA? (1°) ON (r) =g + 118i A? (7) OMe’), 
j=0 or 1, k23, j +kÆ0. 


Putting 11°C (r) = E (7) and by, = cjx11**, we get ; 
(9.4) 11°00 (r) =g + X cAI (1) Et (r). 
Jik ; 


We now see that (9.21) will be completely »roved if we can show that 
(9. 41) Cj, == 0 (mod 11’), j = 0, 1. 


(The constant, g, will be determined separately.) This is true since H(r) 
has an expansion in æ with integral coefficients. 


Clearly the term of highest degree in E in (9.4) will be EX, We shall | 


therefore need the power series of Æ and-A to 22 terms. To compute Ẹ we 
have from (6. 45) 


b 
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(9. 5) 2H = A? —10A — 22 + B. 


Since we must compute cj, modulo 11°, we shall need A and B modulo 2- 117. 
The calculation may be carried out as follows (see the table on p. 514). 
The coefficients of A are computed from its definition (4. 51) 





A = Ay. = ie Wr1e(7) = n (7)4 (11r). 
War2(7) ” 
First, 77" (7r)y* (117) is obtained from (3.4); then this is squared. Next, 
the coefficients of 6 are calculated from (4.61) and footnote 1°, and the 
resulting series squared. From these two series we obtain A aad A? by 


multiplication and squaring. 
.The definition (4.51) of B is 


Gaia (T) 
Yia(T) 


%11,4 18 simply the square of y 71, Gin is defined by (4.31) and (4. 23). 
By multiplying the last two series we get the coefficients of B. 

The computation for each series (except that for 6? which has very 
small coefficients) was checked by recomputing the coefficients modulo 2 - 11°. 

Now, using (9.5), we obtain the coefficients of Æ, reduced modulo 11?. 
We raise # to the eleventh power by the formula E! = E- E- B+ ME., 
working modulo 11°. In order to have a check on the coefficients of E™, we 
observe that, by an elementary theorem on binomial coefficients, if 


B = B; = 


t 


oO 
E(r) = 27D eve’, 
y= 
then l 
CO 
EN (r) =o X eve” (mod 11). 
v=0 


Therefore, 
(9.6)° 9 BY (r) = E(11r) = 112°C (— 1/1217) 
= g”? +. Qa +. O(1) (mod 11), 
where we have-taken the last expansion from (6.46) with r. replaced by 11r. 
(9.6) shows that all the computed coefficients e’y of, E1 must be multiples 


of 11 except e’-22==1 (mod 11) and e-u == 2 (mod 11). As a further check 
we computed Æ (modulo 11) in two ways: 


HY == He EY =m Be + BS Be, 
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Residues of the Coefficients of Certain Power Series 


Power Function 
of ap, O PA PAL’ shpi Gua: B sE EM 
T 
modulo ; 2-11? mod 11° 
0 1 1 1 1 i 1 1 1 
1 2 4 1 B A. ae 2 2 92. 
2 5 4 6 70 14 —18 —12 —12 —33 
3 10 8 17 54 -40 — 56 —1l6 5 00 
4 20 20 46 105 105 96 —113 8 —55 
5 36 16 116 qa 2 i0 a0 i20 1 0 
6 65 32 10 —14 90 —20 —114 y 0 
y 110 16 49 116 30 38 110 —1l 22 
8 —57 36 ` 66 ` —56 —82 40 10 10 22 
9 58 28 35 —4 98 —62 —12 —12 55 
10 —38 40 —90 50 -—56. —90 —18 —18 ıl 
11 28 4 —39 72 94 —2 —22 —22 2 
12 —41 64 6 —35 —10Y 26 —95 26 —il 
18 86 40 —1i 0 28) — 40 110 11 =i 
14 293 64 2 —60 90 100 —80 41 11 
15 —118 356 15 68 —86 — 38 44 dd —23 
16 86 68 90 —83 —21 76 —15 —45 0 
17 <=112: 40 30 —38 —114 94 —96 25 —22 
18 108 100 16 —82  —6 —?74 —66 55 0 
19 —48 48 —76 20 —120 74 54 Ba 33 
20 32 104 28 —117- 233 —4 87 — 34 55 
291 —94 80 —36 —4 .104 96 36 —46 —1l 


Setting cj = 1lfix, we can now rewrite (9.4) as 
(9.7)  1Un0 (r) =11 E (1) + IfA! (r) E*(7) +g (mod 11). 
We need to compute the fj, only modulo 11, prove 
(9. 71) fi, =0 (mod 11), 


and determine the constant g. 


This is done exactly as in the proof of Theorem 6. We obtain a set of 
Linear equations, analogous to (6.52), which can be solved stepwise for the fj. 
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The coefficients of the various powers of A and FẸ are found quite neuen 
since the computations are carried out modulo 11. The result is: 


(9.8)  1°U nO (r) = 11: BY — (289A + 8BA + 6E + 4E°A -+ SEP 
+ E'A + 9B" -+ YEA + 9E + 205A +255) + g (mod 11). 


The computation was checked as follows: 


start with: REA + 8A + 6 

multiply by Æ: 247A + 8HA + 6E - 

add 44 +8: 2E?A + 8HA+ 6E +4+4448 © 
multiply by #: RESA + BHA + 6E? + 4HA + 8H, 


etc. This procedure mixes the numbers quite thoroughly, and it is very 


unlikely that an error in the check would duplicate one im the original 
computation. 


Recalling that E(r) = 11°C(7’), we see that (9.8) implies (9.71). 
Now we have only to compute g. Let r— r in (9.8). Since A(t) =A(7’), 
we get 

UyC(r) =g -+ 11Q(4, C) (mod 11) 
= g (mod 11), 


since Q (A, C) is a polynomial with integer coefficients. Since — 


UC (7) = O(x) 
we have 
g=0(11), 


which proves (9.1). By the remark in the lines preceding (9.1), this 
establishes 


THEOREM 10. p(1211-+ 16) ==0 (mod 121), (1 =0,1,2,- °°). 
It. Proofs of certam theorems. 


10. Proof of Theorem 1. That the functions 
War(r) = {9 (Gr) n(7) }f 


are regular and zero-free in the interior of the upper half-r-plane is clear 
from the definition (2.4) of (r). We consider their behavior under 
” == (ar -+ b)/(er-+d) eTo(qg). First, if c=0, Vr—1+ 5, and using 
(3.5) we obtain 


Yar(Vr) = exp {(wi/12)br(q +1) }Yar(t) = Yar (7), 


because of condition (4.11). Thus (4. 12) is proved for this case. 
If c > 0, we apply (8.7) and find 
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War (VT) = N (a, b, c, d) (—ai(er + d))ar(r) 
with 
(10. 11) (—i)N (a, b,c, d) = exp (—virA) 


(10. 12) A == (s(a,c) — (a + d) /12c) | 
+ (s(a, ¢/q) — (a + d)/(120/q)) + 3. 


Therefore, in order tọ establish (4.12), we must prove 
(10.18) ` rA ==r: (1 — (a/q)) (mod 2). 


a/q is the Legendre-Jacobi symbol. 


We shall need the following properties of s(h, k): 
For (h, k) = 1, we have 


(10. 21) 12hks(h, k) =h? + 1 (mod 6- k) 
(10. 22) 12ks(h, k) =0 (mod 3) if 3fk. 


Here 6 == 1 for 81k and 8 = 3 for 3 |k. 
For odd k we have 


(10. 23) 12ks (h, k) =k + 1—2(h/k) (mod 8). 
Tele. 0. Mad lett wd be cad: “Phan 
(10.24) 12hks(h, k) =h? + k? + 3k +1 -+ 2k(k/h) (mod 2), 
These properties appear as Theorems 17, 18, 19 in [183]. 
From (10. 21) with k==c, c/q, we get 
12ac{s(a, c)—(a+d)/l2c} =a +1— a(a + d) ==—be ails 6c) 
12ac{s(a, c/q) — (a + d)/(12¢/q)} i 
=q (@ + 1) — qala + d) = — qbe (mod 6c). 
Hence, by addition, 


1l2acrA == —r (q + 1)be == 0 (mod ĉe). 
Also, by (10. 22) 
12crA == 0 (mod 3) if 3fc. 
Therefore, we have 
(10. 31) 12crA = 0 (mod 3c). 


Now suppose that c is odd. Then from (10.23) we obtain 
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12e{s(a, c) — (a+ d)/12c} =c + 1—2 (a/c) — (a + d) (mod 8), 
_ 12e{s(a, c) — (a + d)/(12¢/q) } 
= ¢ -+ q — 2q (a|c/q)— g(a d) (mod 8). 
If we note that the Legendre-Jacobi symbols satisfy 


(a/(¢/q)) = (a/ (6/4) ) (a/q°) = (a/eq) = (a/c) (2/9), 
= we obtain. 
l2crA = 2er +- r(g + 1) — 2r (a/c) (q(a/qg) +1) 
—r(q -+ 1) (a + d) + 6re (mod 8) 
= — r (a/c) (q(a/q) + 1) (mod 8) 
== — &r(a/e) (1 — (a/q)) (mod 8) 
by virtue of | (4. 11) 
== — re (a/c) (1 — (a/q)) (mod 8) 
since ¢ is odd and 4|2 (1 — (a/q)) 
* (10.32) = 12¢rA ex — 2re(1— (a/q)) = 6re(1 — (a/q)) (mod 8). 
By (10. 81) 
(10. 33) LcrA == 6re(1— (a/q)) (mod 8c). 


From (10.32) and (10.33) we infer 


12crA == 6re(1— (a/q)) ee 24e), 


which is equivalent to (10. 13). 
Now let c == 2y, A > 0, yodd. Then, (10. 24), 
12ac{s(a, c) — (a + d)/12e} l 
=a? + è + 30 + 1+ 2c(c/a) —a(a +d) (mod 28) 
12ac{s(a, c/q) — (a + d) | (12¢/q) } 
== qa? + PLIT PORER E =g) 
| (mod 2*8), 
from which it follows that 
L2acrA == 1¢e7/q(g +1) + ber —rbe(¢q +1) 
| + 2er (c/a) ((q/a) +1) + 6acr (mod 2°) 
= + 2er((q/a) +1) + 6cr(a + 1) (mod 2) 
= + Myd (1+ (g/a)) — (a + 1) (29), 
(10. 41) l2acrA == uy { (q/a) — a} (mod 23), 


This shows that 
(10. 42) 12crA = 0 (2°) if ris even, 
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since a must be odd if c is even, because of (a,c) = 1. : 
If r is odd, we must have q = — 1 (4) and therefore 


(q/a) = (a/q) (—1) © == a(a/q) (mod 4). 


Hence, from (10. 41), 


L2acrA == Arya ( (a/q) —1) (mod 2°), 
so that 

aia O (mod 2"), if risevenorif (a/q)==+ 1 
(10.43) 1Rerd = 13 M2 (mod 23), if (a/q) a and ris odd. 


The congruence (10.43) proves (10.13) in case c is even. Thus the 
transformation equation (4.12) is established in all cases. 
To prove (4.13) we use the formula (3. 6). 


Yar (— 1/7) = {y(— ee 1/7) } = S (—)" {9 (7/0) (7) i 
= (— igr)" ya, r(7/q). 


(4.13) now follows upon replacing r by gr. This completes the proof of 
Theorem 1. , 


THEOREM 3. Let q bea prime > 3, « an even integer, and 


see dr >.0. 
a(t) 
Then 
(Vr) == D(7) 


for every V = & a ee i to T'o(q*), i. e., with c==0 (mod g*). 


Proof. We shall make use of the transformation equations (3.5) and 
(3.7). If e==0, Vr—7-+ b, and 


(10. 5) ® (Vr) = exp (ni/12) (g*—1) -@(r) = 8(r), 


since 24| (g — 1) by virtue of the conditions placed on q and «. 
For c > 0, we apply (8.7) and find 


(10. 61) (Vr) = M (a, b, c,d) ®(r) 
with 
(10.62) M = exp (riff). 

` and 


(10.63) H =(s(a, c)— (a + d)/12c)— (s(a 0/92) — (a + d)/(120/q*)). 


” 
M“ 
£ 
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We have therefore to show that 
(10. 64) ` H=0 (mod 2). 


The proof of (10. 64) is word for word the same as that of Lemma 5 in 
. Rademacher [12] if we merely replace 2 by a. 


Proof of Lemma 1. With 


fe a b: are ü bi 
v—(2 J W= (% oh 


we must have 


on rae _ 6 a) 


ge qa CG, + qd, 
or 
(10.7) a, = 4 -+ Ac ap + qb, =b + àd 
as Cı = ge Cu + gd, = gd. 


Equations (10.7) determine ¢, and a, uniquely with e==0 (mod q?) and 
(a, ¢,) = 1. ‘From the. equations on the right we find 


(10.8) „a=b + Ad (mod q). 


Since g|c, ga, and (10.8) together with the condition 0 = » < q determines 
p uniquely. Furthermore, y= pz implies (A, —A2)d==0 (mod q), which, 
since qf d, is equivalent to A, == Às (mod q), i. e., Ay = Az. 

Now we find d, from. (10.7): 





dy = d — pe; /q = d — pe. 

If c > 0, we have ` 
(10. 9) b= tidy —1 (ies Ac) (d — po) a _ 66 TACE G) — prc? 

Cy gc qc 
since ad — bc = 1. b,-is an integer, as we verify from (10.8) and (10.9). 
If c= 0, we necessarily have a = d = 1, a = 1, dı = 1, cı = 0, p= b 4-A (q). 
From (10.7), bı = (b + A— a)/q, an integer, and dı — bıcı = 1. Thus © 
the lemma is proved. 


CORNELL UNIVERSITY, 
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LATIONSHIP BETWEEN MATRICES.* 





By CLAUDE CHEVALLEY. 


ST 





The consideration of algebraic Lie groups and of their Lie algebras has 
led me to the study of a new kind of relationship between matrices, which 
seems to be of some interest by itself. The present paper is concerned with 
the study of this relationship. The connection with the theory of Lie algebras 
‘will be explained in a later paper. 


l. The matrices X, .. The notion of replica. Let X, Y be two square 
matrices of degrees m, n respectively. If k is any integer, we shall denote 
by Ex the unit matrix of degree i. We set 


X -Y = XX En tH EnXK Y 


where the sign X is used to represent the Kronecker multiplication of matrices. 
The matrix .. * Y is called the Kronecker sum of X and Y. i 

If X is any square matrix, we denote by ‘X the transpose of X and by £” 
- the matrix — 4X. 

The Kronecker addition of matrices is obviously a distributive operation 
with respect to both of its arguments. It is easy to recognize that it is asso- 
ciative. But it is in general not commutative. o 

If X is any matrix, we set 
Xrns = ANY ERX RN OE, 


aon J 


_ r times s times 

If X is considered as an infinitesimal operation on the vectors of a certain 

vector space,, Xr, indicates how X operates on the r times contravariant and 
s times covariant tensors. . 

By a vector of type (r,s) we understand a column of mts numbers (a — 

“number” is an element of the basic field out of which the coefficients of our 


matrices are selected). A vector e of type (r,s) is said to be an invariant 
of X if we have 


=> 
Ap = 0. 


DEFINITION 1. A matrix Y is said to be a replica of X if every invariant 
of X is also-an invariant of Y. 


* Received August 14, 1942. l i x 


22 CLAUDE CHEVALLEY, 


Let K be our basic field. Tt will be convenient to make use of a vector 


> > -> 

space Pè of dimension n over K. Tf a base (€, €z," > *,€n) is selected in W, 
the matrices of degree n may be considered as linear endomorphisms of WM. 
We denote by M* the dual space of M (i.e. the space of linear functions 


on Yt with values in K). Tf A; is the linear function defined by Ai (e;) == ĝij, 


the elements Ai, Ao,‘ *, Àn form a base of Vi*, the dual of the base (¢,°--, én) 
of M. On the other hand, if N, $ are two vector spaces of dimensions n, p 
over K, we denote by X P the Kronecker product of Jt and P. To every 


pair (Ff, g) composed of a vector fe Jt and of a vector g. e$ there corresponds 
a vector FX g NXP; FXg is a linear function of each of its arguments 
when the other is kept fixed. If (fs, fos’ *>fn)> (gu * °, gp) ave bases for 
MN, P respectively, the vectors FX gi form a base for N X P. | 
We set 
M, s == MIX MEX. - MM MMMM K- XN., 
r times s times 
If pi, fe,’ © t, pr are r elements of M*¥ and Fy i te s elements of Mt, the 
element pı X yX- KX pX 7X: Xf, is an element of tr. (a tensor 
of type (7,s)!). The mts vectors Ai, MA:i, K- -- K Ai, Xe; X rS X-X ej, 


(Suam, 1S ig m) form a base of Vt. The matrix Xr, defines a 
linear endomorphism of Pt- s; more specifically, we have 


Xrom K uX + Ky MPR fe R- - Kis 
me Sy Me KN KX Ku KARR: KS, 


#22 


4S Mp Ke Kp MAM -XIX -Xf 


= 
ji 
H= 


where X*; is the linear function defined by X*p: (e) = — pi (Xe) for any 


: -> 
vector e. 
Let us consider, in particular, the space M* X WM — M, There exists 


a natural isomorphism I between Mh, and the space of linear . endo- 
-> 
morphisms of WM, which is defined in the following way: if we NME, fe Vi, 


I(aX f) is the endomorphism ¢ which is defined by (e) = p(e)f for any 
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-> . ; . 
vector e. From now on we shall, whenever it is convenient, identify the linear 
endomorphisms of M (i.e. also the matrices of degree m) with the corre- 


sponding elements of Dty,1. 


Let $ be an element of M., which is of the form aX f. We have 


Nid = (X*u)Xf+uX Xf 
whence easily 


Aud eat Ad — px. 


By linearity, the same formula holds for any ¢. 

It follows that a matrix p is an invariant (of type (1,1)) of X if, and 
only if, ¢ commutes with X. Therefore, if Y is a replica of X, Y commutes 
= with every matrix which commutes with X. Making use of a well known 
theorem, this gives the following result: 


THEOREM 1. Any replica of a matric X may be written in the form ofa, 
polynomial in £. 


2. Semi-simple and nilpotent components of a matrix. Using the. 
same notations as in 1, we shall say that a sub-space Jt of W is an {X}-module 
if X¥ CY. The {X}-module M is said to be simple if it is {0} and if it 
does not contain any other {X}-modules than {0} and itself. The space Wè 
is said to be semi-simple (with respect to X) if M is a sum of simple sub- 
modules. It is well known that, under this condition, Yè can be represented 
as a direct sum of simple sub-modules. 

If M is semi-simple with respect to X, we shall also say that X is semi- 
simple over K. Well known examples show that X may be semi-simple over 
a certain field K and. not be semi-simple’ over a larger field K’ (this however 
only in the case where K/K is not separable). 


THEOREM 2. A matric X over a perfect field K may be represented in 
one and only one way in the form X = Y + Z, where Y is semi-simple over K, 
Z is nilpotent and Y,Z commute with X. Furthermore, Y and Z may be 
expressed as polynomials. in X. 


This theorem is only a different form of the well known theorem of the. 
reduction of a matrix to semi-diagonal form. We present here a new proof 
of it wbich is better adapted to our purposes. 

Let us say that a polynomial f(z) with coefficients in K is semi-simple 
(over K) if it is a product of distinct irreducible factors. We shall say that 
X satisfies a semi-simple equation in K if f(X) —0 with some semi-sirnple f. 
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LemMal. If X satisfies a semi-simple equation, X is semi-simple. 


Assume that fi (-¥)fe(¥)---f-C¥) = 0, with fr irreducible (lSisSr), 
fi and f; being relatively prime for 1547. Let gi = [Į fi; the h.c.d. of 


JAt 
Jis Ja, ` *,9r is 1, and therefore we can find polynomials u: such that 


(1) | Situ (2) ge (2) = 1. 


We set u (X) 0 = Mi; Mı is an {X} module, and it follows from (1) that 
M = 30. We Wo fi (XM: = {0}. ` 


Let e be a vector 0 in M; o any), and assume that fils) =r" 


J aem +--+ + tay. The vectors e, X'e (1 < hi m) span a subspace - 
It of M: which is clearly an {X}-module. If p(x) is a polynomial of degree 
< mi, p(s) is relatively prime to fi: if u(x) p(x) + u(x) fi(z) = 1, we have 


> -> -> > . > 
e==u(X)p(X)e, whence p(X)e 540, which proves that e, Xe,---, Xe 
are linearly independent and that dim %—=m;. Furthermore Jt is clearly the 


smallest {X}-module to contain e. In the same way, we see that the smallest 


{X}-module to contain any vector e >= 0 in KR is of dimension mj, and there- 
fore coincides with 9}. This means that 9 is a simple {}-module; therefore 
every element £0 of M; belongs to a simple {X}-module, which . proves 
Lemma 1. : 

Let now X be any matrix with coefficients in a given perfect field: K. 
It satisfies at least one equation f(X) —0, where f is a polynomial with 
' coefficients in K. We can find a semi-simple polynomial g which divides f 
and is such that f divides some power g” of g (take for g the product of the’ 
distinct irreducible factors fi, fe a's fa of fì. . 

We prove by induction on k the existence of a poyoni hy, such that 
g(a — lw(x)g(x)) ==0 (mod g*). We may take hı = 0; since K is perfect, 
we have ales 0 and dg/dz is relatively prime to g (this follows ae once 
from g = fife’: > fs, df;/dæz £0). For any h we have 


g(x — h(x) g(x) ) == g(x) — (dg/dx)h(a)g(z) (mod. g?), 


Since dg/dz is relatively. prime to g, the identity of Bezout furnishes us with 
a polynomial he such that 1— (dg/dz)h.==0 (mod g) whence i 9) 


== 0 (mod g’). 
"Suppose now that the existence of hz has been proved for some k = 2. 
We set g(t — In(z)g(z)) = g*(@)O(@), y = & — he(t)g(x), whence 


gly —haelyg(y)) =g (y) (y) =O (mod. aN on the other hand ` 
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Sete) =T x (mod g(x)), and we can therefore write y—I(yg(y) 
= £ — lwn (a)g(v); then g(s — hr(e)g(s)) is divisible by g(x) and, 
a fortiort, by g*?(x), which proves the existence of ftr 

“We set now h(a) = hy (x), Y =X —h(X)g(X), Z =h(X)g(X). We 
have X = F + Z, and Y,Z commute with XY; since g™(Y) = 0, we ‘have 
g(Y) =0, and Y is semi-simple; for the same reason, we have Z" = 0, and 
Z is nilpotent. The existence of a decomposition of the type prescribed in 
Theorem 2 is . thereby proved. There remains to prove the statement of 
` uniqueness. 

Let us consider any decomposition VY = Y’ + Z’ with Y’ semi-simple and 
Z” nilpotent, both commuting with Y. We have Y’—Y=Z—2Z". Since 
F’, Z’ commute with X, they also commute with Y and Z. Therefore, in 
particular, Z — Z’ == U is nilpotent as the difference of two commuting nil- 
potent matrices. By the Taylor expansion, we have 


(2) g(P") = U((dg/de) (¥) + Vg.(%) ++ +U gy (P)) 


where gz,‘ **,gy are polynomials. It follows that g(¥’) is nilpotent; 
g (¥’) = 0 if UM == 0. Since Y’ is semi-simple, we have M == 3:NVi where 
each WY, is a simple {Y’}-module. Let f: be a polynomial of smallest possible 
degree such that fi( FOW = {0}. If f/:— pq, p and q being polynomials, | 


p of degree less than fi, the set of vectors ee MY; such that p(Y’ yous 0 
is a {¥’}-module which is 549i; therefore this set reduces to {0}, and 
p(Y’) induces a regular linear endomorphism in W: (i.e. an endomorphism 
which has an inverse). Tt follows immediately that #(Y’)9V; — {0} whence 
the degree of p==0: F: is irreducible. If now g’ is the l.c.m. of the poly- 
nomials fi, we have g’(Y’) =0 and g’ is semi-simple. Comparing the 
equations g/(Y’) == 0, g/(Y’) = 0, we obtain easily g(¥’) = 0. - 

Suppose now that U*¥ == 0, M>1. Then (2) gives UM-(dg/dx) (Y) 
= 0. On the other hand, we have h(x) (dg/dv) = 1 (mod g(#)), whence 
ho(Y) (dg/dx) (Y) = I (the unit matrix) and U™- = 0. ` Therefore we have 
U = 0, X = Y, Y == Y’, which completes the proof of Theorem 2. 


Remark. We have proved incidentally the converse of Lemma 1, i.e. that _ 
a semi-simple matrix satisfies a semi-simple equation. 

If the field K is perfect, a polynomial which is semi-simple over K remains 
semi-simple over any larger field. Therefore we have the following nee 


LEMMA 2. A matrix which is semi-simple o over a perfect pera remains 
such over any larger field. . 


Remark. The EA of existence in Theorem 2 could be deduced easily 


~ 
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from the theorem that any algebra over a perfect field i is the dir ect sum of the 
radical and of a semi-simple algebra. 
We shall say that the matrices, Y, Z whose existence and uniqueness are 
asserted in Theorem 2 are the semi-simple and nilpotent components of X. 
Using the notations of 1, we have 


(3) A r,s ee Vy + Lr, 


Observe now that, if Z, Z’ are nilpotent matrices, the matrix Z 4. 7 
—ZXE+E X Z’ is nilpotent as the sum of two nilpotent matrices which ` 
commute with each other (E, W are unit matrices of suitable degrees). It 
follows immediately that “Zr, is nilpotent. We shall’ prove that Yra is 
semi-simple. 

Since Y is semi-simple over a perfect field K, it remains semi-simple over 
the algebraic closure Æ of K. Hence we may write Y == PDT, where D is 
a diagonal matrix and T a regular matrix, the coefficients of D and F belonging 
to K. (This follows immediately from the fact that a simple {¥}-module 
over K is necessarily of dimension 1). Therefore it is sufficient to prove that 
Dr,» is semi-simple. But D, s may be computed directly without any difficulty ; 
it turns out that Dr, is again diagonal (i.e. semi-simple). Moreover, if 


1, %2,' * `, Zn- are the elements in the main diagonal of D, the elements of the | 
main diagonal of D,,. are all the quantities 
(4) Bia + Satay, CSAS, Ejn, 


LSAS r Sps). 


Since the matrices Yrs, Zr in (3) obviously nnm with Æ», they 
are the semi-simple and -nilpotent components of Xs. 

3. Some further results on replicas of matrices. 

LEMMA 1. If Y, Z are the semi-simple and nilpotent i aaa of a 
matriz X over a perfect field, and if Fi ‘is a vector ‘such that Ja 0, then 
Ye = == 0, Ze e = l. 

We have Y e =— Ze; since Y, Z commute, it ie easily that Y ke 

= (— 1)iZte for all k, whence YMe = 0 for some integer M. But we have 
also g(¥ Jom 0 with a semi- mule polynomial g. If d is the h.c. d. of 


gly) and y™, we haré by the Bezout identity, ay = 0 But d(y) =y 
since g is semi-simple, which proves Lemma 1. ` 


A NEW KIND OF RELATIONSHIP BETWEEN MATRICES. 527 
_ Since Frs and Z;,, are the semi-simple and the nilpotent components ot 
Xr, and Zr s it follows’ ee that we have 


/ Lema 2. If X isa matriz in a perfect field K, the cee uae and the 
nilpotent components of X are replicas of X. 


We shall now determine the replicas of a semi-simple matrix Y over a 
perfect field K. A replica of F is of the form p(Y), p being some poly- 
nomial. Let a, %,:-*,4, be the characteristic roots of Y, so that Y may 
be transformed (in the algebraic closure K of K) into the diagonal matrix 


Cy Q 


0 | Oy 
The same transformation carries p(Y’) into the matrix 


pha) l 0 
p(z) 


8 
l 


0 p(n) 


The matrix D», is a diagonal matrix whose diagonal elements are given by 
(4). Since every vector which is mapped on 0 under D, s is also mapped 
on 0 under Drs, we see that the condition — 3,"%;, + Zaj = 0 implies 
— rp (n) + 3i*p(aj,) = 0, and conversely this condition is sufficient to 
make D's a replica of Drs. | 

Therefore we have the following result: 


THEOREM 3. Let Y be a semi-simple matrix over a perfect field K, and 
let 3, %,° © -,% be the characteristic roots of Y. If p is a polynomial with 
coeficients in K, the matriz p(Y) is a replica of Y if and only if the fol- 
lowing condition is realized: if Sikia; = 0 is any linear relation between the 
aps with rational iniegral coefficients, then the corresponding relation 
Xikip(a:) = 0 holds between the elements p(ai). 


An easy consequence of Theorem 3 is 


THEOREM 4. Let K be a field of characteristic 0. A necessary and 
sufficient condition for u matrix X to be nilpotent is that Sp. XX’ =0 for 
every replica X’ of X. 


528 CLAUDE CHEVALLEY,: 


- Tf 2X is dipet and jf x is a replica of Y, X’ commutes with X and 
therefore XX’ is nilpotent, whence Sp. XXY’ = 0. z 

Assume.that X is not nilpotent. It has a semi-simple Gunes Y = 0. 
Let , @2,° ° *, æn be the characteristic roots of F; they generate a vector 
space P of finite dimension over the field R of rational numbers. Let 


$ 2 r š ‘ T - 
{pipot °°, pr} be a base of P: we have a; == 3 dijpi and one at least of the 
` — jezl j 


numbers ij, SAY igj,. 18 oh 0. We set Bi = tij; if iki; = 0 is a linear 
relation with integral coefficients between @,, a," © -,@, we have Sikidij == 0 
(lSjs5h), whence 3:ki8i—=0. We can find a polynomial p(x) (whose 
coefficients are algebraic over K) such that p(ai) == 8: (1 Sin). The 
matrix X” = p(X) is a replica of F. Let K’ be the field generated by the 
coefficients of X” ; if {m,;- ° +, os} is a linear base of K’ over K, we may write 
X” = SpoxX’, where each X'y is a matrix with coefficients in K. Hach X’, is 
clearly a replica of X”. On the other hand, we have Sp. 2 s0 Sp. YX” 
-+ Sp. ZX”; since Z commutes with Y and X^” is a replica of Y, Z commutes 
with. X”, and Sp. ZX” = 0, whence Sp. KX” = Sp. FX” = Bia Bi = 3107 i5,p i, 
Te Qi jQijp3 FO since Zigi 0. It follows that Sp. X.Y’, 540 for at 
LIF} O j 


least one k, which proves Theorem 4. 


Lemma 3. If the matric X’ is a replica of the matrix X, X’'rs 8 d 
replica of X ys. Sk 


Consider the space (Ut,,s)r,s If N, P, Q are vector-spaces, there exist 
natural isomorphisms between the spaces NX PXO (NM KP) XQ 
NM (BRO) and also between the spaces NXP, BRM; there exists also 
a natural isomorphism between (9t*)* and Yt. It follows easily from these 
remarks that there exists a-natural isomorphism between (Pr. s)r e and 
Messer, resect; and that the endomorphisms (Xra)re and Xreser’, prase 
‘correspond to each other under this isomorphism. Since every invariant of 
type (rs + sr’, 17” + ss’) of X is also an invariant of the same type of X’, 
Lemma 3 is proved. 

It follows by Theorem 1, that X’,. may be written as a polynomial 
Pr e( Xros) In Xr We may furthermore assume that P,.(0) =0. In fact, 
if Y,. is a regular matrix, it satisfies at least one equation g(X+,.) = 0 with 
a g such that g(0) 30, and therefore the unit matrix E, s may be written 
as a polynomial ers(Xr,s) with ¢,,,(0) == 0, which proves our assertion in 


a 
this case. If X, s is not regular, there exists at least one vector e >< 0 in Mts 


such that X nae == (), whence Py.s(Mrs)¢ == Prs(0)e = 0, Pre(0) = 0. Hence - 
we have 
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Lemma 4, If 4” is a replica of X, X's, may be written im the form 
Pr,(X r,s) where prs is a polynomial such that Pr;s (0) = 0.: 


Remark. We see at once that the condition expressed in Lemma 4 is not 
only necessary but also suflicient for A’ to be a replica of X. 


THEOREM 5. Let X, X’ be matrices over a perfect field K; let. Y, Y’ be 
ihe semi-simple components of X, X’ and Z, Z’ be their nilpotent components. 
In order for X’ to be a replica of X, it is ‘necessary and sufficient that Y’ bea 
replica of Y and Z’ a replica of Z. 


1) The condition is sufficient. Assume that the condition is satistied, 
-and let e be an invariant of type (r,s) of X. We have seen above that it is 


as 
also an invariant of Y and of Z (ef. Lemma 1, 3) ; therefore e is an invariant 
of Y’ and of Z’, and also of X’: X’ is a replica of X. | 


= '2) The condition is necessary. Assume that X” is a replica of X. Let 
> -> -> 
e be an invariant of Y, of type (r,s): we have Xr s€ = Zr se. Since Xr,s 


r” —> > 
commutes with Z,s, we have also X*, se = Z*, 56 (k= 1,2,-- -), cae 
"$ 
AM, se = 0 for some M. By induction on k, we prove that AMEY, se = 0 


(k =0,1, -M ). It is true for k= 0; assume that it holds for some 
ik < M; we have X, .(XM+-1F,%e) = 0, whence Y’, s (XHY rae) = 0 
because F” is a replica of Y which is a replica of X, so that ¥ ” is a replica 
of X. It follows that Ae ee == 0 because Y'r, commutes with Xr s, 


, -> 
which proves our assertion for k+ 1. Hence we have Y'Me == 0. Using (as 


we have done already) the fact that Y’ is semi-simple, it follows that Y’, ¢=—=0, 
which shows that Y’ is a replica of FY. 


Consider now the sub-space St of M. formed by the invariants of Z. 
Since Z, may be written as a polynomial in X, s and X’r,s commutes with 
Xy,9,. r,s commutes with Zr, whence X’, NON. Let Yrs, X's, Yrs denote 
the endomorphisms induced on N by Xrs, X’r,s, Yra: we have Č, = Y N 
But we know that F, s is semi-simple; hence the same holds for Fr. and Ž, s. 
We have A’,,. = Pre (Ære), where pr. is a polynomial, and it is easy to see 
that every polynomial in a semi-simple matrix is itself a semi-simple matrix. 
Therefore Æ’, s is semi-simple. 

Since Y’;,s, 2%, are polynomials in X's, they map Nè into itself and 
induce endomorphisms F’. s, Z'n on N; P r,s 18 semi-simple, Zi. a is nilpotent ; 
we have 2's, = Prs + Z'na and Ys, Z’r. commute with Xs; by the 
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uniqueness of the decomposition in semi-simple and nilpotent components, 
we have Z’,,6== 0, Zr N = {0}, which proves that every invariant of Z is 
also an invariant of Z. . 

Theorem 5 reduces the problem of finding all replicas of a matrix X to 
the same problem with the supplementary assumption that X is either semi- 
simple or nilpotent. The problem is solved in the —— case by 
Theorem 3; there remains to consider the nilpotent, case.. - 


THEOREM 6. If Zisa nilpotent matriz over a field K of characteristic 0, 
the only replicas of Z are the matrices tZ, te K. 


o In order to prove Theorem 6, we shall make use of a particular caše of a 
theorem due to Ado. The original proof being written in Russian, we give. 
- here a proof of the results which we need. 

The elements of M -o= M* XM" X-- -RM* are the v-lincar forms 
on M. Among these, we consider only those which are symmetric: they form 
a vector sub-space ©, of Qtr. Let {A1,A2)° © *, An} be a base of M* over K. 
It is well known that S, has a natural isomorphism with the set M, of the 
homogeneous polynomials of degree r in Ay, A2,°°-,An. The operation Zro 
may therefore be considered as an operation on II,. This being true for every 
r, Z defines an operation Dz in the ring K[A,, A2,° ©, Àn] of all polynomials 
in Ay Ag" oy Ane It is clear that Dz is a linear operation. An easy com- 
putation shows that it is a derivation, i. e. 


Dz(PQ) = Dz(P) -Q + P- Dad 


if P,Qe«K[A1,: + -,;An]: As such, Dz may be extended to a derivation of 
the field 3 == K (As,* + +,An) of the rational-functions in As A2,° ° *,An, An 
element He is called an invariant of Z if DzR = 0. The invariants of Z 
clearly form a subfield J of Z. 

Since Z is nilpotent, it may be assumed-that the base {àn Azt °° An} 
has been selected in such a way that DzA, = 0, and that DzdAn. is a linear 
combination of M, es -àp (LS hk <n). We shall prove that we can find 
elements A’3,A’2,° tAn eX with the following properties : : 


a) The- field see 13 Neyo ty Vi). coincides with 3, = K (M, As," t * AR) 
(1SkSn); — | E 

b) Dzdr’, is either equal t to 0 or to 1. 

c) If‘ o= KIN ,N2,° An], we have Arcor (LS1=k). 

d) If Dzok is 4 {0}, it ends: with the whole ring OK 


- We set Ap == M: the conditions a), b), ©), a) are satisfied. for k == ], 
as Dzo, == {0}. 


A NEW KIND OF RELATIONSHIP BETWEEN MATRICES. 531 


Assume that A^, ° -A'r have been constructed. We set prs == DzAm; 
by c) we have pre ox. If Dzgo, == {0}, pris = 0, we may take Nasa == Anes. 
If Dzoz = {0}, par £0, we take Nrs = phren; we have K (Ai ciN 
= K (Apt e (5 Any Newt) = Yen. Since Dzpris == 0, we have Dz ra = 1. We 


have Àr, == Mia ka € On] Nia] == Or; finally let P = Spider be an element ` | 


of Orm With pie ox: since Dzpj = 0, we have P = Dz(%(t+ 1)-*pid**). 

- Assume now ‘that Dzo, > {0}, whence Dzo, == ox. There exists an ele- 
ment vg, € 0; such that Davis == pri; we set in this case’ Apn = Ate — Peep 
whence DN ka == 0, K (Na t fs Nra) = K (^, SOM ss Ak, N x41) = ks 
Aka € Opl A kn | = Ora Let P = Lipiden be any element of Orm, with pi € 0x A 
since.Dz0s = 0, we have pi = Dzqi, qi € 0x and P = DzQ with Q = LigiAta € Okno 

Moreover, our induction gives also the following results: we have 
Dz\'r= 1 for at most one k; each Xx may be written as a rational function 
of Ai Az,*-* * Àn whose denominator is an invariant (in fact, a power of 
Bras IE Dede. = 1). Assuming that Z s40, we have Dzd’,=1 for exactly 
one value kọ of k; we set u = Xk and we have $ ==J (u). The field J is 
generated over K by the Ar, k > ko, which shows that every element of J may 
be written as quotient of two polynomials: in Ay,A2,° * *,An which are both 
invariants. ; 

Let now Z’ be a replica of Z. A polynomial in Ay, Ae,* © *,An which is 
an invariant of Z is also an invariant of Z’; therefore we have Dz J = {0}. 
If we set v = Dyu, we have : 


H 


Dad tomas vDge 


for any ped. In particular, we have DgAi==vDz, (lStsn). Since 
Dzd; and DyaA; are both linear forms in M, Ag," °°, An, We see that if Dzài. 
Dzà; are linearly independent for at least one pair (i,j) of indices, we may 
conclude that ve K, whence — tZ’ = v(— tZ), Z == vő. There remains to 
consider the case where any two of the forms DzA; are linearly dependent. 
It may then be ‘assumed without loss.of generality that DzA;==0 for 11 
= n—1, Dzàn = Avr, and 4* maps M* onto the sub-space spanned by An-1. 
Since (Z’)* is a polynomial in Z*, we have DyAi==0, DyAn == VAna, ve K 
whence again Z’ = {Z which completes the proof of Theorem 6. 
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ON CONJUGATE TRIGONOMETRIC POLYNOMIALS.* 
By G. Szzao. 


l. In a joint paper with A. C. Schaeffer* we discussed the following 
question: Let D be a closed domain in the complex z-plane and zo a fixed 
point of D. Let us consider all polynomials f(z) of given degree n for which 
| RF(2)| S1 in D and f(2) is real. ' What is the largesi possible value of 
| Sf(z)| af f(z) is an arbitrary polynomial of the kind mentioned and z is 
arbitrary in D? Under certain conditions on D and z the inequality 
| Sf (2)! < A log n was established where A > 0 depends only on D and Zo. 

This theorem was well-known jn the special case when D is a circle and 
zə is an interior point of D. However Mr. P. Erdös has called my attention 
to the fact that the best possible bound of | $f (z)| is not known in this case. 

In the present paper I wish to determine the best possible bound:in case D 
is a circle and 2o7is the center of D. I prove the following 


THEOREM. Let f(z) be a polynomial of degree n, f(0) real, and 


(1.1) | RG) St, jE 
Then 


(1.2) IOSD A cote ge ay Me ISL 


1<SrSn, m odd 

This constant M, can not be replaced by a smaller one. 
The-asymptotic value of My as n-> œ% is (2/a) logn. 
2. Another formulation of this theorem is as follows: p 
Let E i 

(2.1) wl) = o + @ cosh + b, sin p-ti ; i n COS NG +- ba sin Np 


be a trigonometrie polynomial of degree n with real coeficients satisfying the 


condition j 
(2.2) lu(d)| Sl, real. 


Then the conjugate polynomial 


* Received March 9, 1942. 

1A, C. Schaeffer and G. Szegé, “ Polynomials whose real part is bounded on a given 
curve in the complex plane,” American Journal of Mathematics, vol. 62 (1940), pp. 
868-876. - 
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(2.3) o(p) = — b, cos ġ + a, sin d—- + -— by cos nd -+ a, sin ne 
satisfies the inequality | 
(2.4) | olp) Sa, ¢ real, 


where My has the same meaning as in (1.2). This bound can nol be replaced ` 
by a smaller one. 


Further discussion is devoted to the problem of determining all the cases 
in which | v(¢o)| = Ma holds, ¢o being a fixed real value. As we shall prove, 
the solution of this problem is different according as n is even or odd. 

For `n even | v(do)! = Ma holds if, and only if, w(¢) = + to(¢— po) 
where | 
(2. 5) Uo(P) = Ao($) + 7Y Saa an 


1+ cos¢ 
here Ao(#) is the special sine polynomial (6.1) and y is real, | y | S (n+1)~. 


For n odd j v(¢o)! = M, holds if and only if u(¢@) = = Ao(d— ġo). 





3. It is sufficient to prove (2.4) for ¢==0. Furthermore the sine 
polynomial 


(3.1) A(p) = $(u(¢) —u(— ¢)) = b sind + basin 2ọ -° -+ basin nd 
satisfies the inequality | A(#)| <1 and its conjugate is l 


(3.2) n(d) =1(e(¢) + e (— g) )= — b, cos o — b: cos 2o —: + > — ba cos no 


so that a(0) = v(0). Thus our theorem is equivalent to the following : 
Let the sine polynomial | 
(3. 3) Ale) = b, sin ọ + b: sin 26 +--+ +--+ ba sin nd 
satisfy the condition | A(p)| S1, ¢ real. Then (with the same Mn as before) 
(3.4) | >» by | SM. 
This bound can not be replaced by a smaller one. 
4. Next we prove the following 


LEMMA. By using the notation (3.3) we have the tdentily 


mr ' 


S hemp L1) PELA PIE 
(4.1) 2 by 2(n + 1) >» A (<8) cote ge 


i&mEn, m odd 
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Indeed, for any trigonometrie polynomial U(¢) of degree 2n-+-1 we 
have as well-known . 


Apply this to the cosine polynomial ? 


(4.8) TH) =MG) Š sin vg = a(o) PODAL EDT 


Then [U (0) = U(r) =0, U(—¢) = U(¢)] 
(4) Sdy—wt f AE) (È sin rg) dg 

pul -T pel i 
, ( mr ) . mr 
f sn | > —,, Si. 
PES -1 . 
da $a (5) l ( mr ) 

, OEI 

This can easily be identified with (4. 1). 





5. The inequality ! $ by | 5 < M,, follows niey: from the Lemma. 


The only remaining question is whether the equality sign holds for, a stiitable 
sine polynomial. This is the case if and only if 








(5.1) a( — )=+ 1 (or -—1), .1limZn, m odd. 
n- 1 
These equations in combination with | A(¢)| S 1 furnish 
, Mr ie < m 
(5.2) | A (=) 0, Llim=n, m odd. 


The total number of these conditions is n or n+ 1 according as n is even 
or odd. They determine ‘the sine. polynomial A(¢) uniquely in the first case 
whereas in the second case the existence of such a polynomial has to be 
shown. Finally in both cases the inequality |A(¢)| 1 must be verified. 


6. The special sine polynomial Ao() satisfying conditions (5.1) and 
(5.2) has the character of the so called step-parabolas. It can be obtained 
` by the Hermite interpolation : * = 


(6.1) do(d) = 2(n4+1)*sing > 


LEMEN, m odd 


1 + cos(n $ the . mr 
7 ~ a m 
cos ġ — cos ——r LAE ee 

n+l 


See, for instance, G. Pólya and G. Szegi, Aufgaben und Lehrsätze aus der 
Analysis, vol. 1 (Berlin, 1925). p. 77, p. 269, problern 16. 

*Of. for instance, G. Szegé, Orthogonal Polynomials, Colloquiuin Publications, 
vol. 28 (New York, 1989), p. 324, (14.1.9). 
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This is indeed a-sine polynomial of degree n. The verification of the con- 
ditions mentioned does not cause any trouble. We only have to show that 
the polynomial 


aipeanna —Itosmn+ie 
2(n +1) 5T $ Toos g — oos ma/(n H1): -sin mr/(n + 1) 


EDO — 12), 


T == COS $, Um = cos MT/ (n +- 1), Pnn (z) = cos(n + 1)¢, 


(6.2) = 2 (0 + 1) (1 — ay?) (L — 2°) # 


satisfies the conditions t (am) = l, t’ (2m) == 20: But from the well-known 
differential equation | 


(6.3) (1 — 2?) TP" na (T) — tTn (2) as (n + 1)?°Pau (x) = 0 
_ we conclude that (m odd) 
(6.4) Tras (ain) (m 4-1)2(1 am), Pes (2m) = 3 (n + 1)%¢m(1 — Em?) 7’. 
Taking into account the re! ation 
(6.5) t+ Pua (2) = 4 (2 — tn) Tna (2n) + (2 — Em) T” nmal Em) F: 
we obtain 
(6.6) a 1)*(1— ant )#(1— a) {4 (n + 1)2(1 nt) 
A(n + 1)%tm(1—n?)-* (8 — am) +>» >} 
= acon ) (t@— Em) +) 


{1 + Emh 1 — Em? (E — Bm) 5 ane 


from aii the assertion follows. 


7. Further we need to show that | Ao(#)! 1 holds, ¢@ real. Condition 
(5.2) furnishes [$(n-+ 1)]. roots of A’o(¢). in 0 < $ <a, condition (5.1) 
in combination with Rolle’s theorem [$(n + 1) ] —1- further roots of ’o(¢) 


' in the same interval. The total number is 2[4(n-+1)]—l—n—1 or n: 


according as n is even or odd. But in the first case r is also a (double) root 
of d’o() so that in. both cases we find the maximum number of roots for the 
cosine polynomial ’o(¢) in 0< <~r. Thus all these roots of A’o(#) are 
` simple and these are the only roots of \’9(¢) in 0< @<a Hence Ao(¢) is 
monotonic in the intervals determined by those roots. Taking into account 
ào(0) == 0 and the conditions (8.1) we find that Ao(¢) =1 in 0OS¢Ez. 
From (6.1) we see that in the same interval Ay(¢) = 0. 
This establishes the proof of our Theorem. ` 
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8. Finally we wish to determine all the cases in which | e(0)| = Ma 
holds. The previous argument shows that in this case u(ġ) == + uo(p) where 
(8.1) o(p) = ào ($) + cole); 


here ¢o() is a certain cosine polynomial with real coefficients. Because of 
(2.2), (5.1) and (5.2) we must have | 


(8. 2) Co (=) == Co (=)- 0, LSmSn, m odd. 


The number of these conditions is n or n +- 1 according as n is even or odd. 
Hence in the second case co(ġ) == 0. 
Let n be even. Then 


i -+ cos(n + 1)¢ 
1+ eose č? 


are the only polynomials satisfying (8.2). We have |uo(r)| =| co(r)| 
=l|y|(n+1)?S1. Now we show that 


y a real constant, 


(8. 3) co(¢) = 


(8.4) 0SA($) —Ao(4) + wp nr bealese De 5 ETES 


Indeed, | 
himas (n + 1)] = —h{— [mr (n + 1)]} = 1, 
h'[mr/(n + 1)] = kK {— [mnr/ (n +1) =0, lSmsn, m odd. 


Also h(a) = 1, W (7) = 0. Furthermore Rolle’s Theorem furnishes 1/2 roots 
of h’(¢) in 0< ¢ġ <r and n/2—1 roots in —r <6 <0. Thus we find 
- altogether 


(8. 5) 


n/2 -4-1 d/o dene: nf? —1=2n 
(mod 2r) distinct roots for h’(@). Hence all these roots of h’(¢) are simple 
and these are the only roots of 2’(¢). Consequently 4({¢) is monotonic in 
the intervals defined by those roots. Since. (0) = (n 4- 1)-? am easy dis- 
‘cussion furnishes (8. 4). 
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The radical has been introduced into the theory of rings with the intent 
of constructing a two-sided nilideal modulo which there do not exist nilpotent 
right-ideals different from 0.. Thus it seems justified to define as a radical 
ideal every ideal meeting these requirements. Every ring possesses at least 
one radical ideal; and both the cross-cut and the sum of all the radical ideals 
are themselves radical ideals which may be called the lower and the upper 
radical respectively. It is possible that the upper and lower radicals are 
different and that neither of them is nilpotent. If all the radical ideals are 
equal, then we say that the radical exists: and this happens e.g., if every 
right-ideal, not 0, in the quotient ring modulo the lower radical’ contains a 
smallest right-ideal different from 0.' If this latter condition is satisfied by 
every quotient ring of the ring under consideration, then a finite or trans- 
finite power of the radical is 0. | 
+ Several applications of the theory of radical ideals are given: we prove a 
criterion for the existence of the identity element in rings that need not satisfy 
. the minimum condition for right- (or left-) ideals; and we deduce the double 
chain condition for right-ideals from properties considerably weaker than the 
minimum condition. 

It should be noted that we have restricted our attention throughout to the 
consideration of right-ideals, 


1. Existence of the upper and lower radicals. The element 2 in the 
ring & is a ntlelement, if s? = 0 for some exponent t; and the right-ideal J 
in & may be termed a nilideal, if every element in J is a nilelement. The 
right-ideal J is nilpotent, if J'=-0 for some exponent i. It is clear that. 
nilpotent right-ideals are nilideals, though the converse need not be true.’ 
It is well known? that the sum:of a finite number of nilpotent right-ideals 
is a nilpotent right-ideal; and it is obvious that zJ is a nilpotent right-ideal, 
whenever J is a nilpotent right-ideal and x an element in R. From these 
two facts one readily deduces the following well known statement. 





* Received May 15, 1942. Presented to the American Mathematical Society. 
April 16, 1942. 

* For an example cf, Kéthe (1), p. 165 (the numbers in parentheses refer to the 
bibliography at the end of the paper). l 

* CF. e.g. v. d. Waerden (1), p. 154. 
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LEMMA 1.1. The sum N= N(R) of all the nilpotent right-rdeals in R 
is a two-sided nilideal in R. 


Note that the ideal N(R) need not be nilpotent, as follows from an 
example due to Kothe.? 
The ideal P in the ring R shall be termed a radical ideal,* if 


(1.a) P is a two-sided ideal; 
(1.b) P is a nilideal; 


(1.c) the quotient-ring B/P does not contain a einai i 
different from 0. | 


There exist ideals in Æ which meet the peda netNe (1.a) and (1.b), 
e.g. the null-ideal. Thus we may form the sum * U = U (E) of all the ideals 
P in È satisfying conditions (1.a) and (1.b). This ideal U is clearly a two- 
sided ideal in £ and shall be called the upper radical of ÈR. 

There exist ideals in R which meet the requirements (1.a) and (1.¢), 

. the ideal P=R. Thus we may form the cross-cut D== L(R) of all 
. ideals P in Æ which satisfy conditions (1.a) and (1.c). This ideal L is 
obviously a two-sided ideal in R and shall be termed the lower radical of R. 

_It is an immediate consequence of our definitions that every radical ideal 
is situated between the upper and the lower radical. But the main justification 
for our terminology may be seen in the following fact. | 


THEOREM 1.2. The upper and the lower radical of the ring R are. radical 
ideals in R. 


Proof. It has been shown, by Kéthe ° that the sum of all the two-sided 
nilideals in Æ is a nilideal. Denote by W the uniquely determined two-sided - 
ideal in Æ which satisfies: 7S Wand W/U = N(R/U). There exists, by 
Lemma 1.1, to every element æ in W a positive integer 7 such thats? is an . 
element in the nilideal V ; and hence every element in W is a nilelement. Now 
it follows from the definition of the upper radical that W = U, N (R/U) = 0; 
and thus we have shown that the upper radical of Æ is a radical ideal in R, 


LSU, since we have just shown that the upper radical U is a radical 
ideal, and since the lower radical L is certainly part of every radical ideal in Æ. 
Consequently L is a nilideal, since U7 is a nilideal. Every nilpotent right- 





* Cf. Köthe (1), p. 165. 

‘The existence of radical ideals will be assured by Theorem 1.2 below. 
5 This ideal has been considered by Fitting (1), p. 2]. 

€ Kéthe (1), p. 170. 
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ideal in R/L has the form S/L for 8 a suitable right-ideal between L and R; 
aud from the nilpotence of S/L we infer the existence of a positive integer 1 
such that S‘= L. Suppose now that condition (1.c) is satisfied by the two- 
sided ideal T in R. Then LST and ((7 + 8)/T)‘=0, since (T+ 8)* 
<T4S'<7+4 LT; and it follows from (1.c) that (T + 8)/T=0 
or 7+ S=—TorSSf. Thus we have shown that S is part of every ideal L; 
satisfying (1.a) and Ne c); ; and hence S = L, proving” that L is a radical 
-idealin R. 


-Remarks. 1. The following construction of the lower radical may be of 
some interest (in particular in case the transfinite induction involved in it 
happens to stop after a finite number of steps) : 


(i) Q(0) =0. - 
(ii) Suppose that the two-sided ideal Q(w) has been defined for every 
Uv. 


Case 1. ` If v==w-+ 1 is not a limit-ordinal, then Q(v) is the uniquely 
determined ideal in Æ which contains Q(w) and which satisfies: Q(v)/Q(w) 
= N(B/Q(w)) 5 that Q(v) is a two-sided ideal in Æ, is an immediate con- 
sequence of Lemma 1. 1. 


‘Case 2. Ifv isa limit-ordinal, then denote by Q(v) the join of all the 
ideals Q (u) foru <v. It is readily verified that Q(v) is a two-sided ideal in È. 


(iii) Since the Q(v) form an ascending chain of ideals in KR, there exists 

a (smallest) ordinal z -such that Q(z) == Q(2z4+ 1); and we put Q(z) =Q. 

It is clear from our construction of Q that Q is a two-sided ideal in £ and 

that #/Q does not contain nilpotent right-ideals different from 0. Hence it 
follows from the definition of the lower. radical L of R that L SQ. 

. Suppose next that the ideal T in Æ meets the requirements (1.a) and 
(1.c). It is clear that Q(0) ST; and thus: we may assume that every Q (u) 
‘for u < v is part of T. Then it is readily verified that Q(v) is also part of T ; 
and thus it follows by complete induction that Q is part of T. But this shows. 
that Q = L; and thus we have shown that the ideal Q just constructed is the 

lower adie L of R. 


2.8 If T isa two-sided ideal between L and U, then the upper radical ot. 
R/T is U/T; and if T is a radical ideal, then the lower radical of R/T is 0. 
7 The author is indebted to the referee for this proof, which is much simpler than 


the author’s original proof, of the fact that L is a radical ideal.. 
e This remark is due to the referee. 
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3. It has been pointed out before that every radical ideal is situated 
between the. upper and lower radical; and it is a consequence of Theorem 1.2 
that every subideal of the upper radical is a nilideal. It may happen that 
there exist two-sided ideals between the upper and the lower radical which 
are not radical ideals; an example for this phenomenon will be constructed in 
section, 2. 


4, It is a consequence of Theorem 1.2 that the upper and lower radicals. 
are equal, if U/L is a nilpotent ideal m R/L. In general, however, the upper 
and lower radicals may be different, as will be seen from the example con- 
structed in section 2. 

If the upper and the lower radical are equal, then this ideal may be 

termed the radical K = K (R) of. the ring R; and we say then that the radical 
of R exists. It should be noted that the radical need not be nilpotent, as may 
be seen from an example due to Kothe.° 


2. Existence of different radical ideals. In this section we construct ` 
a ring with the following properties: 


(i) Every element in the ring is a nilelement so that the ring is its 
own upper radical U. a 
(ii) The ring does not contain nilpotent right-ideals different from 0 
so that its lower radical is 0. 
(iii) The ring contains a two-sided ideal which jis not a radical ideal. 
Denote: by. GŒ an abelian group which is the direct sum of a countably 
infinite number of infinite cyclic groups; and denote by b(0),5(1),6(—1),---, 
b(t), b(—1),°.: a basis of G. Then there exists one and only one endo- 
morphism (== homomorphism) u(i), for i= 1,2,: --, of G such that | 
ee eee 0, if 7==0 mod 2 
a b(j—1), if-7£0 mod 2. 
The following statement may be easily verified by complete induction : 
fe eke ; b(} — m — 1), if 1 5&£n mod 2i for OS n= m. 
* b aats m i = “ x { 4 e ; s 
(SI OLPY) "nte (hi) j 0, i£ 7 == mod 2* for at least one n with 0S n S m. 
Denote by U the ring of endomorphisms of G which is generated by the 
endomorphisms u(1), u(2),° >>. | 
k 
Every element « s£ 0 in U has the form: s == $ a; where z; = + u((1,0)) 


i=l 


na] 


° Köthe (1), p.. 165. 
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-u((i,mi)), 0 < (4,7), 0 Sm. If h is the maximum of all the numbers 
2(-”) “then it is an immediate consequence of (*) that b(j)#i,: £i, =0 
for every 7, since the product of endomorphisms contains at least h factors 
u(s) with 2s = A. Consequently this product is 0 and this implies that 2” = 0. 
The ring U has therefore property (i). | 

For a proof of property (ii) we need a closer analysis of the structure 
of the endomorphisms in U. If x is an endomorphism different from 0 in U, 


m K(4) 
then s= Š y(i), y= È elii), ehi E, yA — (His 0)) 
-u((i,737)), 0< (ijin), 0S k(ij, and y(n) 40. Denote by r some 

integer satisfying: m + 1 ar and (t,9;7) Sr for i = 0,: --,m; 
Jed k(t); n= 0, 

lf h is some AD AN ee integer, then denote by s an integer: 
satisfying 2rth. 28, We proceed to prove that (tu(s)*-"")* +40; a fact 
that implies the impossibility of nilpotence of right-ideals different from 0. 

It will be convenient to put 2(t,7) = y(t, 7)u(s)? 

Since y(m) £0, there exists an integer ¢ such that b(t)y(m) 0. 
Hence we may assume that the positive integer k has been determined in such 
a way that 


EE Ce ee LOY 91 oe 
Duim, i) = {0 Ta. 


Then b(t)y(m) = X e(m, j)b(t — m — 1) Æ 0; and this ‘shows that 
j=1 i , 


i 
i 2 e(m, J) +0, a fact we shall have ‘to use later on. 


If0SySm,1SypSk(w) for 1 SvSh, and if e is 0 or 1, then 
it follows from (*) that b(t eh2")z(t1,71)-° > 2(tn, jn) is either 0 or 
b(t + eh?" — > (t» + 1+ 2% — m—1))=— b(t + (e—1)ha"-+ mh— DW) 
and this inter element is euna to b(t + (e— 1) ha") if, and T if, 
yt ip = M. 

If k < jy for some v, then b (t)y(m, jv) = 0; and thus there follows from 
(*) the existence of an integer n such that 0 = n = m and t==n mod 2(™ jv; n), 
But then we find that t + eh?" = t = n = n + (v — 1)?" mod 2™iei and 
hence we may deduce from (*) that b(¢ + eh27)z(m, i) > + + 2(m, jn) =Q. 
The results obtained in the last two paragraphs may be stated as follows: 

Tf b(t + eh2")z(t, fi) © + z(in gn) = b(t + (e — 1)hA27), then 
u =: -=n =m and TS jh S k. 

Assume now the existence of integers fv, js such that 1S Ivy Jo =k and 


Ca 
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b()2(m, ja) =- “2(m, ja) = 0, b(t + h2")z(m, j1) + + -2(m, f'a) =0. Then 
we infer from (*) the existence of integers n, v satisfying: 1=y Sh and 


y= j n -+ (v — 1)?" mod 2405") for Snas m 
ta + (v — 1)?" mod 2¢ for me n < 2", 


If OS n S m, then t=n mod 20m jr; n) ; and we could deduce from (*) that 
b(t)y(m, jv) = 0 which is impossible, since je = k. Thus there exist integers 
n, v such that m< n << 2%, 1 Soh and t=n + (v— 1)?" mod 2°; and 
likewise there exist integers n’, v such that m <n’ <2", 1 Sv’ Sh and 
t+ h2* cen’ + (v —1)2" mod 2% Since r< s, it follows from these two 
congruences that n= n’ mod 2"; and since..m <n, n < 2", we deduce that 
n== n. Sonsequently (v-—1-+ A)? = (v’—1)2" mod 2* or h-4+u—v’ 
s=0 mod 2°". Since lv, v Sh, we have 0<Ch-+o—vw' < 2h S arr, 
a contradiction. Thus we have shown that there exists an integer i’ such that 


B(e a(t, jr) + + o glin a) =b (U — har) 


if, and only if, i, =---—t—=—m and 1 S jy S k for v=1,--+-,h. 
Now it is readily verified that 


DCP) (aus) *¥4)*— ( Helm, j) (Uh) + I oli) 
oe 


ohh 

since the factor of b(t’ — h2") is, by a previous remark, different from 0. 

This completes the proof of the fact that (11) is satisfied by the ring U. 

To prove (iii) let us consider the two-sided ideal T in U which is 
generated by u(2), u(3), °°. Every element in T is a linear combination 
of products (io) - + > u(t) with the restriction that none of these products 
is a power of w(1). : : 

0 for even 7 
r mEn F æ 

We note that 5(7)u(1) J ai) for edd 
it is readily verified that U? ST. Thus all ‘we have to show is that u(i) 
is not an element in T. 


Hence u(1)* 0; and 


Every element z 5£ 0 in T has the form: z= > c(i)u(i) +y for 2 in 
U? so that b(t) = > d(7)b(7). Ifv—u(1), fen 4 follows from 6(1) u(t) 
a nk ( Ofori ssi 
\ (1) for i 1 
that 5 c(i) = 0. This contradiction shows that u(1) is not in T so that 


422 


U? ST < U, as was required. 


r ; 
== b(0) that © c(i) = 1; and it follows from b(2)u(i) == 
q=2 $ 
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-If we adjoin to the ring U of endomorphisms of the abelian group G the 
identity-endomorphism, we obtain a ring J whose upper. radical is U, whose 
lower radical is 0 and which contains the two-sided nilideal T such that R/T 
contains nilpotent right-ideals different from 0. 


8.. Characterization of the upper radical. The right-ideal J in the 
ring Æ is termed a minimal right-ideal, if O < J, and if there does not exist 
a right-ideal J’ such that 0 < J’ < J. 


THEOREM 3.1. I f T is a radical ideal in the ring R, and if ever y m ight- 
ideal different from 0 in the quotient ring R/T contains a minimal right- 
ideal, then T is the upper radical U of R and the upper radical of R contains 
every miideal? in R. | | 


Pr oof. If the nilideal J in Æ is not part of T', then there exists an idea. 
V, between T and T d J such that V/T is a minimal right-ideal in R/T. 
Since V/T is part of (T -+ J)/T, and since J is a nilideal, V/T is a nilideal. 
A minimal right-ideal is either nilpotent or idempotent; and since T is a 
radical ideal in F, it follows that V/T is idempotent. But it is well known #! 
that idempotent minimal right-ideals contain idempotent elements not 0. 
Thus the nilideal V/T contains an idempotent element not 0, a contradiction. 
* Hence it follows that T contains every nilideal in R. Since T is a radical 
ideal, it is a two-sided nilideal and therefore part of the upper radical. Since 
the upper radical is the sum of all the two-sided nilideals, it follows from 
what we have shown just now that U. is part of T, i.e. U.=— T contains every 
nilideal. 

The right-ideal J is termed a maximal right-ideal in the ring R, if J < R, 
and if there does not exist a right-ideal J” such that J < J’< R. The'element: 
e in Ñ is a left-identity element, if ez = g for every element æ in the ring R. 


LEMMA 3.2. If the ring R contains a ay. element e, then each 
nilideal is part of every maximal right-ideal. - | 


Proof. ‘Lf the nilideal V were not part of the maximal right-ideal J, then. 
R= V +4 and there would exist elements v and j in V and J respectively 
such that e= v -+ j. By complete induction we may show the existence of 
elements j(i) in J such that e = vt + j(i), since 


oma et ea (Pa 0) 0) te) (4) ae a a (ao 1). 


*°'This shows: that under the hypotheses of Theorem 3.1 the upper. Fadil meets 
all the requirements, concer ning right-ideals, imposed upon the radical by Kéthe (1), 
p. 169. 

ncf, e.g. yv. d. Waerden (1}, p. 157, Hilfssatz 3. 
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But v is a nilelement; and ie it follows that e is-in J and that therefore 
J= R, an impossibility which proves our contention. 


THEOREM 3.32% J f the ring R contains a left-identity element, and if 
every right-ideal different fron 0 in the quotient ring R/U contains a minima 
right-rdeal, then the upper radical U of EB ts the. cross-cut of all ehy maximal 
right-ideals in R. 


Remark. The example in section 2 shows the impossibility of omitting 
the hypothesis concerning R/U; and Theorem 9.6 below shows’ the: need for 
assuming thé existence of a left-identity element i in R. 


Proof. If the inter section J of all the maximal right-ideals in A/U were 


different from 0, then J would contain a minimal right-ideal J’; and con- . 


sequently we could infer 1° the existence of an idempotent e320 in J”. It is 
well known that R/U is the direct sum of the right-ideals J’ and Z where 
J° consists of all the elements v == ev and wheré Z consists of the elements z 
satisfying ez == 0. Thus the crosseut of Z and J’ is 0. Since J’ is a minimal 
right-ideal in #/W, Z is a maximal right-ideal in R/U. Hence J’ S/d SZ, 
a contradiction showing that J = 0. Thus we have proved that U is the 
intersection of .all the maximal right-ideals in R which contain U; and it 
follows from Lemma 3.2 that U is part of every maximal right-ideal in Æ, 
since U is, by Theorem 1. 2, a nilideal. 


4. The anti-radical. We state the following well known fact for 
future reference. 


Lemma 4.1. If N is a sum of (a finite or infinite number of) minimal 
right-tdeals in the ring R, then every right-tdeal contained in N is a direct 
summand of N and is itself a direct sum of minimal right-ideals in R. 


The sum M == M(R) of all the minimal right-ideals in the ring È 
shall be called the anti-radical of R; and we put M (R) == 0, if there are no 
minimal right-ideals in X. This definition may be justified by the fact that 
the upper radical is, under not too narrow assumptions, just the cross-cut of 


1" The author proved this theorem originally, using a stronger hypothesis. He is 
indebted to the referee for supplying him with a proof for the theorem in its present 
form. 

18 Cf. e.g. v. d. Waerden (1), p. 157, Hilfssatz 3. 

4 Cf. e.g..MacLane (1), p. 458, Theorems 3 and 7 


75 This ideal has been investigated by Hopkins (1) under the hypothesis that the 


mininium condition be satisfied by the right-ideals àp the ring. 


| 
| 
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all the maximal right-ideals in R (see Theorem 3.3); and by the fact which 
wé shall prove immediate:y that vadical ideals and the anti-radical annihilate 
each other. 

‘Tf J is a minimal right-ideal in the ring R, œ an element in R, then «J 
is either 0 or a minimal right-ideal in R; and -this shows that the antt-radical 
is a two-sided ideal. 


THEOREM 4.2. If M is the anti-radical of the ring R and J a nilideal 
in R, then MJ =Q. 


Proof. If b is an element in the minimal right-ideal B, 7 an element 
In the nilideal J, and if hj were different from 0, then 07 would be an element 
not 0 in the minimal right-ideal B so’ that B would be the sinallest right- 
ideal containing bj. Consequently there exists an element r in R such that?® 


b = bjr abot £ bj =b(jr =] +: Œ j)= b7 where j is an ele- 
ment m J, since 7 is an element in the right-ideal J. There exists an integer t 
such that 7$ = 0 and this leads to the contradiction: 0407 == b7} =>> > 


= bj’tj = 0. We have shown, therefore, that BJ = 0 for every minimal right- 
ideal B in Æ; and this fact clearly implies MJ = 0. 

The following condition will be imposed frequently upon the rings under 
consideration. 

(4.4) If x is an element in the ring R, then œ is contained in the 
right-ideal xk. 

This requirement is met e.g. by all the rings which contain a right- 
identity clement; and (4. A) is satisfied by the ring R if, and only if, J = JE 
for every right-ideal J in R. 


THEOREM 4.3. If condition (4. A) dis salisfed by the ring R, if T is a 
iwo-suled ideal in R, and if R/T is a sum of minimal right-ideals, then the 
anti-radical M contains every element x, satisfying: «T = 0. 


Proof. If sT ==0 is satisfied by the element + in R, and if the right- 
ideal J in R contains T and is a minimal right-ideal modulo T, then either 
tJ =Q or aJ is a minimal right-ideal in R. The right-ideal £R is con- 
sequently a sum of minimal right-ideals in X, since R/T is a sum of minimal 
right-ideals in R/T; and as a sum of minimal right-ideals £R is part of the 
sum M of all the minimal right-ideals in R. Applying condition (4. A) to 
wh = M we find finally that æ is in M whenever æT = 0. 





*° This more complicated form for the most general element in the right-ideal 
generated by bj is due to the fact that no identity clement need exist in R. 


| 


i 
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Remark. The impossibility of omitting aia (4. A) in Theorem 4. 3 
may be seen from the following example: Denote by Æ the ring of all the 
multiples of the prime number p considered {modulo p? and denote by. T the 
ideal of all the multiples of p? in Æ. It is obvious that T is a two-sided ideal 
in R such that R/T is a minimal ideal and ‘such that RT = 0, though Ris 
not a sum of minimal ideals. 

The following Rae is an immediate: consequence of Theorems 1. 2, 
4,2 and 4, 3. one 


THEOREM 4.4. (a) MU —0. 





(b) If condition (4. A) is satisfied by the ring R, and if R/U is a sum 
of minimal right-ideals, then the anti-radical is exactly the set of all the 
the elements x which satisfy: sU = 0. | | | 


Remark. The impossibility of omitting the second hypothesis in (b) may 
be seen from the example of the ring of all the integers whose radical and 
ailti-radical are both 0. i 

The following lemma will prove useful later on. 


Lemma 4.5. If the right-ideal J in the png R is contained in sihe anti- 
radical M of R, then J? == J’. 


Proof.. It is a consequence of Lemma 4:1 that J is a sum of minimal 
right-ideals. If Z is a minimal right-ideal in fh, then Z? is a subideal of Z 
and consequently either Z? = Z or Z? = 0. |If Z is a minimal right ideal 
. contained in J, then Z? == Z implies that Z 5 J?, and Z? = 0 implies that 
4 is part of the cross-cut C of J and the upper radical U. From these facts 
we deduce that J = J? -- C. From Theorem 4./2 we infer that JO = M U =Q. 
Gorende a Oa E 

M. Hall has shown ** that every algebra may be decomposed in one and 
. only one way into the sum of a semi-simple and a “bound” ‘algebra. The 
following concepts will be needed for an extension of his theorem. 

We denote by A == A (F) the set of all the, elements z in Æ which satisfy: . 
vU = Ux=0; and we denote by B == B(R) the set of all the elements b in 
R which satisfy: bA? == A?b —0. It is obvious that A and B are two-sided 
ideals in R, and that USB. | 


THEOREM 4.6. Suppose that condition (4. A) is satisfied by the ring R. 


(a) If E is the direct sum of the two-sided ideals S and T, if U < T; 
and if the cross-cut of A and T is part of U, then S = A? and T = B. 


17 Hall (2), Theorem 2. 2. 


| 
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(b) If R/U is a sum of minimal right-tdeals, then the cross-cut of A? - 
and B is 0; and the cross-cut of A and B is part of U. 


(c) If R/U is a sum of minimal right-tdeals, id of the er oss-cut of A 
and the anti-radical M of R is the sum of a finite number of minimal right- 
ideals,* then R is the direct sum of A? and B. 


Proof. If the two-sided ideals S and T meet the requirements of (a), 
then ST = TS == 0 and consequently S S A. If D is the cross-cut of A and 
T, then A is the direct sum of S and D, and D is part of U. Thus D? < AU 
== 0 and A? = &*-+ D? = 8; and this implies B =T. 


‘If R/U is the sum of minimal right-ideals, then it follows from Theorem 
4.4, (b) that A is part oz the anti-radical M of £; and hence it follows from 
Lemma 4.5 that A* =— A*. If W is the cross-cut of A? and B, then we deduce 
trom Lemma 4.1 the existence of a right-ideal V such that A? is the direct 
sum of W and V. Clearly A?W== WA?—0 and hence we have A? = A*- 
== (V + W)* = ¥?, proving that W—0. The cross-cut of A and B is part 
of M and is therefore ule sum of minimal vight-ideals. If Z is a minimal 
right-ideal, then either 27 = Z or Z° = 0; and if Z = 4’, then Z is part of 
A? and is therefore not dilas in B. If Z? = 0, then Z is nilpotent and 
is therefore part of 7; and this completes the proof of (b). 

Of the requirements of (c) are met by the ring Æ, then A? is the sum of 
a finite number of minimal right-ideals; and since the cross-cut of A? and B 
is 0, it follows from U = B that the minimal right-ideals contained in A? are 
idempotent. Now we may deduce by the customary arguments *° the existence 
of an idempotent e such that A? == eR. Denote by Æ the set of elements z 
in A’ such that ve == 0. Clearly Æ is a left-ideal and the two-sided ideal HR 
satisfies: (ERY == ERER S E'R S EA? = EeR =0, showing that ERSU. 
Applying (4. A) we infer now that E S ER S U; and since the cross-cut of 
A’ and U is part of the cross-cut 0 of A? and B, it follows that FE = 0; and 
from this fact we deduce that A? = eR — ed? = Re = Ae; and this shows 
that the element b in # belongs to B if, and only if, be = eb =— 0. If ris any 
element in R, then e(r— ere) and (1 —ere)e belong both to eR = Re and 
satisfy therefore: e(r— ere)==e(r—ere)e=0 and (r—ere)e == e(r—ere)e 
==.0, Consequently ere belongs to A*— eRe and r— ere belongs.to B, i.e. 
R is the direct sum of A? and B. | 


ieai 


18 It is not known to the author whether or ‘not this hypothesis is needed for the 
validity of the proposition (c). 
E. g. v. d, Waerden ), pp. 156-158. 
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5. The anti-radical series. An ascending chain of two-sided ideals 
My = M, (B) in the ring R may be defined by femme (transfinite) induction 
as follows: 


(i) M, is the anti-radical M of £. 


(ü) Men is the uniquely determined two-sided ideal in Æ which con- 
tains My and which satisfies: M (E/M) = Moa/Mne. i 


- (iii) If vis a limit-ordinal, then Js is the join (and therefore the sum) 
of all the ideals Ma for u < v. 


(iv) There exists a smallest ordinal mi|= m(R) such that Mm = Mana. 


THEOREM 5.1. R= Mm for some (finite or infinite) ordinal m if, and 
_ only rf, the following condition is satisfied by every quotient-ring of R: 


(5.B) Every right-ideal different from 0 contains a minimal right-ideal. 


Proof. If condition (5. B) is satisfied by every quotient ring of R, and 
if M, < R, then R/AY, contains a minimal) right-ideal so that My < Moy. 
Since Mm = Mma for some ordinal m, this shows the sufficiency of the 
condition. 

Ii R = Mn for some ordinal m, and if T is a two-sided ideal different 
from R, then it is easy to construct a well-ordered ascending chain of right- 
ideals J (v) with the following properties: 


(a) J(0) =T. 


(b) J(v) <J(v+1) and shes does not exist a right-ideal J satis- 
fying: J(v) <J <J(v+1). 


(c) If v is a limit-ordinal, then J (v) is the join of all ie right-ideals 


J(u) for u< v. 
(da) J(w) =F for some Gue or infinite) ordinal w. 


If J is some right-ideal in & such that T x J, then there exists a smallest 
ordinal z such that the cross-cut of J and J (z) is different from T, since the 
cross-cut J of J and J(w) = F is different from T. It is an obvious con- 
sequence of (c) that z cannot be a limit- ordihal : and we may readily verify 
that the cross-cut V of J and dJ (z) is a minimal right-ideal modulo T, as was 


to be shown. 


COROLLARY 5.2. If R= Mn for some jordinal m, then the radical K 
of the ring R exists. | 


BD 
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Proof. If R = Mm, then it follows from Theorem 5. 1 that (5. B) is 
satisfied by R/L. Hence it follows “from Theorems. 4.2 and 3.1 that the- 
lower radical Z and the upper radical U of the ring # are equal, i-e. U == L 
is the radical K of R. l 

We note that under the hypotheses of Corollary 5. 2 every nilideal is con- 
tamed in the radical K of R. 

It should be mentioned finally that (5. B) is satisfied by every quotient 
ring of R, whenever the minimum condition is satisfied by the right-ideals in F. 


6. The powers of the radical. lf J is a right-ideal in the ring #, then 
the (finite and transfinite) powers J” of J are defined by transfinite induction 
as follows: i 


(i) H=. 
(i) J= JJ”. 
(iii) If v is a limit-ordinal, then J” is the cross-cut of all the J* for 
wou l 
(iv) There exists a (smallest) ordinal s = s(J) such that J! = J**, 
It is clear that the powers of a right-ideal are right-ideals; and that the 


powers of a two-sided ideal are two-sided ideals. 
If J is a right-ideal in R, and of u = v, then J? 5 J". 


Proof. We prove this contention by complete induction with regard to v. 
It is certainly true for v == 1; and thus we may assume that J® = J" for 
USE wL<. 


Case 1. v is a limit-ordinal. 


Then J” is the cross-cut of all the J* for u < v so that u < v implies 
Ps J, A 
Case 2. v == w + 1 for w a limit-ordinal. 


Then J? = JJ” S JJ" = J" for every uw. Thus J” is part of the 
cross-cut of all the J/“** for u < w; and this cross-cut is just J”, since w is a 
limit-ordinal. 


Case 3. v==2-+2 for some ordinal z. 


Then J? = JJ < JJe = Je S Ju for w<Sz+1< v; and this com- 
pletes the proof. í 


. THEOREM 6.1. I f J is a nilideal, then MJ? = Q for every ordinal v. 


a m 
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Proof: It is a consequence of Theorem 4, 2 that an 1 = MJ one 0. Thus 
we may assume that our assertion holds for every u < v. 


Case 1. v= w~- 1 is not a limit-ordinal. 


Then Af,/M.. is the anti-radical of R/My and (J + Mw)/Mvw is. a nil- 
ideal in the quotient ring R/Mw. Hence it follows from Theorem 4.2 that 
their product is 0; and from this fact we deduce MJ S Mu. From the 
induction-hypothesis we infer MxJ‘° = 0. Consequently we find that 
Mid” == MJ Je = M yd” = 0. 


Case 2. v is a limit-ordinal. 


If x is any element in My, then we deduce from the definition of MM» as 
the join of the Mu, with u < y the existence of an ordinal u < v such that 
x is an element in My. It is a consequence of the definition of J? that J? J*; 
and hence it follows from the induction-hypothesis that sJ? < M,yJ¥ = 0; 
and thus we have shown that M,J” = 0. . 


COROLLARY 6.2. If R= Mm for some ordinal m, then K"! == 0. 


Remark. The existence of the radical K of R is assured by Corollary 5. 2. 


Proof. It is an immediate consequence of Theorem 6.1 that 
jot — KK" < RK” = MpK” == == 0), 


Note that: we could infer K” == 0 from £ = Mm, if 0 w ere the only ele- 
ment v in È satisfying Ee = 0. 

That K* == 0 need not imply R = Mn, [may be seen Em the example 
of the ring of all the integers where M, = KR? = 0 for every v. 


THEOREM 6,3. If E = Mm for some o1 dinal m, then each of the following 
properties of the righi-ideal J in R implies all the others: 
(i) J is a nilideal. 7 | 
(ii) J is a part of. the radical K of R 
Corollary 5.2). 


(whose existence is assured by 





(iii) J* == 0 for some ordinal k. 


Proof. It is a consequence of Theorems 5.1 and 3.1 that every nilideal 
is part of the radical. If the right-ideal J is part of the radical K of R, then 
we deduce from Corollary 6.2 that J™* = Ket = 0, If finally J* = 0. for 
some ordinal X, then we denote by Je the erdss-cut of J and of Me, and we 
put Jo=-0. We proceed to prove by complete (transfinite) induction that 


i 
| 
t 
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every Jy is a nilideal, a fact that is clearly true for v = 0. Hence.we may 
assume that J, is a nilideal for every u < v.. 


Case 1. v==w + 1 is not a limit-ordinal. | 


The right-ideal J* == (Me + Jv)/Mw is part of the anti-radical M,./Mw 
of the ring R/Mw; it is, therefore, the sum of minimal right ideals in R/M». 
If Z* is a minimal right-ideal in R/Mw, then either Z*? == 0 or Z* = Z*?_ I 
the idempotent minimal right-ideal Z* were part of J*, then there would 
exist an element e in Je. which is not, contained.in Jw, though e— e” is an ' 
element in Jw, since every idempotent minimal right-ideal contains an idem- 
potent not 0.2? It is a consequence of the induction-hypothesis that Jw is a 
nilideal and that therefore e— e? is a nilelement. Consequently we are able 
to deduce from a theorem of G. Köthe *! the existence of an idempotent j + 0 
in Jy SJ, a fact that is clearly incompatible with J‘ —0. .Thus we have, 
shown that J* is the sum of minimal right-ideals whose squares are 0; and 
trom this result it is easily deduced that J**==-0. But J? = My is an 
immediate consequence of J**— 0. Since. Mw is a nilideal, the square of 
every element- in Jy is a nilelement, i. e. J» 1s a nilideal. 


Case 2, visa limit-or vat: 


Then every element in J, is contained in some Ju for u < v; and it follows 
from the induction-hypothesis that every element in J» is a nilelement, i.e. 
that Jy is a nilideal. 

. This shows that J is a sided: since J= == dm isa consequence of R= Mm. 


Remark. If-J is an ideal, neither 0 nor 1, in the ring of natural integers, 
then Je = 0, though J is not a nilideal; and this shows that the hypothesis 
E = My» cannot be omitted in Theorem 6. 3. 


THEOREM 6.4. If condition (4.A) is satisfied by the ring R, ond if 
R/U is a sum of minimal right-ideals, then M;'is, for every positive integer 4, 
exactly the set of all the elements x in R which satisfy: sU? = 0. 


Proof. The validity of our contention for i= 1 is an immediate con- 
sequence of Theorem 4.4, (b). Thus we may assume that Mi-ı is exactly the 
set of all the elements z in Æ which satisfy: zU ii — 0. The ideal M:/Miı 
ig the anti-radical of the ring R/M,..; and (U -+ Mi) /Mi-1 is, by Theorem 
1.2, a two-sided nilideal in R/Mi- modulo which this ring is a sum’ of 


~ 


2 Eg. v. d. Waerden 1), p. 157, Hilfssatz 3. 
aa Köthe (1), p. 168, Hilfssatz 3. 
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minimal right-ideals. Hence it follows from Theorems 4.2 and 4.3 that 
M is exactly the set of all the elements ‘æ in R which satisfy: tU < My... 
_ But it is a consequence of the induction-hypothesis that £U is part of Mi 
if, and only if, 0 = Ui == Ut; and a is therefore an element in M; if, and 
only if, Ui = 0, as was to be shown. 


THEOREM 6.5. If the right-ideal J in R is part of My for ia ‘positive 
integer, then J = J”, 


Proof. It is a consequence of Lemma 4.5 that our theorem is true for 
i==1. Thus we may assume the validity of the theorem for subideals o? M; 
and we have to derive it from this induction nypOLIenS for the subideals 
of Mis- 

Assume now that the right-ideal J in R is part of M: in The akal 
(Mi + J)/M: in E/M; is part of the anti-radical M (R/M) == Miw/M, of 
` the quotient ring R/M:; and hence we deduce from Lemma 4.8 that 
M: +- J? = Mi -+ J’. The cross-cut C of M: and J? is a subideal of M; and 
consequently we may infer from the induction hypothesis that C?! = (2*1; 
and the above equation may be restated as JF? = O + J’, since J? SJ? and 
since we may apply the modular ee law. Expanding (C + J*)?*"t 
we obtain | 

j2tt-2 pee (C -+ J = 02t- -1 fe S V; 
j=l’. 
where every summand V; is the sum of products of 2t -—1 ideals of which 
j are equal to J* and the remaining 2t — 1 — j factors are equal to C. Since 
0 = J’, it follows that Vj S JHP) = FOI? < J21 or 


CV; < Jett pret, 


x 


Consequently we find that 
; 2il 
Je a= J2J 2-2 =— (C -4- dryers == 0 (07-1 + > V;) + Jen, 3 
1 
== (Oi ~. pot = (2'+1 +. p21 a 
Dees Jett 
since C2") < J22 < Je! ; and this completes the proof. 


-% Nilpotent ideals. It is an immediate consequence of the. definitior: 
of. radical ideals (cf. condition (1.c)!) that they contain every nilpotent 
right-ideal. On the other hand it has been pointed out that radical ideals . 
need not be nilpotent. Thus we shall give in this section several criteria for 
‘a nilideal, in particular a radical ideal, to be nilpotent. i 


RADICAL IDEALS. 558 


THEOREM %.1. Every nilideal contained in Mi for ù a posttwe mteger 
is nilpotent. 


Proof. It is a consequence of Theorem 6.1 that a nilideal J contained: 
in M; satisfies: Ji? == JJI = M;J' = 0, and J is therefore nilpotent. 


THEOREM 7.2. If the maximum-condition ** is satisfied by the nilpotent 
right-ideals in the ring R, then the lower radical of E is mlpotent. 


Remark. That the hypothesis of this theorem is not suflicient for proving 
that the upper radical is nilpotent, may be seen from the example in section 2. 
It seems to be an open question whether or not the maximum condition for 
right-ideals is sufficient for nilpotence of the upper radical. 


Proof. There exists a greatest nilpotent right-ideal Gin R. If J is a 
nilpotent right-ideal in R, then @ + J is a nilpotent right-ideal so that J 
is part of Œ. Consequently G is the sum of all the nilpotent right-ideals in R. 
It is a consequence of Lemma 1.1 that G is a two-sided ideal in R. There 
cannot exist nilpotent right-ideals different from 0 in R/G, since Z4 S G and 
the nilpotence of Œ imply the nilpotence of Z. This shows that the nilpotent 
ideal G@ is a radical ideal; and it is readily verified that Œ is the lower radical 
of the ring R. | 


AJ 


THEOREM. 7.3, If R= Mn for some ordinal m, and if at least one of 
the two chains Ms and K” is finite, then the radical K of R is nilpotent. 


Remark. The existence of the radical K is a consequence of Corollary 5. 2. 


Proof. If R == Mn for some finite ordinal m, then the nilpotence of the 
radical is a consequence of Theorem 7.1, since the radical is by Theorem 1. 2 
_a nilideal. 


Jf R = Mm for some ordinal m, then it follows from Corollary 6.2 that 
i120. If the chain K” is finite, then there exists a finite ordinal + such 
that Kt = Ki == + so Kt — 0, 

The next theorem is a partial converse of Theorem 7. 3. 


THEOREM 7.4. If condition (4.A) is satisfied by the ring R, af the 
radical K of R exists and is nilpotent, and tf R/K ts.a sum of minimal right- 
ideals, then R= M; for some positive integer 1. . | 


Proof. There exists a positive integer í such that Kt == 0; and it is a 


"It states that every not vacuous class of nilpotent right-ideals contains at least 
one greatest ideal. 


a) 
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consequence of Theorem 6.4 that M; is exactly the set of all the elements x 
in Æ which satisfy: sKt == 0. Since RK‘ = RO == 0, it follows that M; == R. 

The third condition in Theorem 7.4 cannot be omitted, since in the 
ring of all the integers radical 'and anti-radical are hoth 0. 


COROLLARY 7.5. ‘Suppose that condition (4. A) ts satisfied by the ring B, 
that R/U is a sum of minimal right-deals, and that 0 is the only element z 
in R that satisfies Re = 0. Then 


Ui = 0 if, and only if, Mi= R (for i a positive nteger). 


Proof. That. U= 0 implies M; = F, is an immediate consequence of 
Theorem 6.4; and that M; =R implies U?t==0, may be inferred from 
Theorem 6.1, since 0 == M,Ui == RU+, and since § = 0 is a consequence 


8. Maximum and minimum conditions.” In the results of the previous 
sections there occurred hypotheses that are connected in various ways with 
maximum and minimum conditions. In this section we investigate the rela- 
tions between these properties. . | | 


THEOREM 8.1. Suppose that the maximum. condition ts satisfied by the 
right-ideals in the ring R. Then the minimum condition is satisfied by the 
right-deals in R if (and only if) condition (5.B) is satisfied by every 
guotient-ring of R. 


Proof. If condition (5. B) is satisfied by every quotient ring R, then 
there exists, by Theorem 5.1. an ordinal m such that R == Mm. Since the 
ideals M, form an ascending chain, and since the maximum condition is 
satisfied by the right-ideals in R, there. exists a positive integer i such that 
Mi = Min. Since R= Mm for some ordinal m, it follows that R — M; for 
ia finite ordinal. It is a consequence of the definition ‘of the series Ms that 
Mou/M.» is a sum of minimal right-ideals in R/Me; and we infer from the 
maximum condition for right-ideals that M vn /M » is a sum of a finite number 
of minimal right-ideals. Consequently there exists a finite composition series *4 
of right-ideals in Æ; and it is well known that the minimum condition for 
right-ideals is a consequence of this fact. E 


23 The maximum (minimum) condition is satisfied by the right-ideals in the ring R, 
if in every not vacuous set of right-ideals there exists a right-ideal which is not smaller 
(greater) than any other -right-ideal -in the set. 

*4 A composition series is a densest finite ascending chain of right-ideals. 
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If there exists in the ring R an infinite independent set * of right-ideals, 
then there exists in R a countably infinite, independent set of right-ideals 
J (i) £0 for i= 1,2,::-. The chain of right-ideals %J(j) is an infinite 

j<i 


ascending chain of right-ideals; and the chain > J(j) is an infinite de- 
<4 


scending chain of right-ideals. Thus the maximum as well as the minimum 
condition for right-ideals implies the following property of rings R: 


(8.C) There does not exist an infinite independent set of right-tdeals. 


If (8.C) is satisfied by the ring R, then it follows from Lemma 4.1 that 
‘the anti-radical M of R'is the (direct) sum of a finite number of minimal 
right-ideals. The following statement is a partial converse of this fact. 


THEOREM 8.2. If condition (5. B) is satisfied by the ring R, and vf the 
anti-radical M is a sum of a finite number of minimal right-ideals in B, then 
(8. C) is satisfied by R. | 


_ Proof. Suppose that S is an independent set of right-ideals different 
from 0 in Æ. If J is a right-ideal in the set S, then J contains a minimal 
right-ideal J’. The set S’ of these minimal vight-ideals J’ is independent 
. and contains as many elements as 8S, Since there does not exist an infinite 
independent set of minimal right-ideals in #, it follows that S is a finite set 
and that therefore (8. C) is satisfied by R. 


Lema 8.3. If conditions (5.B) and (8.C) are satisfied by the ring R, 
and if R does not contain nilpotent right-ideals different from 0, then R is 
the sum of a finite number of minimal right-tdeals. 


Remark. This is a generalization of the so-called “ Fundamental ‘Theorem 
on Semi-simple Rings.” 2° 


Proof. Suppose that we have constructed idempotents €1,° © ', én meeting 
the following requirements: 
(a) eÈ is a minimal right-ideal. 
(b) ciej = 0 for ij. 
This is certainly possible for n = 0. 
. We note that the right-ideals ef? form an independent set of right-ideals. 





"5 The set § of idéals is said to be independent, if the cross-cut of any ideal J in 
S with the sum of the other ideals in S is 0 
*° Cf. e. g. v. d. Waerden (1), p. 156. 
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Let W(n) be the ea of all the elements 2 satisfying: 5 ejt = 0 


isk 


(W(0) =F). Then it is readily seen that R = W (n) + Se iA; and: we 


have effected the proof of our lemma, if W(n) = 0. Should W (n) be dif- 
ferent from 0, then it contains a minimal right-ideal J; and J contains, by 
a well known theorem,” an idempotent e 3&0, since J =J”. Put epu 
=== e— e$ e It is readily verified that énu is an idempotent, satisfying 
Ci€ne == nnli = 0 for t+—1,---,n, and that J = enn; and thus the 
idempotents ¢:,° * +; €n, nę meet the requirements (a) and (b). 

If this construction would never stop, i.e. if the right-ideal W(n) were - 
different from 0 for every positive n, then we would be led to the infinite 
independent set of minimal right-ideals ¢,R,---,e:R,---, contradicting 
condition (8.C). This completes the proof. l 


THEOREM 8.4. If condition (4. A) is satisfied by the ring R, then ii 
of the following properties implies all the others: 


(1) The maximum and the minimum condition are satisfied by the 
right-ideals in R, 
(2) The minimum antn 1s satisfied by the right-ideals in R. 


(3) Conditions (5. B) and (8.C) are satisfied by every A E g 
of the ring R; and the descending chain of the powers of the radical ™® K of 
R is finite. 


Proof. It is obvious that (1) implies (2).; and that (3) is a consequence 
of. (2) is a consequence of facts we mentioned when introducing coùdition 
(8. ©). 

If (3) is satistied by the ring R, then it follows from Theorem 5.1 that 
R= Mm for some ordinal m; and from Lemma 8.3 that R/K is the sum of 
a finite number of right-ideals. There exists a positive integer 4 such that 
Ki = K; and it is a consequence of Theorem 6.4 that Jf, is, for finite n, 
exactly the set of all the elements 2, satisfying sK" == 0. This shows the 
equality of M: == Afi. Hence we have Mi = Min =' + = Mm = R. Since 
there do not exist infinite independent sets of right-ideals in R/Ma, it follows 
from Lemma 3.3 that Mui/d/, is the sum of a finite number of minimal 
right-ideals. Consequently there exists a finite composition series of right- 
ideals in R, a fact which is equivalent to our property (1). 








*7 Cf. e.g. v. d. Waerden (1), p- 157. 
°8 The existence of the radical K is assured by Theorem 5.1 and Corollary 5.2. 
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' Remarks. 1. In proving that (1) is a consequence of (3) we did not- 
use condition (3) in its entirety. That condition (5. B) is satisfied by every 
quotient ring of #, and that the powers of the radical form a finite chain, 
are hypotheses indispensable for the above proof. But it is not necessary to 
assume that (8.C) is satisfied by every quotient ring of Æ. It would have 
been sufficient to make sure that the quotient rings R/M; for finite 1 and R/K 
meet the requirement (8.C); and for the latter assumption ‘we could have 
substituted the weaker hypothesis that R/K is a sum of minimal right-ideals. 


2. It has been shown elsewhere ® that a ring with minimum-condition 
for. right-ideals possesses a right-identity element if, and ‘only if, it satisfies 
‘condition (4. A); and Ch. Hopkins * has shown that the maximum condition 
for right-ideals is a consequence of the minimum condition for right-ideals, 
provided there exists a right-identity element. It should be noted, however, 
that condition (4. A) is indispensable for the validity of this Theorem 8. 4, 
as may be seen from the following example: denote by R any infinite abelian 
group-without elements of infinite order which contains only a finite number 
of elements of order a prime; such a group is the direct sum of a finite 
abelian group and of a finite number of groups of type** pœ. If we define 
ay == ( for every pair of elements v and y in R, then È is a commutative ring, 
satisfying 0 == #?. The ideals in & are just the subgroups of the additive 
group R; and thus it becomes apparent that the minimum condition is 
satisfied by the ideals in Æ, but not the maximum condition. 


9. Existence of the identity. The following statement is ee for the 
considerations of this section. 


Lemma 9.1. If conditions (5.B) and (8.C) are satisfied by ** R/K, 
then there exists an idempotent e in R such that v == ex = we modulo K for 
every element xin R. 


Proof. R/K is a ving without nilpotent right-ideals different from 0, 
by Theorem 1.2; and R/K is, by Lemma 8. 3, the sum of a finite number of 
minimal right-ideals. Hence there exists, by a well known theorem," an 
identity element in #/K, i.e. there exists an element f in R such that 


* Baer (1), Corollary to Theorem 6. 

°° Hopkins (1), p. 726, Theorem 6. 4. 

“1 The groups of type po have been discovered by H. Prüfer; they are generated 
by a countable number of elements g, Subject to the relations: g, is-an element of 
order P; 9;_, = 9,P. 

32 The existence of the radical K is assured by Theorem 5.1 and Corollary 5. 2. 

53 Cf. e.g. v. d. Waerden (1), p. 156. 
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v = sf = fs modulo K for every v in R. It f is any element nieeting this 
requirement, then /?—f—/’ is an element in K; and we deduce from 
Theorem 1.2 the existence of a positive integer n = n(f) such that f” = 0. 
Thus there exists among the elements which represent an identity element 
modulo K one, say e, with minimal n(e). It is readily verified that e is an 
idempotent (which clearly meets all our requirements), since otherwise êt 
e, =e—2ee’-+ e [for e’ = e?—e] would be an element which represents 
the identity element modulo K, though n(e,) were smaller than n(e). 


THEOREM 9.2. I f R= Mn for some (finite or infinite) ordinal m, and 
if condition (8. C) is satisfied by the ring ®© R/K, then the property that every 
element x in R is contained in Re is a necessary and suficient condition for 
the existence of a left-identity-element in R. 


' Proof. If e is a left-identity-element in R, then v= ez belongs to Ra, 
showing the necessity of the condition. We assume now that the condition: 
‘x belongs to Rx” is satisfied by the ring R. It is a consequence of Theorem 
5. 1 that condition (5. B)-is satisfied by every quotient ring of È; and hence 
we may deduce from lemma 9.1 the existence of an idempotent e such that 
v = ex = ve modulo K for every element « in R. We denote by W the set 
of all the elements x in Æ such that ex—0. Since x= ex modulo K, it 
follows that W is part of K. Finally we have R = Re + K. 
We proceed to prove by complete (transfinite) induction that WS K” 
for every v.’ This is certainly true for v = L; and thus we may assume that 
W S K" for every u < v. 


Case 1.` v = w + 1 is not a limit-ordinal. 


Then we deducé from the hypothesis that v is an element in Re and from 
the induction hypothesis the inequality: 


W=RW=ReW+KW=KWSKKYX= Ke. 
Case 2. v is a limit-ordinal. 


Then K” is the cross-cut of all the K* for u <v; and W SK” is an 
immediate inference from the induction-hypothesis. 

It is a consequence of R — Mm and al 6.2 that K™*?=—=0. Thus 
W, asa a of k™**, is 0. 


"t This construction is due to Kéthe (1), p. 169 and Dickson (1), p. 123. 
%° The existence of the radical K is assured by Theorem 5.1 and Corollary 5. 2. 
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Since s — ez belongs to W for every a in R, it follows that s = ee for 


every v in R, i.e. that e is a left-identity-element in R. 


Remark. The condition: R = Mm was only needed in the proof to assure 
that condition (5. B) is satisfied by R/K and that K™* = 0; and ee two 
apparently weaker conditions may be substituted for R = Mm. 


The identity is an element e in & that satisfies ex = te == t. 


COROLLARY 9.3. If R= Mn for some (finite or infinite) ordinal m, 


and if condition (8. ©) is satisfied by the ring ® R/E, then the following two 


conditions are necessary and suficient for the existence of the identity 1 ti 
the ring E: 


(i) ch == 0 implies z = 0; and 


(ii) Re contains x. 


Proof. The necessity of the conditions (i) and (ii). is obvious. If these 
conditions are satisfied by the ring R, then we deduce from Theorem 9.2 the 
existence of a left-identity-element e in R; and e is the identity 1 in R, since 


(x:— ge) R= (x — xe)eR = (ze —- se) B = 0 implies T= Te by (i). 


THEOREM 9.4. If R= Mm for some (finite or infinite) ordinal m, and 
if condition (8.C) is satisfied by the ring ™® R/K, then condition (4, A) 1s 
a necessary and sufficient condition for the evistence of a right-identity- 
element in R. 


Proof. If e is a right-identity-element in R, then v= ge is contained 
in the right-ideal zE, showing the necessity of condition (4. A). If condition 
(4. A) is. satisfied by the ring R, then we deduce from. Theorem 5.1 the 
validity of condition (5. B) in every quotient ring of R; and hence we may 
infer from Lemma 9.1 the existence of an idempotent e satisfying s == eg 


. == ge mod K for every element v in & Clearly R =ek 4 K 


It will be convenient to put 0 == Mo. Then we prove by complete (trans- 
finite) induction that M,==- M,e and that 0 is the only element x in My 


satisfying ve == 0. This fact is patently true for v == 0 and thus we assume 
it to be true for every u < y. 


Case i. v=w -+1 is nota mie ordinal. 








Then My = Mwe and 0 is the only element z in Mx such that ze == 0. 


3s The existence of the radical K is assured by Theorem 5.1 and Corollary 5. 2. 
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Tf y is an element in M, such that ye = 0, then yR = yeR + yK = yK ; and 
since M,/M,w is the anti-radical of the ring E/M, it follows from Theorem 
4,4, (a) that yR=yK <M. But it is a consequence of (4. A) that y is 
an element in yẹ and therefore in Mwe; and now we. deduce from the in- 
duction-hypothesis that y== 0. Consequently 0 is the only element © in My 
such that te = 0; and Ms = M,e is an obvious consequence of this fact. 


Case 2. v is a limit-ordinal. 


If æ is an element in My, then there exists an ordinal u < v such that 
a is an element in My. Hence it follows from the induction-hypothesis that 
«== ve showing that Ms = Mye and that therefore 0 is the only element z 
in Af, such that ze = 0. | | 

Now it is evident that R = Mm = Mme = Re and that consequently e is 
a right-identity-element for R. | 

By essentially the same arguments as the ones used in the proof of | 
Corollary 9.3 we deduce the following statement from Theorem 9. 4. 


COROLLARY 9.5. If R= Mm for some (finite or infinite) ordinal m, and 
if condition (8.C) is satisfied by the ring? R/K, then the following two 
conditions are necessary and sufficient for the existence of the identity 1 in 
the ring R: 


(i) Re = 0 implies x = 0; and 
(ii) wR contains x. 


It has been assumed in Theorems 9.2 and 9,4 and in Corollaries .9. 3 
and 9.5 that condition (8.C) is satisfied by the ring R/K. The impossi- 
bility of omitting this hypothesis may be seen from the following example: 
Denote by F a field, by G an abelian group which admits the elements in F 
as operators and whose rank over F is infinite, and by E the ring of all the 
(proper and improper) automorphisms of the group G over F which map G 
upon a subgroup of finite rank. It is readily seen that A contains neither a 
left-identity-element nor a right-identity-element, that R = M and that K = 0, 
If r is any element in R, then denote by G, the set of all the elements in G 
which are mapped upon 0 by r. Clearly G" and G/G, are isomorphic groups 
of finite rank over K; and hence there exist idempotents e, f in È such that 
every element in G” is left invariant by e, G, is mapped upon 0.by f and 
every coset of G/G, is mapped by f upon an element in itself, since both G” 
and G, are direct summands of G. Clearly r= re = fr showing that every 
subset & of KE is contained in both SK and RS. . f 
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THEOREM 9.6. If conditions (5.B) and (8.C) are satisfied by ™® K/K, 
then the following pair of properties is a necessary and sufficient condition for 
the existence of a left-rdentity-element in R: 


(a) Every right-ideal different from R is contained in a maximal right- 
ideal in R. 


(b) The radical K of R is the cross-cut of all the maximal right-ideals 
in R. 


Proof. Suppose that there exists a left-identity-element e in Æ. If the 
right-ideal J in R is different from R, then there exists a greatest right-ideal 
G in R which contains J, but which does not contain e. Clearly G is a maximal 
right-ideal mn R, since R == eR. It is a consequence of Theorem 1.2 and of 
Lemma 8. 3 that R/K is a sum of minimal right-ideals; and hence it may be 
inferred from Theorem 3,4 that K is the cross-cut of all the maximal right- 
ideals in &. 

Suppose now, conversely, that the conditions (a) and (b) are satisfied by 
the ring R. There exists by Lemma 9.1 an idempotent e in Æ such that 
“ss ex = te modulo K for every element v in Æ. Since the elements v satis- 
fying ev = 0 are certainly contained in K, it follows that R=ek-+K. It 
the right-ideal eÈ in R were different from #, then there would exist a 
maximal right-ideal Œ in R which contains eR. It is a consequence of (b) 
that K = G; and thus we are led to the contradiction: R == eR + KSG< R. 
Hence E = ef? and e is a left-identity-element in R. 





Remarks. 1. If R is the ring of all the even rational integers, then the 
radical. of R is 0; and it is readily seen that conditions (a) and (b) are 
satisfied by A. Condition (8. C) is satisfied too; but Æ does not contain an 
identity. This shows the impossibility of omitting the hypothesis that con- 
dition (5. B) be satisfied by A/K. 


2. Suppose that the abelian group # is the direct sum of a group K 
of type 2% and of a cyclic group of order 2 which is generated by an element e. 
In È we define a commutative multiplication by the rules: uv = 0, if at least 
one of the factors u and v is in K; and e==e*, It is readily seen that K is 
the only maximal ideal in R, and that K is the radical in R. Thus conditions 
(5.B) and (8.C) ave satisfied by #/K and condition (b) is satisfied by Æ. 
But there does not exist an identity element in #; and this shows the im- 
possibility of omitting condition (a) in Theorem 9. 6. 


37 Considering this condition (b) and Theorem 4.4 it may be shown that Theorem . 
9.6 is a generalization of a theorem due to M. Hall; ef. Hall (1), p. 362, Theorem 3. 2. 


562 REINHOLD BAER, 


10. The quasi-regular elements. S. Perlis ** has recently discovered a 
characterization of the radical. of an algebra which is rather different from 
the usual criteria. We devote this section to a generalization of his theory. 

An element v in the ring # is termed quast-regular,** if there exists an 
element y in R satisfying: « -+y -+ ey= 0. If the ring RÆ possesses an 
identity element 1, then a necessary and sufficient condition for quasi-regu- 
larity of the element v in R is the existence of a solution z of the equation : 
(1+ z)z=]1. 

The right-ideal J in the ring R shall be termed quasi-regular, if every 
element in J is quasi-regular. 


THEOREM 10.1. I f zis an element in the quasi-regular righl-ideal J, 
then there exists one and only one solution 2 = 2’ a the equation z + v i 20 
= 0; and such a solution satisfies ze’ = 2'2. 


Proof. Tf 2 is an element in the quasi-regular right-ideal J, then there 
exists an element y in # such that z + y-+2zy=0. If y is some solution of 
this equation, then y = — (z -+ zy) is an element in J, since z is an element 
in the right-ideal J. Since J is quasi-regular, so is y; and hence there exists 
an element w in Æ such that y + w + yw=0. | Consequently we find that 


z == 2 4- y + wt yw + ely wt yw) 
= 2b y + 2y -t (yt e+ zy) + w=; 


and this shows that 0 = y + w 4- yw =y -+z -+ yz; and we deduce zy = yz 
from y + z+ zy =0. 

Suppose now that t= y and s==y are solutions of the equation: 
z+ae--+2c¢==0. From what we have shown in the previous paragraph of 
the proof, it follows that 0 == z -+ y + yz; and thus we find that 


yay -Ht yt yet (2atyt yz)y’ 
= +H y ta Hylaty +a’) Hyny; 


and this completes the proof. 
We denote by S = S (E) the sum of all the quast--regular right-ideals in R. 
THEOREM 10.2. S(R) is a quast-regular right-tdeal in the ring R. 


Proof. Tt is readily seen that it suffices to prove the following statement: 
If u is contained in a quasi-regular right-ideal, and if v is contained in a quasi- 
regular right-ideal, then u -}- v is an element of some quasi-regular right-ideal. 


38 Perlis {1). 
39 Perlis (1), p. 129. 


Cea 
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We note that (in the absence of identity elements) the right-ideal generated 
by the element w consists ọf all the elements of the form: wi -+ wr for rin R 
and ¿an ordinary rational integer (t need not be an element in R). Thus 
we have to show that (u -+ vjet + (u+ v)r is quasi-regular for every r in f 
and for every rational integer 1, whenever both u and v are contained in D 
regular right-ideals. 

Since ur -+ ui belongs to ii sight ideal generated by u, it is quasi- 
regular; and hence there exists an element s such that 


(ur + ur) + s4- Cur -+ urt)s = 0; 
and since v(r-+rs-+ ri) + vi belongs to the right-ideal generated by v, it is 


. quasi-regular too; and this assures the existence of an element ¢ satisfying: 


v(r-+ rs -H st) + vt + tt (wr 7s + st) + vt) t = 0. 


Hence 


((u+ v)r + (u+ v)i)-+ (s+ t+ st) + ( (w+ v)r-+ (wt v)i) (s+ t st) 
a= ur + ui -+ s 4- (ur + ut)s + (ur + ut +s -+ (ur + ut)s)t 
+ v(r-+rs+ st)-+ o+it(o(r+ rst st)+ vi)t = 


and this proves that (u-- v)r—+ (u+ v)i is quasi-regular for every + in A 
and for every natural integer t; i.e. u-+v is contained in a quasi-regular 
right-ideal in F, as was to be shown, 


THEOREM 10.3. If the right-rdeal J mn R consists of elements that are 
quasi-regular modulo * (R), then J = S(R). 


Proof. If the element v in R is qüasi-regular modulo S (F), then there 
exists 'an element y such that s+ y -+ sy is in S(R); and it follows from 
Theorem 10.2 that z -+ y + cy is quasi-regular. Consequently there exists - 
an element z in È such that 


Om aby tay tHe tlet yt wy)eme+(y + a+ ya) +g +e + y2); 


and v is therefore a quasi-regular element. The right-ideal J is thus quasi- 
regular, if each of its elements is quasi-regular modulo S (R). 


COROLLARY 10.4, If the right-ideal J in B is a nilideal modulo * 8 (E), ` 
then J = 8 (R). - 


4 I.e. to every element j in J there exists an element h in R such that j + he + jh l 
belongs to S {R}. 

4 I.e. to every element j in J there exists a positive integer n such that J" DeLongA 
to 8( ee j . 
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Proof. If the element w is a nilelement modulo S (R), then there exists 
_ a positive integer n-such that wer" js an element in S(#). Simce- 


2y an 
UW +. > (— 1) tapt + Ww > (-— 1) iy? == paoe wr, 
i=1 i=l i 


it follows that w is quasi-regular modulo S(#) ; and this shows that our con- 
tention is an immediate consequence of Theorem 10. 3. 


LEMMA 10.5. If the element e in (R) is an A modulo the 


two-sided ideal T in R, then e belongs to T. 


Proof. If e is an element in S(f), then —e is quasi- regular. Hence . 


there exists an element f in R such that —-e-+f——-ef—0. If e is further- 
more an idempotent modulo the two-sided ideal T, then 


e = è = e(f — ef) = ef — e'f = ef —- ef =0 mod T, 


i.e. e belongs to T. 


THEOREM 10.6. If the two-sided ideal T in R is part of S(R), if every 
right-ideal, not 0; in R/T contains a minimal right-ideal, and if 0 is the only 
nilpotent right-ideal in R/T, then T =S (F). 


Proof. If T were different from S (R), then there would exist a right- 
ideal J between T and S(#) such that J/T is a minimal right-ideal in #/T. 
Since 0 is the only nilpotent right-ideal in R/T, it follows that J/T =(J/T)’; 
and hence we may deduce from known theorems ** that J/T contains an 
idempotent different from 0. But it follows from Lemma 10.5 that this is 
impossible: and this shows that T = D (R). 


CoRorLARY 10.7. If every right-ideal, not 0, in R/U contains a maa 


right-tdeal, then S(R) is the upper radical U of R.® 


Proof. It is a consequence of Theorem 1.2 that U is a nilideal and that. 


R/U does not contain nilpotent right-ideals different from 0; it is a con- 
sequence of Corollary 10. 4 that U is part of S(); and hence we may. deduce 
from Theorem 10.6 that U = S(R). 


We denote by S* = S*(R). the ‘sum of all the quasi-regular two-sided 
ideals in R. Clearly S* is a two-sided ideal which is part of S(22) ; and hence 
it follows from Theorem 10.2 that S*(#) is quasi-regular. It is a con- 
sequence of Theorem 10.3 that S*(R/S*(R#)) == 0. 


#3 Cl. 0.8. Ve ad. Waer den (1), p. 157, Hilfssatz 3. 
43 This is e seen to be an extension of Perlis’ (1) Theorems 1 and 2. 


RO 
Pi 


RADICAL IDEALS. 565 


CororLany 10.8. Jf every righi-ideal, not 0, in R/S*(R) contains a 
minimal right-ideal, then S*(R) = 8 (R). 


Proof. Denote by M the two-sided ideal which contains S*(#) and 
which satisfies H/S* = N(R/S*) (== sum of all the nilpotent right-ideals in 
R/S*). That H is a two-sided ideal, is a consequence of Lemma 1.1; and 
it follows from Lemma 1.1 that H is a nilideal modulo 8*. Ifence we deduce 
from Corollary 10. 4 that M is part of S (E) ; and we infer from Theorem 10. 2 
that the two-sided ideal H is quasi-regular. Hence H = S* and 0 is the only 
nilpotent right-ideal in R/S*. Applying Theorem 10.6 we see that S* = 5S. 


| TunorEM 10.9. If the ring R possesses an identity element 1, then S (E) 
is part of every maximal right-ideal in R. 


Proof. If S(£) were not contained in the maximal right-ideal G in F, 
then R= G S and there exist élements g and s in G and 8 respectively 
such that 1 == g +s. It is a consequence of Theorem 10.2 that — s is quasi- 
regular and that therefore — s + t — st = 0 for some ¢ in Æ. Hence 1+ ¢ 


=(g+s)\(l+t)=—g+s Foyt ae or 1= g+ gt so that 1 is an ele- 
ment in the right-ideal G < Aya contradiction. 


COROLLARY 10.10. Jf the ving & possesses an identity element 1, and if 
R/S* is a sum of minimal right-rdeals, then. S (R) = 8*(#) is the cross-cut 
of all the maximal right-ideals in R. 


This is an immediate consequence of Lemma 3.3, Corollary 10.8 and 
Theorem 10.9. | 


~ 


Remark. The upper radical U of the ring & is by Theorem 1.2 a two- 
sided nilideal; and hence it is a consequence of Theorem 10. 2 and of Corollary 
10.4 that U = S* (R). That the ideals Ọ and &* need not be equal may be 
seen from the following example: R is the ring of all the (formal) power 


x) ` 
serjes > citt in one indeterminate ¢ with coefficients c; from some commutative 
=O 


field. A element in Æ possesses an inverse in Æ if, and only if, “ its absolute 
term” co 7&0; and an element in # is quasi-regular if, and only if, 1 -+ co 
+0. This shows that S*(2) = S(R) ih whereas U (R) = 0. 


THEOREM 10.11. Jf J is a quasi-regular right-ideal in the ring R, then 
M,d? == 0 for every ordinal v. 
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Remark. It is a consequence of Corollary 10.4 that Theorem 6.1 is a 
special case of this Theorem 10. 11. 


Proof. A. If Z is a minimal.right-ideal in R, and if z is any element in 
4, then zJ is a right-ideal in R which is part of Z.- Thus zJ is either 0 or Z. 
If 2J were equal to Z, then there would exist an element w in J such that 
zu ==z, Since w is an element in. the quasi-regular right-ideal J, it follows 
that — w is quasi-regular; and hence there exists an element v in RÆ such 
that w == v — wv.. Consequently 


Z === ZW == g (V m WV) = 20 — zv = 0, 


an impossibility. Thus we have shown that zJ == 0 for every z in Z; and this 
shows that ZJ = 0 for every minimal right-ideal Z in Æ. Since the anti- 
radical M == M (ÈR) is the sum of all the minimal right-ideals in R, it follows 
that . i 

MJ = 0 for every quasi-regular rightideal J in R. 


B. We proceed to prove the theorem by complete induction with regard — 
to v. That the theorem holds true for v == 1, has been shown under A.; and 
thus we may assume that our assertion is valid for every u <w. 


Case 1, v== w+ 1 is not a limit-ordinal. 


Then Me/Mw is the anti-radical of R/M and (J + Mw)/Mvy is a quasi- 
regular right-ideal in R/Al,. Hence it follows from A. that their product . 
is 0; and from this fact we deduce that M,J = Mw. From the induction- 
hypothesis we infer Af J” = 0; and thus we find that 


Med” T MJJ” < Mod == 0; 
Case 2. v is a limit-ordinal. 


If x is any element in Mv, then we deduce from the definition of‘ My as 
the join of the Ma with u < v the existence of an ordinal d < v such that x 
is an element in Mg. It is a consequence of the definition of J? that it is 
part of J“; and hence it follows from the induction-hypothesis that æJ” 
= MaJ? = 0; and thus we have shown that M.J? = 0. 


11. Rings admitting operators. The ring F is said to admit the ele- 
ments:in the system V as operators, if to every element r in R and to every 
element v in V there exists a uniquely determined element rv in R meeting 
the following requirements: | 
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(i) (r =s) =r sv; >. 
(ii) ` (rs)v =r (sv) = (rv)s, 


_ Tt is readily verified that Jv is a right-(left-) ideal in Æ whenever J is 
a right-(left-) ideal in R; that rt = 0 implies (rv)? = 0; and that therefore 
Jv is a nilideal (a nilpotent right-ideal) whenever J is a nilideal (a nilpotent 
right-ideal). Saying that an ideal J in R is V-admissible, if JV SJ, it is 
now easy to prove the following statement: 

If the ring R admits the elements in the system F as operators, then the 


upper and the lower radical, and all the ideals My in the antt-radical series are 
V -admissible.*+ 


If the ring & satisfies condition (4. A), then there exists to every elernent 
vin & an element të in R such that z == rz* ; and this shows that cv = ¢(2*v) 
for every v in R. Hence we have proved the following theorem: 


If condition (4. A) is satisfied by (ag ring R, then every right-ideal in E 


is V-admissible. 


On the basis of this theorem it becomes evident that most of the theorems 
derived in this paper may be applied to rings admitting onereyets l 
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RINGS WITH DUALS.* 


By REINHOLD BAER. 


1. Introduction. Jf J is a right-ideal in the ring R, then the set L(J ) . 
of all the elements « satisfying «J = 0 is a left-ideal in #; in this way there 
is defined a monotonically decreasing map of the partially ordered set of all 
the right-ideals in Æ into the partially ordered set of all the left-ideals in R. 
A monotonically decreasing and biunique correspondence between the ele- 
ments of two partially ordered sets has been termed a duality; and M. Hall? 
and T. Nakayama ®* have recently started an investigation of those rings in 
which the operation (J) defines a duality. Particularly significant is a 
result, announced by Nakayama,’ that, under suitable conditions concerning 
the ring. È, the operation L(/) will constitute a duality whenever there exists 
a duality of the set of right-ideals in A upon the set of left-ideals in R. 

Thus the following generalization of these problems seems to be quite 
natural: the ring R’ is said to be a right-dual of the ring R, if there exists a 
duality of the partially. ordered set of all the right-ideals in Æ upon the 
partially ordered set of all the right-ideals* in R’; we propose to investigate 
the structure of rings possessing a right-dual. l 

T. Nakayama * has given an example of a commutative ring I possessing 
an identity-element and a duality of the partially ordered set of its ideals upon 
itself such that neither the maximum nor the minimum condition is satisfied 
by the ideals in R. Thus the following theorem seems to be noteworthy: The 
maximum and the minimum condition are satisfied by the right-ideals in the 


* Received March 15, 1942; Presented to the American Mathematical Society, 
September, 1942. . 

2 Hall (1); the numbers refer to the bibliography at the end of the paper. 

*Nakayama (1). 

* Nakayama (2). 

t It might seem more natural to say that the ring R’ is a right-dual of the ring F, 
if there exists a duality of the partially ordered set of all the right-ideals in Æ upon 
the partially ordered set of all the left-ideals in R’. But as far as the ring R is con- 
cerned, these two definitions are equivalent, since there exists to every ring W an 
anti-isomorphic ring R”, and since, therefore, the existence of a duality of the set of 
right-ideals in Æ upon the set of left-ideals in R’ implies the existence of a duality 
of the set of right-ideals in R upon the set of right-ideals in R”. The definition adopted 
in the text has the great advantage that it concerns itself with right-ideals only, a fact 
that makes for greater simplicity in notation. 

* Nakayama (2), p. 5. 
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ring #, if & possesses a right-identity element,.and if there exists to every 
quotient ring of R a right-dual possessing a left-identity element [Theorem 
2.2]. These rings may furthermore be shown to mc a generalized uni- 
seriality requirement [Theorem 3. 2].° i 

_ If the right-ideals in # form a finite ordered set, then Æ is its own right- 
dual; there exist” examples of such rings where the left ideals do not form a 
finite ordered set so that the operation L(J) certainly is not a duality, If Æ 
is a primary ring” with identity element all of whose quotient rings possess 
right-duals with identity elements, and if the right-ideals in Æ do not form 
. 8 finite ordered set, then we are able to prove that L(J) is a duality -[ Theorem 
5.4]; and we give a complete theory of the structure and of the dualities of 
such rings. [Sections 5 and 6. | 


2. Maximum and minimum conditions for right-ideals. The right- 
ideal J in the ring R is termed a minimal right-ideal, if 0 < J and if there 
does not exist a right-ideal V such that 0 < V < J. Likewise the right-ideal 
J in E is said to be a maximal right-ideal, if J < E and if there does not exist 
a right-ideal W such that J < W < R. 

The set S of right-ideals in R is called independent, if the cross-cut of J” 
and of the sum of the right-ideals different from.J in S is 0 for every J in S. 

The element ¢ in R is a left-identity element in R, if ex — s for every 
element « in R. Right-identity elements are defined analogously and ele- 
ments that are both right- and left-identity elements are called identity ele- 
ments (in symbols: 1). l 


LEMMA 2.1. If the ring R possesses a right-dual which contains a left- 
identity element, then R has the following properties: 


(a) If Ji for i=1,2,- ++ are right-ideals such that 0 < Ji < Jy. then 
their cross-cut is different from 0. 

(b) Every right-tdeal not 0 in k contains a minimal right-ideal. 

(c) There does not exist an infinite independent set of right-ideals. in R. 


Proof. Suppose that d is a duality of the system of right-ideals in the 
ring Æ upon the system of right-ideals in the ring Æ and that F’ contains a 
left-identity element e. If the right-ideals J; in R satisfy 0 < Ji < Ji-1, and 
if J is the cross-cut of the right-ideals Ji, then the right-ideals J;4 in K 


*This is actually a generalization of the concept of generalized uniserial ring, as 
defined by Nakayama (1), p. 19, and our concept differs from the one introduced by 
Nakayama mainly in this that it does not impose any requirements on the left-ideals. 

7 Baer (1). 

I,e a ring which is simple modulo its radical, 


ie. 
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satisfy: Jia? < Jit < R; and the system of all the elements contained in 
at least‘one Ji is precisely the right-ideal J”. Since none of the J;* contains 


e (as a consequence of R’ = eR’), neither does J4 contain e. Hence J4 < W 


and therefore 0 < J, showing the validity of (a).- ~ 

If V is a right-ideal. different from 0 in R, then V4 < Æ’: Hence there 
exists a greatest right-ideal G in R’ which contains V4, but does not contain e. 
Since R’ — eR’, it follows that G is a maximal right-ideal in ÆR. The right- 
ideal G4 in R is consequently a minimal right-ideal in Æ and it is clearly 
contained in J, i.e. (b) is satisfied by R. 

If an infinite independent set of right-ideals in Æ existed, then there 
would exist a countably infinite, independent set of right-ideals J; ~0 in ZR. 
But then the right-ideals T; == 3 J; would form a properly descending chain 


i<j oy See a 
of right-ideals whose cross-cut were 0, contradicting property (a). This com- 
pletes the proof. 


THEOREM 2.2. If every element z in the ring R is contained in the right- 
ideal £R, and if there exists to every quotient-ring of R a right-dual which 
contains a left-identity element, then both the maximum and the minimum 
condition are satisfied by the right-ideals in the ring.R; and R contains a 
right-identily element. _ 


Proof. It is immediately evident that conditions (b) and (c) of Lemma 
2.1 are satisfied by every quotient ring of R., If the two-sided ideals T; in 
R would form a properly descending chain (T: < Ti+), then condition (a) 
would not be satisfied by the right-ideals in the ring R/T for T the cross-cut of 
the two-sided ideals T7;; and hence there would not exist properly descending 
chains of two-sided’ ideals in R. Now Theorem 2.2 is an immediate con- 
sequence of two theorems which we have proved elsewhere.® 


3. Uniseriality. If the minimum condition is satisfied by the right- 
ideals in the ring E, then there exists’ the radical P == P(ER) of R. This 
ideal is characterized bv the following properties: (1) P is a two-sided ideal; 
(2) P is a nilpotent ideal, i.e. there exists an integer i such that P’ == 0; 
(3) P contains every nilideal, i.e. every right-ideal J such that there exists . 
to every element 2 in J an integer n satisfying: z” ==-0. If there exists a 
left-identity element in R, then it can be shown ™ that (4) P is the cross-cut 


® Baer (3), Theorems 8. 4 and 9. 4. 

10 Hopkins (1), p. 714, Theorem 1. 4. 

11 Baer (3),-Theorem 3.4. If one considers Baer (3), Theorem 9.6, then one sees 
that this condition (4) and the existence of a left-identity element are almost equivalent 
requirements. - 


572 REINHGLD BAER. 


of all the maximal right-ideals in Æ. A right-ideal in Æ is termed regular, 


if it is not part of the radical P of R. If the minimum condition is satisfied | 


by the right-ideals in i, then we may deduce from a theorem due to Kothe 
that every regular right-ideal contains an idempotent not 0. This implies 
in particular that 


minimal reqular right-ideals are direct summands of R; 


here we term a regular right-ideal minimal, if no proper subideal is regular. 

Consideration of property (4) of the radical of R leads to the definition 
of the antt-radical M == M (R) of the ring R as the sum of all the minima! 
right-ideals in Æ. It is a two-sided ideal in R; if the right-ideal J is part 
of M, then J is a direct summand of M and J is the direct sum of minimai 
right-ideals.? > 


LEMMA 3.1. Suppose that the minimum condition is satisfied by the 
right-ideals in the ring R, that R contains a left-identity element and that 
there existis a right-dual of R which possesses a left-identity element. Then 
the regular right-rdeal J in R is a minimal regular right-ideal if, and only if, 
J contains one and only one minimal right-ideal in R. 


ww 


Proof. Assume first that the regular right-ideal J in & contains one and 
only one minimal right-ideal in R. Since the minimum ‘condition is satisfied 
_by the right-ideals in R, there exists a minimal regular right-ideal J* which 
ig part of J. It has been pointed out before that J* is a direct summand 
of the ring R, and hence there exists a right-ideal J** such that J is the direct 
sum of J* and J**, Since J* is regular, it contains a minimal right-ideal 
in R. Since J contains only one minimal right-ideal, it follows that J** does 
not contain any minimal right-ideal; and consequently we may deduce from 
the minimum condition that J** = 0, i.c. that J = J* is a minimal regular 
right-ideal. 

Assume now, conversely, that J is a minimal regular right-ideal in Æ. 
Then there exists a right-ideal V in A such that Æ is the direct sum of J 
and V. There exist furthermore a ring R’ which contains a left-identity ele- 
` ment and a duality d of the system of all the right-ideals in # upon the 
system of all the right-ideals in Æ. It is a consequence of a theorem of Ch. 
Hopkins * that the maximum condition is satisfied by the right-ideals in R; 


12 Köthe (1), p. 168, Satz 7. 
11 Cp. e.g. Baer (3}, Section 4, or Hopkins (1). 
t4 It should be noted that the existence of a dual is not needed for proving the 
sufficiency of this condition. 
18 Hopkins (1), p. 726, Theorem 6. 4. 
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and thus it follows that both the maximum and the minimum condition are 
_ satisfied by the right-ideals in R’. Using the property (4) of the radical, 
mentioned before, we see now that P (R)! = M(R), M(R)t=—P(f’). It is 
readily seen that-(P(R) + J7)/P(R) is a minimal right-ideal in the ring 
R/P(#) and that consequently P( R) + V is a maximal right-ideal in &. 
The duality d maps therefore P(R) + V upon a minimal right-ideal in W; 
and since (P(R) + V)# ‘is just the cross-cut of M(R') and V4, it follows 
that V4 contains one and only one minimal right-ideal in R’. Hence it 
follows from the first part of this lemma that V“ is a minimal ‘regular right- 
ideal in R’; and R’ is the direct sum of J¢ and V“, since R is the direct sum 
of J and V. The arguments used in proving that V4 contains one and only 
one minimal right-idéal may now be applied on J@ to show that J contains 
one and only one minimal right-ideal. This completes the proof of the lemma. 

The element c in the partially ordered set S is said to be a cycle of order 
n, if there exist exactly n + 1 elements œ in S which satisfy: s S c, and if 
the parts of c in 8 form an ordered set. Thus the minimal right-ideals in 
the ring # are just the cycles of order 1 in the partially ordered set of all 
the right-ideals in A. 

The two-sided ideal Mi = M: (E) in the ring R is defined inductively 
by the following rules: Mo = 0, Min/Miı = W(R/M,;). If the minimum- 
condition is satisfied by the right-ideals in R, then M; < R implies Mi < Min; 
and if both the maximum and the minimum condition are satisfied by the 
right-ideals in Æ, then there exists a positive integer m such that E = Mn. 


THEOREM 3.2. Suppose that the minimum condition is satisfied by the 
right-ideals in the ring R, that R contains a left-identity element, and that 
there exists to every quotient-ring of R a right-dual which possesses a left- - 
identity element. If the minimal regular right-ideal J in R is. contained in 
Mi, but is not contained in Mia, then J is a cycle of order i in the partially 
ordered sel of right-ideals in R: 


Remarks. 1. The hypothesis that the minimum condition be satisfied by 
the right-ideals in # cannot be deduced from the other hypotheses by means 
of Theorem 2.2, since we had to impose there a hypothesis which amounted 
to the existence of a right-identity element, whereas here we assume the 
existence of a left-identity element. 


2. It is a consequence of a theorem of Ch. Hopkins * that the maximum 
condition is satisfied by the right-ideals in the ring R. Hence there exists, 
as has been remarked before, a positive integer m such that R= Mm; and 
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consequently there exists to every E J in œR an integer t such that 
JS Mi, J5 Mir. 


Pr oof. lio<e J 5i, then (J + Mi-;)/M;.; is a minimal regular right- 
ideal in the quotient-ring R/M;_; which is contained in M;(R/Mi_;), but not 
in Mj.1(R/Mis). We proceed to prove by complete induction with regard to 
j that (J + Mi.;)/M;_; is a cycle of order j in the partially ordered set of all 
the right-ideals in R/Mi.;. It follows from M =M, and from Lemma 3.1 
that (J -H Mi1.)/Mi. is a minimal right-ideal in R/Mi1, i.e. a cycle of 
order 1 in the partially, ordered set of all the right-ideals in R/M; i-i 
Thus we may assume that our contention holds true for j— 1, ive.’ that 
(J + Mijn) /Mi-ja is a cycle of order j— 1 in the partially ordered set of 
all the right-ideals in R/Mij4.. We note that Mi-j/Mi-.; = M(R/Mi-;); 
and hence we may infer from Lemma 3.1 that the cross-cut of (J + Mi_j)/Mi-; 


and M pjar/Mi5 is. a cycle of order 1 (=a minimal right-ideal in R/Mi3) 5° 


and now it is readily seen that, (J + Mi-;)/Mi_; is a cycle of order j in the 
partially ordered set of all the right-ideals in R/M;.;. This completes the 


inductive proof. Hence it follows, in particular, that J is a cycle of order i 


in the partially ordered set of all the right-ideals in R, since Mo = 0. 


4, Duals of primary abelian operator groups. The abelian ‘group G 
admitting the elements in the ring E as operators is said to be a primary 
abelian operator group over E, if 


(1) B contains an . identity element 1 satisfying gl = g slat g in G 
and s1 = lz = 7v for every v in Ẹ, and if l 


(ii) Æ is a cycle of order m == m( Æ) in the partially oer set of all 
the right-ideals in Æ. 


We note that Æ is a (not necessarily commutative). field if, and only if, 
m(E) = 15; and one may verify readily that a ring Æ satisfying condition (ii) 
has the following properties: each right-ideal in F is a two-sided ideal and is 
furthermore a power of the radical P = P(E). 

- If g is an element in the primary abelian operator group G over ‘Z,- then 
. gi is the #-admissible subgroup of G generated by g; and it is a consequence 
of condition (ii) that gẸ is a cycle of an order not exceeding m (E) in the 
partially ordered set of all the Æ-admissible subgroups of G. We note finally 
that all the admissible subgroups and quotient groups of primary abelian 
operator groups over Æ are themselves primary abelian operator groups over F. 


THEOREM 4.1. If the primary abelian operator group G over E contains ` 


+ 
wt F 
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dt least two independent cycles of corder m(E), and if there exists a primary 
abelian operator group G’ over E’ such that the partially ordered set of. all 
the E’-admissible subgroups of G’ is the dual of the partially ordered set of 
all the B-a dmissible subgr oups of G, then every left-tdeal in E is a two-sided 
ideal in E. 


Proof.. Denote 7 d a duality of the sét of all the H-admissible sub- 
groups of G upon the set of all the &’-admissible subgroups of G’. Suppose 
furthermore that UV and V are H-admissible subgroups of G such that U < V 
and such that there exist at most two differ ent cycles of order 1 in the partially 
ordered set of the #-admissible subgroups of V/U. Itis easily seen that there 
exists one and only one 4-admissible subgroup W of G such that U<Wsv 
and stich that W/U is a cycle of order 1-in the partially ordered set of all the 
H-admissible subgroups of V/U. ‘Since W? <- U4, there exists an element z 
in U? which is not contained in W4. ‘There exists-one and only one #-admissible 
subgroup Z of G such that Zê == V¢+ 2k’. Then Vi S Zas U4; put 
Z4 Æ W4yand hence US Z <S V, but W £Z. Since W/U is the only cycle ` 
of order 1 in V/U, it is part of every subgroup not 0 of V/U ;:and-thus it 
follows that Z = U or ("4 = V4 +- zh’, showing that U4/V4 is a cycle. But 
the dual of a cycle is a cycle, i.e. V/ U isa cycle in the partially ordered set 
of the E- admissible subgroups’ of G/U. But it has been shown elsewhere 28 
that this condition and the hypotheses of the Theorem assure the two- sidedness 
of the left-ideals in Æ. : 

5. Primary rings with duals. A ring R is said to be primary, if it 
meets the following requirements: a : 


hid . 


< (a) R contains an identity deaet I. 
(b) The minimum condition is satisfied by the right- -ideals in R. 
(c) There does not exist a two-sided ideal T i in R satisfying: P < T<R 


(where P = P(R) is the radical of R). 


A ring È is said to be completely primar Y, if it satisfies. the conditions 
( a), (b)-and has the folowing stronger property : 
- (c*) There does not exist -a right-ideal J in B satisfying: P< J < R. 
The condition (c*) may be seen to he eee to the more symmetric 
condition : 8 ee 
(oe) L/P isa Gide necessarily commutative) field. 
_ It is a consequence of a theorem of Ch. Hopkins ™ that the -maximum 


18 Baer (1). 
+? Hopkins (1), p. 726, ieren 6. 4. 
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condition is satisfied by the right-ideals in a primary ring R; and thus the 
following facts are restatements of results of G. Köthe: +" 


Lemma 5.1. The ring R is primary if, and only if, R is the ring En of 
all the n by n matrices with coefficients from the completely primary ring E. 
The order n and the completely primary ring E are [essentially] uniquely 
determined by the primary ring & = Ey. 


A ring is termed uni-serial, if every minimal regular right-ideal is a cycle 
in the partially ordered set of all its right-ideals.*° The following statement 
may be proved by arguments which K. Asano” used for the proof of a 
similar fact: 


LEMMA 5.2. A ring E meeting the requirements (a) and (h) above is a 
completely primary, uni-serial ring if, and only if, every right-1deal in E has 
the form P(E)# for suitable i; and the completely primary ring E is wni-serial 
if, and only if, En as uni-serial, 

We are now ready to prove that primarity and uni-seriality are invariant 
under dualities. : . 


THEOREM 5.3. Suppose that the minimum condition is satisfied by the 


right-ideals in the rings R and R’, that each of these rings contains an identity — 


element and that there exists a duality d of the partially ordered sét of all 


the right-ideals in R upon the partially ordered set of all the right-ideals in R.. 


(i) If R is uni-serial, then R’ is uni-serial. 


(ii) Jf Ris primary, then RB’ is primary. 


Proof. Suppose first that Æ is uni-serial and that J’ is a minimal regular 
right-ideal in Æ’. Then J’ is, as has been pointed out in section 3, a direct 
summand of Rf’, i.e. R’ is the direct sum of J” and of some right-ideal J”. 
It is a consequence of Lemma 3.1 that J’ contains one and only one minimal 
right-ideal; and J” is therefore a greatest right-ideal not containing Mf(R’). 
Using the property (4) of the radical, enunciated at the beginning of section 3, 
it follows that M (R) == P(R) and M(R)4¢=P(R’). Hence J”4” js a 
minimal regular right-ideal in R and is therefore a cycle in the partially 
ordered set of all the right-ideals in R. But R is the direct sum of J’4* and 


Ja", since R’ is the direct sum of J’ and J”. Thus R is a cycle in the partially | 


13 Kothe (1), p. 176, Hauptsatz 12 and p. 179, Zusatz 2. 

4° Note that this definition of uni-seriality does not impose any requirements on 
the left-ideals; ef, °. 

*° Asano (1), p. 233/234, Hilfssittze 3, 4. 
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ordered set of all the right-ideals in Æ which contain J’4"; and J” is con- 
sequently a cycle in the partially ordered set of the right-ideals in R’, i.e. 
W” is uni-serial. 

Suppose now that R is primary and that T” is a two-sided ideal in Æ 
such that P(R’) < T< R. Since R’/P(R’) is a semi-simple ring, there 
exists 2+ a two-sided ideal T” such that R = T + T” and such that P(R’) 
is the cross-cut of T” and T”. It S =T and S’4", then M(B) is the 
direct sum of 8’ and S”, since the sum of T” and T” is R’, and since the eross- 
cut of T’ and T” is just P(k’) = M(R)4. Every minimal right-ideal of 
R’/P(R’) is contained in one and only one of the two-sided ideals 7°/P (R') 
and T’’/P(R’) whose direct sum is the ring R'/P (R); and this implies that 
every greatest proper subideal of M (F) contains one and only one of the two 
ideals § and 8”. 

It is a consequence of Lemma 5.1 that Æ is the ring En of all the n by 
n matrices with coefficients from the completely primary ring &. The ring £ 
is isomorphic to a ring eke where e is a primitive idempotent in È (i.e. an 
idempotent different from 0 which is not the sum of two orthogonal idem- 
potents both of which are different from 0); and it is a consequence of the 
fundamental property of minimal regular right-ideals (mentioned in sec- 
tion 8) that eÈ is a minimal regular right-ideal. Hence we deduce from 
Lemma 3.1 that eF contains one and only one minimal right-ideal; and this 
makes it evident that Æ itself contains one and only one minimal right-ideal, or 
M(E) is a minimal right-ideal in Æ. 

If zis any element not 0 in M (E), then M(E) = zE, since # is a minimal 
right-ideal in F. Since P(E) is nilpotent, 4 (#)P(#) =0. The set Z oi 
all the elements æ in Æ which satisfy: ze =Q is a right-ideal satisfying: 
P(E) SZ < E; and since F isa completely primary ring, it follows that 
Z = P(E). 

We note next the facts that M (R) = M (En) is the set of all the matrices 
in En whose coefficients are in M(E); and that P(R) = P(#,) is the set of 
all the matrices in Ma whose coefficients are in P(E). 

Let z be any element not 0 in M(E); and define, for every matrix (aij) 
in En, the map f by (ais) = (2ai;). Clearly f is a single-valued transforma- 
tion which preserves addition and which satisfies: Rf== M(E), since zE 
== M(H). It has been shown that zg = 0 if, and only if, ¢ is in P(E). 
Consequently (ai;)/=0 if, and only if, every ai; is in P(E) i.e. if, and 
only if, (aij) is in P(E). This shows that f induces an isomorphism of the 


1 Cf. e.g. v.d. Waerden (1), p. 170. 
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additive group of the ring R* = R/P(R) upon M(R) and that this induced 
isomorphism maps right-ideals-in R* upon the right-ideals in Æ which are 
part of M(R). If V’ and V” are the right-ideals in R* which are-mapped 
by f upon the right-ideals & and 9” respectively, then it follows. from the 
properties of 8’ and 9” that the ring R* is the direct sum of the right-ideals 
V’ and V”; and every maximal right-ideal in £* contains one and only one 
of' the ideals V’ and V”: ve oei 

The ring &* is.by its construction essentially the same as the ring of all 
n by'n matrices with coefficients from the field £* = E/P (7).- Thus there 
0 for jsE&h | 
eix for j = h’? 
and the elements ¢; are a set of n mutually orthogonal primitive idem- 
potents in R*. 

The right-ideal = e;jR* is clearly a maximal EEE E in Re 80 that 


exists a system eij of n? matrix units in R* satisfying: eijer = 


it contains one and ae one of the ideals VY’ and V”. We may assume, 
therefore, without loss in generality, that l srg AY 


Vs oe eR” for t= 1,° °°, hk; VSB oul for ime i gf 


and \ we deduce from the fact that R* is the direct sum of V’ and y i as sho 
as the direct sum of the e;;h* that 


== > ejj;R*, =$ ejh”, 
j=l jahth 7 
It is readily verified that the n— 1 elements é11 + én, €23; °° 5 @n-an-1 
are mutually orthogorial idempotents of which the first is different from 0 
whereas the n — 2 others are primitive sae ead If enn were an elemént 


in the vight-ideal W = (eua + en) R*+ 2 éuik*, then ec (Gg) F 


-l 
-+ x liita. If 0 <i<n, then 0 = @ijun = 64174 80 that Onn = foe + On) 11 


= Em, and hence bın = Cin€nn == Cin@nil1 == 611: = OC, an impossibility, Thus 
W < &*, showing that W is a maximal right-ideal in R* which does not 
contain ĉan. Thus in particular V” is not part of W.’ Since one of the ideals 
V’ and V” is contained in W, we have found that V'S W. Consequently 
e 18 an element in W and therefore én; and Enn = €niéin are elements in W. 
This impossibility shows that the original hypothesis of non-primarity of W 
has led us to a contradiction; and this completes the proof of the theorem. 


| 


THEOREM 5,4. Suppose that the ring E is completely primary and ,. 
unt-seria. Then ree, Spee a 


Va 


RINGS WITH DUALS. 579 


(I) E, (=E) is its own right-dual. 
(II) There exists a right-dual to Bn for n > 1 which contains an identity ` 
element if, and only if, every left-ideal in If is a right-tdeal. 


Proof. The assertion (I) is an obvious consequence of the fact that the 
right-ideals in Æ form a finite ordered set. 

If every left-ideal in Ẹ is a right-ideal, then every ideal in Æ (left-ideals 
as well as-right-ideals) is a power of the radical P(#) and it is known °”? that 
a duality of the partially ordered set of all the right-ideals in En upon - the 
partially ordered set of all the left-ideals in En is effected by mapping the 
right-ideal J in Ey upon the set L(J) of all the elements x in En which 
satisfy tJ = 0. 

Suppose finally that 1 < n and that there exists a duality d of the par- 
tially ordered set of all the right-ideals in Æ» upon the partially ordered set of 
all the right-ideals in the ring R’ which contains an identity element. It is 
a- consequence of Lemmas 5.1 and 5.2 that the ring En is primary and uni- 
serial; and thus we deduce from Theorem 5.3 that R’ is primary and uni- 
serial. There exist by Lemmas 5.1 and 5.2 an integer k and a omens 
primary, uni-serial ring F such that A’ == Fy. 

Denote by (#,2) the abelian group of all the n-tuplets of elements in F; A 
and by (F, k) the abelian group of all the k-tuplets of elements in F. The 
group (E, n) admits the elements in F as operators (multiplication from the 
right), is a primary abelian operator group over: # (in the sense of section 4) 
and is the direct sum of n cycles of order m(/); similar statements may be 

made concerning (F, k), ` 

If B is an £-admissible subgroup of (E, n), then denote. by Bp the set 
of all those matrices in Fna all of whose columns are n-tuplets in B; and if 


J is a right-ideal in Fy, then denote by J* the set of all the k-tuplets in (Fk) 


which are columns of matrices in J. It is readily verified that p is a pro- 
jectivity °° of the partially ordered set of all the H-admissible subgroups of 
(E, n) upon the partially ordered set of all the right-ideals in Hn; and that 
q is a projectivity of the partially ordered set of all the right-ideals in Fy, 


‘upon the partially ordered set of all the F-admissible subgroups of (F, k). 


The transformation pdq is therefore a duality of the partially ordered set 
of all the H-admissible subgr roups of (E, n) upon the partially ordered set of 
all the #-admissible subgroups of (F, k); and hence it follows from Theorem 
4,1 that every left-ideal in Æ is a two-sided ideal in Æ, as was to be shown. 


2? Cf. e.g. Baer (2), Theorem 7. 5, p. 210 or Nakayama (1), Theorem 6, p. 9. 
“A projectivity between two partially ordered sets is a biunique and monotoni- 


‘cally increasing correspondence between the elements of these partially ordered sets. 
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It will be convenient to term a ring R, quasi-primary, if R contains an 
identity-element 1, and if there exists in Æ a two-sided ideal T < Æ such that 
every two-sided ideal different from F in # is part of T. That every primary 
ring is quasi-primary, is a consequence of the following slightly more general 
statement. i 


Lemma 5.5. If the ring R contains an identity element 1, and if there - 


exists in R a two-sided ideal T, all of whose elements are nil-elements,™ such 
ihat R/T is a simple ring,” then the ring R is quasi-primary. 


Proof. Suppose that the two-sided ideal S in R is not part of T. Then 
T<S+T and 8+ T is a two-sided ideal so that R =S -4+ T. Hence there 
exist elements s and t in S and 7’, respectively, such that 1 == s+ t Con- 


sequently 1 = (s -+ t)” = S„ -++ t” for every n and s, an element in the two- _ 


sided ideal S. Since ¢ is a nil-element, ti = 0 for some.t. Thus 1 is in S 
and S = R, as was to be shown. 


THEOREM 5.6. The ring R is quast-primary and there ewists to every 
quotient-ring of R a right-dual possessing an identity clement 1 tf, and only 
uf, & satisfies the following two conditions: 


(1) Eis the ring Iti of all the n by n matrices with coeficients from the 
as i. y primary and uni-serial ring E. 


(ii) Either n == 1 or else every left-rdeal in Eisa right-ideal an E. 


Proof. li E is a quasi-primary ring whose quotient-rings possess duals 
with identity elements, then we deduce from Theorems 2.2 and 3.2 that the 
minimum condition is satisfied by the right-ideals in R and that R is uni- 
serial. Consequently the radical P(R) of R exists. Since R is quasi- 
primary, there exists one and only one greatest two-sided ideal T different 
from R. Clearly P(R) =T. Since R/P(R} is semi-simple, there exists a 
two-sided ideal 7” such that & = T + T’ and such that P(E) is the cross-cut 
of T and T’. It is impossible that T’ is part of T and hence we have R == T. 
Thus the cross-cut of R and T is the radical P(R) of & showing that R/P (B) 
is simple, i.e. # is a primary ring. It is a consequence of Lemmas 5.1 and 
5.2 that there exist a positive integer n and a completely primary, uni-serial 
ring Æ such that & == Fn; and the necessity of conditions (i) and (ii) is now 
a consequence of Theorem 5, 4. 

‘If the ring È satisfies conditions (i) and (ii), then we infer from Lemma 


#4 The element œ is a nilelement, if æt = 0 for some i. ` 
*5 T.e. if there does not exist a two-sided ideal T” such that T < P < R. 


y 
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5.5 that R is quasi-primary. It is easily seen that every quotient-ring of R 
meets the requirements (i) and (ii) ; and the sufficiency of (1) and (ii) is an 
immediate consequence of Theorem 6. 4. 

We note that we have proved the following fact: 


If the maximum condition is satisfied by the right-ideals in the quasi- 
primary ring R, then R is a primary ring. 


6. The dualities of primary, uni-serial rings. If S is a subset of the 
ring F, then we denote by L(S) the set of all the elements x in Æ which 
satisfy: #3 = 0: and we denote by K (8) the set of all the elements y in & 
such that Sy==0. Clearly L(S9) is a left-ideal and K(S) a right-ideal in F; 
and both these functions are monotonically decreasing. 

If E is a completely primary and uni-serial ring all of whose left-ideals 
are two-sided ideals, then the following statements hold: ”° 


(1) K(L(J)) ==J for every right-ideal J in-L. 

(2) L(K(J)) = for every left-ideal J in En. 

(3) The functions K and LZ define dualities between the partially ordered 
set of all the right-ideals in Æna and the partially ordered set of all the left- 
ideals in iy i 


THEOREM 6.1. Jf ihe ring E is uni-serial and completely primary, if 
2 <n, and if d is a duality of the partially ordered set of all the right-rdeals 
in En upon the partially ordered set of all the left-rdeals in the ring R with 
identity element 1, then there exists an isomorphism f of the ring En upon the 
ring R such that Ji == L(J‘) for every right-ideal J in En. 


Proof. Jt is a consequence of Theorem 5.4, (II), of 2 < n, and of the 
existence of the duality d that every left-ideal in Æ is a two-sided ideal in'L. 
It is a consequence of Lemmas 5.1 and 5.2 that the ring En is primary and 
uni-serial ; and hence we deduce from Theorem 5.3 that the ring &# is primary 
and that every minimal regular left-ideal in R is a cycle in the partially 
ordered set of all the left-ideals in R, i.e. & is left-sided uni-serial. Now we 
infer from Lemmas 5.1 and 5.2 and from Theorem 5.4, (IJ) the existence 
of a completely primary and uni-serial ring F, all of whose left-ideals are two- 
sided, such that R== Fẹ for some positive integer k (note that certainly 
1< k). It is a consequence of the remark (3) above that a projectivity of 
the set of all the right-ideals in #, upon the set of all the right-ideals in 
R = Fr is obtained by mapping the right-ideal J in En upon the right-ideai 
K(J#) in Fr. 


23 Cf. foothote ** above, 
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Denote as before hy (4,2) the primary abelian operator group over Æ 
which consists of all the n-tuplets of elements in F, and where the elements in 
ii operate upon the group (E,n) by multiplication from the right. If 


== (M, © °, an) is an element in (E, n), and if b= (bij) is an element 
in En, then ba = (> >, biitit © +) is a well-determined element’in (#,7). 


If J is a right-ideal in Ey, ive J (E, n) is an £-admissible subgroup of (En) 
which consists exactly of all the columns of matrices in J; and it is readily 
verified that a projectivity of the partially ordered set of all the right-ideals 
in En upon the partially ordered set of all the -admissible subgroups of 
(E, n) is obtained by mapping the right-ideal J in En upon J (E, n). Analo- 
gous statements may be made concerning Fp and (F, k). 

If J is a right-ideal in En, then we put (J (E, »))? = K (J4) (F, k) ; and 
it follows, from the results stated at the end of the tirst and second paragraph 
of the proof, that p is a‘ projectivity of the partially ordered set of all the 
-admissible subgroups of (E, n) upon the partially ordered set of all the 
#-admissible subgroups of (F, k). Since 2 < n, we may apply a fundamental 
theorem on the projectivities of primary abelian operator groups; °” and hence 
there exists an isomorphism g of & upon F, an isomorphism g of (E, n) upon 
(F,%) such that (ae)? = ases for a in (#,n) and e in E and such that 
S8 == SP for every H-admissible subgroup 8 of (E,n). There exists an iso- 
morphism f of X, upon Fp such that (ba)* = bae for every b in En and every 
ain (E, n), since #, is anti-isomorphic to the ring of linear transformations 
of (#,) and Fr is anti-isomorphic to the ring of linear transformations of 
(F, k). Now we find that 


Ke (J) (E, k) = (J (ny)? = (J (E, n) ) =J (F, k) or K(J4)=J!; 
and we infer from (1) above that L(J/) = J4 for every right-ideal J in Bp. 


COROLLARY 6.2. Jf ihe ring E is uni-serial and completely primary, if 
2 < n, and if d is a duality of the partially ordered set of all the right-ideals 
in En upon the partially ordered set of all the right-ideals in the ring R with 
identity element 1, then there exists an anti-isomorphism f of En upon R such 
that Jt = K (JI) for every right-ideal J in E. 


Proof. There exists an anti-isomorphism h of the ring & upon a suitable 
ring R*. If J is a right-ideal in En, then J?" is a left-ideal in A*; and dh 
isa duality of the partially ordered set of all the right-ideals in Æ» upon the 
partially ordered set of all the left-ideals in R*. Hence there exists by 
Theorem 6.1 an isomorphism r of the ring Æ» upon the ring #* such that 


27 Baer (1), Theorem Il, 3.1, p. 311. 
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= L(J") for every right-ideal J in’ By. “It is clear that f == rh- is an 
E of £, upon È which satisfies: 


ooo M= (JA (LF) = K (J) —K (J), 


Remark. The hypothesis: 2< n cannot be omitted in Theorem 6.1 and 
Corollary 6.2. For suppose that Æ and F are two countably infinite, com- 
mutative fields which are not isomorphic. Then every proper right-ideal 
in Fs or F, is a minimal right-ideal; and the same holds for the left-ideals. 
Thus there exists a duality of the partially ordered set of all the right-ideals 
in Æ- upon the partially ordered set of all the left-(right-)ideals in F., though 
the rings Fə and F, are neither isomorphic nor anti-isomorphic. 


COROLLARY 6.3. Suppose that Bis a completely primary and uni-serial 
ring, that 2:< n; and that the ring R contains an identity element 1. Then 
there exists a duality of the partially ordered set of all the right-ideals in En 
upon the partially ordered set of all the left-(right-)ideals in R if, and only if, 
the rings En and R are isomorphic (antt-isomorphic) rings and every left- 
ideal in E is a right-tdeal in F. 


Proof. The necessity of the conditions is an immediate consequence of 
Theorems 5.4 and 6.1 and of Corollary 6.2. If, conversely, every left-ideal 
in & is a right-ideal in Æ, then it follows from the proposition (3), stated 
at the beginning of this section 6, that a duality of the partially ordered set 
of all the right-ideals in Æ» upon the partially ordered set of all the left- 


ideals in Fn is obtained by mapping the right-ideal J in En upon the left- 
ideal L(J) in Ea. It f is an isomorphism of the ring En upon the ring Ef, 
then a duality of the set of all the right-ideals in En upon the set of all the | 
left-ideals in En’ is effected by mapping the right-ideal J in En upon L(J)/; 


and if g is an anti-isomorphism of the ring En» upon the ring Æ», then a 
duality of the set of all the right-ideals in #, upon the set of the right-ideals 


in Enë js obtained by mapping the right-ideal J in En upon the right-ideal l 


L(J)& in Bye. 


' COROLLARY 6.4. Suppose that E is a completely primary and uni-serial 
ying and that 2 <n. 


(a) There exists a duality of the partially ordered set of all the right- 


‘ideals in En upon the partially ordered set of all the left-ideals in En if, and 


only if, every left-ideal in E is two-sided. 


(b) There exists a duality of the partially ordered set of all the right- 
ideals in EB, upon the partially ordered set of all the al in By tf 
and only if, there exists an anti-automor phism of E. 


584 REINHOLD BAER. 


‘Proof. The statement (a) is an immediate consequence of Corollary 6. 3, 
since every ring is isomorphic to itself. If there exists an anti-automnorphism 
of Æ, then every left-ideal in FẸ is a right-ideal, since every right-ideal in the, 
completely primary and' uni-serial ring FE is a left-ideal; and, there exists 
clearly an anti-automorphism of Æna. Thus the sufficiency, of the condition in 
(b), is an immediate consequence of Corollary 6.3. If theré exists a duality 
of the partially ordered set of all the right-ideals in En upon the set of the 
left-ideals in En, then we infer from Corollary 6.3 the existence of an anti- 
automorphism of Fn; and we deduce from Lemma 5.1 the existence of ‘an 
anti-automorphism of Æ. 


Remark. It has been pointed out that the hypotnesis: 2 < n is needed 
for the proof of the necessity of the conditions enumerated in Corollaries 6. 3 
and 6.4; but it is clear from the proofs that this hypothesis is not needed for 
proving the sufficiency of these conditions. 
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THE LINEAR q-DIFFERENCE EQUATION OF THE SECOND 
ORDER.* 1 


By JEANNE LE CAINE. 


1. The general matrix equation 


{a +b\ n 

I (S45) == R(x) Y (x) 
in which Y and R are matrices of order n, leads to a variety of interesting 
functions. If the linear transformation (av -+b)/(cx-+-d) has one fixed 
point, there exists a linear transformation on the independent variable by 
which this matrix equation can be reduced to the difference equation 


F («+ 1) = R(2)¥ (2). 


If the transformation (as + b)/(cx +d) has two distinct fixed points, the 
general matrix equation can be reduced to- a q-difference equation 


¥ (qv) == R(x) Y (x). 


If the limiting forms of the equation are considered, it contains also the 
differential equation 
Y’(v) = R(@)Y (s). - 


The simplest case of the general matrix equation is the case n == 1. The 
difference equation in this case leads to the theory of the gamma function, 
which is related to the sine function by the equation T (£) r (1 — z) = r/sin we. 
The q-difference equation leads to the theory of what may be called the 
q-gamma function. This can be considered the logical “ half ” of the Weier- 
strass sigma function on account of the relation 


Ty°(1 — T) =r (1 — x) ce 9/2) i-rito(t), 


The differential equation leads to the exponential function. 
From the point of view of simplicity the next case to consider is the case 





* Received February 7, 1942. 

1'This paper is part of a dissertation written at Radcliffe College under the 
direction of Professor G. D. Birkhoff, while the author was holding the Trevelling 
Fellowship given by the Canadian Federation of University Women. The author 
wishes to express her sincere thanks to Professor Birkhoff for his aid in the prepara- 
tion of this paper. l 
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where n = 2, and the matrix R (a) takes the simplified form (1/p (æ) ) (Az + B) 


‘which can be immediately reduced, by means of the case n = 1, to the form 


. [ax +b 
y (S+5)- (4¢ + B)Y (a). 





The linear differential system obtained from this ‘by a limiting process is. 


essentially equivalent to the hypergeometric equation of Gauss. The linear 


difference system is the hypergeometric difference equation. The g-difference | 


equation in the general form leads to the theory of Heine Series. 

The importance of the matrix as a starting point is obvious for differential 
equations from the work of Schlesinger. A detailed treatment of the hyper- 
geometric difference equation fromthe matrix point of view is given by 
Batchelder.? The analogos case for q- -difference ae sa not’ been 
treated. i as | 

In the present’ paper, the aim i to treat an questions of importance 
in the classification of the q-gamma “matrices of the second order, which are 
the solutions of the q-differ ence equation — 


(1) Y (qr) = (Ae aL B)Y(a), where A, B are ‘cohen matrices of side 2, 


| Az + B | 3£0, and |q] is assumed greater than one. Some of the known 
facts about Heine Series* are used as are also the theoretical results which 
were obtained by Grévy and Leau, Carmichael, Adams, Birkhof, and 
Trjitzinsky.* . 

In order to make clear the advantages of the matrix method in this 
discussion, the paper is divided into two parts. The first develops some 


? P. M. Batchelder, An Introduction to Linear Difference Equations, Cambridge, 1927. 
? H. E. Heine, “ Unteeetchungen über die Reihe 
(1 — ga} (1 — 98) (1 — ga) (1 — gari) (1—48) (1 — 9B) 5 

ia o e a a a a te 
Journal für Mathematik, vol. 34 (1847), pp. 285-328. E. R. Smith, “ Zür Theorie. der 
Heineschen Reihe und ihrer Verallgemeinerung,” Inaugural Dissertation, Miinchen, 
(1911). 

* A comprehensive bibliography on the field of difference equations is given by 





N. E. Nérlund, Differenzenrechnung, Berlin, 1924. This has been brought up to the. 


year 1931 by C. R. Adams in an article entitled “Linear q-difference equations,” 
Bulletin of the American Mathematical Society, vol. 37 (1931), pp. 361-400. <A few 
references of importance in the- following are: C. R. Adams, “ On the linear ordinary 
q-difference equation,” Annals of Mathematics, (2), vol. 30 (1929), pp. 195-205; 
G. Ð. Birkhoff, “.The generalized Riemann problem for linear. differential equations 
and the allied problems for lmear difference and q-lifference equations,” Proceedings 
of the American Academy of Arts and Sciences, vol. 49 (1913), pp. 521-568; W. J. 
Trjitzinsky, “Analytic theory of linear ‘q-difference equatiuns,” Acta Mathematica, 
vol. 61 (1933), pp. 1-38. : - 
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elementary algebraic theorems regarding the effect of certain types of trans- 
formations on equation (1). The second deals with the explicit form of the 
q-gamma matrices and the relations between them which can be obtained by 
application of the algebraic theorems of part A. 

Among the new results obtained are the following. In 2 a simple normal 
form for equation (1) is set up and the conditions are obtained under which — 
(1) can be reduced to this form by the transformation F(s) = CY (a), 
C a non-singular constant matrix. The following section contains a discussion 
of necessary and sufficient conditions for the existence of a rational trans- 
formation, Y (æ) == L(2)i (x), by means of which equation (1) is trans- 
formed into a linear equation of the same form. 

The explicit forms of the q-gamma matrices which are the fundamental 
solutions of equation (1) are listed in 6. In 7 it is shown that if two equations 
are related by a rational transformation, a rational relation exists between 
the corresponding fundamental solutions of the equations, and that this is 
the only case in which such a relation can exist. The position of the family 
of rationally related equations in the solution of the Riemann Problem for 
equations in which | A | 540 and | B | s40 is stated in 7. In the concluding 
section it is shown that, by making use of the rational relations between 
equations, a fundamental solution of an equation for which | A | and |B | 
are not zero can be represented as a convergent matrix product in which the 
polynomial part- of each factor can be taken to be linear. 


A: Transformations on the Matrix Equation. 


2. Linear transformations. In the equation 
(1) Y (qa) = (Av + B)¥ (2) 


let ay, de represent the characteristic roots of the matrix A; bı, b2 the char- 
acteristic roots of the matrix B; a,, a, the zeros of the determinant 


| -Aw +B | == Allot? + (diba -+- by 1Ao0 izba — Aabi) -+ Bibs. 


These six constants will be called the characteristic constanis of the matrix 
Aw + B, or of equation (1). A matrix (or equation) will be said to be of 
type I if all its characteristic constants are finite and different from zero. ‘The 
discussion in this and in the following section deals with matrices of type I. 
The modifications necessary for matrices not of type I will be discussed later. 

The characteristic constants of a matrix satisfy the relation bb. = a,020%, 
and so not more than five can be assigned arbitrarily. If ai. and bız are 
simultaneously zero, the matrix (or equation) is said to be reducible, and 
the constants satisfy the additional conditions b, = — 1,01, ba = — doe. l 





588 JEANNE LE CAINE, 


If to equation (1) is applied the linear transformation 
(2) V(%) =C¥ (ec), C a matrix of constants, IC |0, the equation 
becomes 
F (q2) == G (Ax -+ B)OF (x) = (0740r + CBC) F (x) 


which is a linear matrix equation of the same form as (1), and with the same 
characteristic constants. Thus if two equations are related by a linear trans- 
formation (2) they have the same characteristic constants. | 


Under certain conditions the converse of this is true. This can be stated 
as follows: ' 


THEOREM I. If ay, Qo, bi, bo, %, Qo, are the characteristic constants of 
equation (1) and A and B do not commute, a non-singular matriz C exists 
such that the transformation (2) applied to equation (1) gives 


eT 0 ay (@— a) ee hes a ge 
Op es a e neke aa aac a 
or 
spy. ftr +d 0 ota: 

(4) P(qa) — (OF wd) ) POO 

In proving this theorem, there is no loss of generality if As -+ B is 
Mt + bii bi. 
aT + Ba, Met -+ Dae 
and as == 0 or 1 if a, = de, since there always exists a non-singular matrix C 


such that CAC = ( : 


because A cannot be a multiple of the unit matrix since A and B do not 
commute. 


assumed to have the form ( ) with aza, == 0 if a, 54 te, 


} The possibility a2; = 0, ad, == de, is excluded 


fe, az 


If b,.5£0, the matrix o 
1 p = 
bir F tits ba ae Qo, f? | C | = { (011 + 2a) (Q2 — Gy) — a21b12}/br 
7 bis? By. Ay : ; 


is non-singular, and C (As + B)C = Aw + B. 


If biz == 0, then bu = b, == — ai% and bas = b: == — Go%. The diagonal 
elements of the matrix As -+ B can be interchanged by a non-singular trans- 
.formation (2), and if æ, =Æ a, a further transformation with 


s y 1 
C= 


MDa = laba Bode, as ta, 05 i thet 
thy” (Ge — &) : la” (Ga — Oy) + ke 
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puts Aw +B in the form 42: as B. If ıı = O%, then @ = ka, and b: = kb, 
and the only case in which A and B do not commute reduces to (4). 

That the restrictions made in the above theorem are necessary can, be 
seen by considering the commutativity of Aand B. These matrices commute 


if and only if by = —- a,%,, Dg = — %2, @ = %,. Therefore CAC = Á and 
CBC = B are impossible when A and B commute and the conditions 
Di == — 4,0, D: ==— ða, 4 =Q, are not satisfied, and also when these 


‘conditions are satisfied and A arid B do not commute, as in equation (4). 
If the equation takes the form (4), the simple rational transformation 


t 


F(x) = ‘eae 4 P(e) 


m Qt bi 0 5 

EM fee i ba) klan + yal a 
This is a linear equation, the characteristic constants of which no longer 
satisfy the condition @, = a=, and can therefore be transformed by a constant 
transformation into the corresponding form (3). 

In this paper the case where A and B commute will be omitted for the 
sake of brevity as it can be shown that in this case the solution of equation (1) 
can be expressed completely in terms of g-gamma functions of the first order, © 
and that the discussion of the equation is analogous to that of first order 
equations. 


yields the equation 


In the following, only equations which can be put in the form (3) by a 
linear transformation will be considered., For such equations the charac- 
teristic constants determine the family of equations related to each other by 
linear transformations. The matrix: Az + B will be called the normal form 
of the matrix Az + B, and equation (3) will be called the normal member 
of the family of equations to which it belongs. 


3. Rational transformations on equations of Type I. If the trans- 
formation o 


(5) Y (£) = L(e)F (x), L(x) a rational matrix, | L(x)| 0, 
is applied to equation (1) the equation becomes 
Y (qz) = L> (qs) (Az + B) L(x) Y (zx). 


In general, the matrix of this equation is not linear, and the new equation. 
does not fall into the class under consideration. For certain choices of L(2), 
however, the matrix L (qr) (Aa + B)L(2z) is again a linear matrix of the 
form Cz + D. ) 
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THEOREM II. If Aw +- B is the normal matriz with characteristic con- 
stants a1, Qo, b1, Do, Qi, and tf Ci, C2, di, de, Bi, Ba are such that 


(6) Cy = Gli, Co == %0, dy = G01, da = G""be, Q; = G™Be, dide = Ctp: 
where Mı, Mo, Ny, No, ka are arbitrary integers, there exists some non-singular 
rational matrix L(x) such that L>(qx) (Az +- B)L(a) is the normal matriz 
with characteristic constants ci, Ca, di, d2, Bi, Bo 


. First consider the cases in which one of the integers Mi, Ma, ni, No, He 18 
+ 1, and the others are all zero. These cases fall into three groups. ` 


(i) mi = Mm, = n = n= 0, k= +1. 
T/q{ — 4 0 | a . 
Tf L(t) =| c—a, , L~ (qv) (Aa + B) D(a) is the normal matrix with 
0 1 

characteristic constants a, ds: ba, ba, qaz, %,/g, that is k= 1. A simple 
modification of this matrix gives the rational matrix required for the case 
a = — ], i 

(i1) m, = Mm, = k = 0; ny = + 1, ng = 0 or m = 0, 7 le == + I. 
If L(t) == (— (aE + dats + By + ba) / (2 — a1); E and is non-singular, 

— Oe (£ — %2) / (£ — &), 

L 1 (q2) (Az-+ B)L(æ) is the normal matrix with characteristic constants 
Qas, G2, by, be, a/g, %. This is the case My == 1, na = 0, and an analogous 
rational matrix can be found for each of the other cases in this group. 


(iii) my =n, = ke = 0; m= + 1, m = 0 or m, = 0, m= + 1. 
To obtain characteristic constants @,, a2, @bı, be, Ges Qar the case m: = 1, 


L(x) ==. (| (x — qa) Jat, — tt, (2 — gon) / (bat) Bi 
: Q(T — q1), b£, no KLAZ 4- but + (a, cee T TA | 


and similar matrices can be found for the other cases. 

The matrix L(x) in (i) is always non-singular. The matrices L(x) in 
(ii) and (iii) will be non-singular unless As -+ B is reducible, that is 
b, == — ag, and ba == —-a,a,. In this case a satisfactory non-singular matrix 
L(x) can be found as the product L,(z)£.()L3(2) where L, (s) is chosen 
so that £,1"(qr) (Aa -+ B)L,(2) = Aw + B, has characteristic constants 
Gi, G2, Dis be, &1/q, 4g and is irreducible; La(s) is the appropriate matrix of 
group (ii) or (iii) for A,2-+B, so that for the matrix La’? (qz) (Ait + B,)L.(z) 
== Áx + B, the integers Mi, Mə, Ni, M2 have the required values, but k, == 1; 
La(s) is a matrix of group (i) such that for Ls” (qr) (A.t + B: ai. the 
value of ky 1s zero. AE l 
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It is now clear that the normal matrix with characteristic constants 
C1, C2, ds, da, Bis Bo satisfying conditions (6) can be obtained from the normal 
matrix Az -+ B by a finite sequence of transformations of the forms discussed 
under (i), (ii) and (ili) above. Thus the L(x) of the theorem can be 
obtained as the product of a finite number of non-singular rational matrices. 

It can also be shown that if a linear equation F (gr) = (Cx +-D)¥(z) 
can be derived from F(qz) = (Ax -+ B)Y (z) by a transformation of the 
form (5), then the characteristic constants of these equations must satisfy 
conditions (6). 


Tuxorem III. If for some L(x), L- (qz) (Ar + B)L(z) = Cx + D, 
then . 


(6) Cy = Qa, Co = Qe, dy = g’™ dy, ds == qbo, Ba = qaa, dida = 1628182 
where mı, Me, 11, Ne, ko are integers, di, a, bi, De, Qi, % are the characteristic 
constants of As + B and cy, C2, di, de, Br, Bz are the characteristic constants 
of Ca + D. so ooi l 


In order to establish this it is more convenient to write 


L> (qx) (Ag + B)L(@) - = Ox zi D 

in the form 
(Az + nae (qz) = P(e) (Cx t Dila), 

or l 


(7) (4s + B) {Png man + (Pntm-i + GP ner TTET dá H (rP 1+ Poq)t + roPo} 
as {Pag*e™ -+ ( Patni + Poa qr tgnim-1 -+ Sia + (roq P, 4 TıPo)£ -t ToPo} (Cx -+ D) 


' where the rational matrix L(x) is replaced by P(2)/r(x), P(x) a polynomial 
matrix Po + Pis + Pox? +- - +--+ Pae", and r(x) a polynomial ry) + rg 
mb- e. + EAEE rain + am, | ) 

Let the zeros of P(x) be pı: - *, Pon and the zeros of r(x) be yi," +>, Ym 
The determinant of the left hand side of (7%) is a polynomial with zeros 
Xi, OS, Po! ts Pam- Y/G © +> y¥m/G and the determinant of the right hand 
side is a polynomial with zeros Bi, Be, 1/9) © *s Pan/Qs Yio" ` “aym There 
is no loss of generality if all the constants pi, y; are assumed not equal to zero. 
These two sets must be identical. That is, a, must equal Bı» Be, pi/¢ for some 
t==1,---+,2n or y; for some t1—1,---,m. If «= ß, the required rela- 
tion between a, and £, is established. If a, = p,/q, then since p, cannot equal 
21/9; Pı = Br, Be, or p;/q for some j = 2,---+,2n or y; for some j= 1,- m. 
If pı == ĝu, then ¢,—£:/q and the required relation is established. Con- 
tinuinġ in this way it is evident that for some kr ene ge @, = g%B; and 
Oy = eB». oe TEE l 
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The remaining relationships can be established from the set of matrix 
equations obtained by equating coefficients of like powers of x in (6), that is 
Bi ‘of'o * o7=7 7s oD F 


Bira] P, + Poqr,) LAPa = MP oO + (rP + iP o)D 
an Ps + Pigro e) HAP +r Pog) = (roPag + rPo) C + (114P: Tiaa 


Cad 


It can be assumed that Ps is not the zero matrix. Tf [Po | =<), the first 
equation implies that bı = d,, and b= d» If | Py |= 0, by multiplying 
each side of equation (7) on the right by a suitable constant matrix Æ and 


on the left by its inverse, P, can be reduced to one of the forms (5 N 


( y T: Po 0. In the first case the first equation gives 6,1) == Pot, ba = 0, 


and dy. = 0, whence b, = d,. The second equation now gives 1robePe 
== ToQPoode, that is, if Pe: z£ 0, be = qdo. Otherwise the investigation must 
be carried further, but a continuation of a similar argument gives the desired 
result, 
According to these results, there is associated with each aiao (1) 
a family of equations, which consists of all those equations which can be 
obtained from (1) by transformations of the form (4). Such a family of 
rationally related equations is characterized by a set of characteristic con- 
stants qha, g™a., g™b,, Q"!ba, gha,, ga. where biba == Ma@i@, and 
Mis Ma, Ni, na, hy, ky are arbitrary integers subject to the relation 


My + Ma == ny + no + k, + ka. 


4. Transformations on the independent variable. Another way in 
which the equation 


(1) | . ¥ (qn) = (Ae + B)Y (2) 


can be transformed into an equation of the same form is by the transforma- 
tions on the independent variable, z = ka’, k 0, and z = 1/2. If w= ka’, 
~ equation (1) becomes 


Y (qka’) = (Aka’ + B)Y (kx) or Z(qa’) = (Akr + B)Z (z), 
where Z(z’) == Y (kz). This is an equation with characteristic constants 
kay, kas, 01, Do, %/k, o/h. . 

If s= 1/x' equation (1) becomes Y(q/2") = (A/a! -+- B)¥(1/2’) or 
Y (1/0’) = (x'/| Ac’ + B |) (B's + A’) Y (q/x), where B’ is the adjoint of 
B and A’ is the adjoint of A. If Y(q/a’) = Pa{2’/| Ax + B|}Z(2’) 
where T,{2’/ | Aw’ -B |} is a solution of the first order equation y(qz’) 
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= {2’/| Av’ + B!}y(2’), equation (1) becomes Z (gr) = (B’a’ + A’)Z(2’). 
This is an equation of the same form as (1), with characteristic constants’ 
bi, bo, Qi, Qo, 1/a,;, 1/4. It should be noted that this discussion is not 
restricted to equations of type I. : 


5. Equations of Type II. An equation (or matrix) is said to be of 
type II if @&abiba = 0. Equations of this type can be divided into three 
groups: .Type ITA, with 6,b.=0, @a, 54 0, and hence a, a, are finite and 
%1 = 0; Type IIB, aya, = 0, bibo £ 0, and aja, = œ ; Type ILC, bib: = 0, 
44, = 0; so that ġı = 0, and g= œ. For equations of type IIA it can be 
shown exactly as in 2 that if A and B do not commute a non-singular matrix 
© exists such that the transformation (2) applied to thé equation puts it in 
the normal form (3). The form (4) is not possible under the condition of 
type ITA. ; 

For equations of type IIB a modified form of equations (3) must be 
used as normal form since some of the elements in the matrix are indetermi- 
nate. It is unnecessary to consider separately matrices of type IIB since by 
a transformation on the independent variable of the form æ == 1/2’ as dis- 
cussed in the preceding section, such an equation can be transformed into an 
equation of type IIA. : ' 

For equations of type IIC (a@== 0, ba = 0) the matrix As -+ B can be 
put into the form ow R Ou ‘a if a, 40, and | Az -+ B|=a,bo.0. The 

21 29 
0: Ae i 
— Doe ye -+ bi 
and by a transformation of the form x = 1/2’ this can be transformed into the 
- preceding case. 

Families of rationally related equations can be set up for equations of 
type II as they were in 3: The second theorem of 3- applies without modi- 
' fication. The first theorem of 8 can be established. by exhibiting matrices 
_ L(x) similar to those for type I. Since multiplying the characteristic con- 
stants, by powers of q cannot affect the type of the equation, rational relations 
can exist only between equations of the same type. 


normal form in this case is ( y: If a, = 0, b, cannot be zero, 


B: Relations Between Solutions. 


6. Fundamental solutions. The matrix equation (3) is equivalent to 
the second order equation with linear coefficients 


(8) ax(2—ax)y(q2e)— [ (aa + a2) + b: + Bey (gr) + a(s — ae) y (x)= 0, 


in the sense that each can be derived from the other. A matrix solution of 
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(3) can be built up from an independent set of solutions of (8), that is a pair 
of solutions yı(x), ya(x) such that yı(s)ya(qz) — y2 (x)uyı (qs) ~0.. The 
definition of type given for equations of the form (3) can also be applied 
to equation (8). The forms of the solutions of (8) and therefore. of (3) 
are essentially different for equations of type I and-type II. 
Heine ë showed that the general series 
t= 0S) SOS a a (I=) 

HBr gam I4 T Ue OET a 
satisfies a particular second order equation. Any second order equation (8) 
of type I with the additional condition that a, qo, b,54q™be; my, ne 
integers, can be reduced to this equation: An equation of type I for which 
a, 54 Qae, bi + b5, ni, na integers, will be said to be of type Ia, otherwise 
of type Ib. Smith® obtained, in terms of Heine series, two fundamental 
systems of soluticns for an equation of type Ia, one valid in the neighborhood 
of zero,.the other -valid in the neighborhood of infinity: ‘He also. discussed 
the solutions of an equation (8) of type Ib.. His results ‘can be obtained more 
simply by using the etnon given by Adains * for equations of order n. Using 
the notation 


log a, — log bz 1 log (— az) 





__loga,—logb, , log(—@e) B= 
_ log bs —log bs ; lge o 
log q +d, -log q? 


the fundamental matrix solutions for equations of type fa ar e: o 


wean ro (9 8) (3 2) 


a | IA key 0 
Tœ (z; A, B) naa of & "aE 


Here k, ka are arbitrary constants. The matrix E(x) is equal to 


and 


T4 (1 — 2/41) . : 
( (4%, B, Ys 9, 2/02); (a — y+ 1,8 — y + 1,23 — y, 1, 2/22) 
x 


b o b | 
Ty e(a, B, Y; q; 2/42), Ei — e(a —y + 1,8 —y +1,23 — y q Q£/%2) 

PER | MEA 
5H. E. Heine, loc. cit. 


€ E. R, Smith, loc. cit. 
1C. R. Adams, loc. cit.. 
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and is a matrix of entire functions. The matrix G(s) is equal to 


Ty (1 — @,/2) 
~- x CAREA $(B,8B—y+1,8—a«-+ 1, pied š 
o(a4,%—y+1,8—y+1,9,%9/2), $(8,8—y+1,8 — a+ 1, q, %9/2) 


It is a matrix of meromorphic functions and is analytic in the neighborhood 
of infinity. 
For an equation (3) of type Ib T (£; A,B) is as above unless b, = gdp, 


in which case T(z; A B) = bs Fer (2) (7 ,) wher S(x) is a matrix of 
power series in © analytic at & = 0; T4 (x; A, B) is as above unless a, = q"dz, 
when T(z; A, B) = amt H S00 (2) ¢ t) where So(v) is a matrix of 


power series in 1/s, analytic at z = œ. 
Formal matrix solutions for equations of type II can be obtained by the 


same method. For type IIA, T% (z; A, B) = gl? YG (4 Wo : a} where 
2 


G(x) is a matrix of power series in 1/x which converge everywhere except for 
s= 0. The fundamental solutions about zero have the following forms: 


1) Eba = 0, bi AO, a1 A 0: TP (2; A, 5B) = Sala) (f (ma01/b1)' aeo)” 


O° 3 
2) If be = 0, b 40, @, = 0: re (z; A ,B) = -s (e (@1G2/b,)* ree» 


a ae 
_ —_ T O(g: B) == gatt) g (G12@2 ) : z 
8) Tibi = 0, ba = 0,4 0: Tp (2; A,B) = PEOS (a) (SBI a or 


EE TE O (“A 9 ) 
or type > K (z; : ) = (2) ( 0 (— bao)? ' 


bit 0 
1) If b, 7 0, Tg" (z; A, B) a Sa (T) ( i (— boot, /b1) tght tt) ) j 


St 
The matrices Sı (z), S2(v), Ss(x) are matrices of power series in 2; the 
elements of one column are convergent series, those of the other, divergent 
series. The elements of S(x) and S(s) are convergent power series in 2%. 
If (z) is any matrix solution of (1) the general solution of (1) is 
Y(2)P(x), where P(x) is a matrix of g-periodic functions, that is, 
P(qe) = P(x). | | 


` §R. D. Carmichael, “ The general theory of linear q-difference equations,” American 
Journal of Mathematics, vol. 34 (1912), pp. 147-168. 
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7. Rational relations between fundamental solutions. The rational 
transformations (5) by which an equation (3) is transformed into another 
equation of the same form, sct up rational relations between the fundamental 
solutions of these equations. This is because these transformations have the 
property stated in the following theorem. 


TueorEM IV. Zf the transformation Y (x) = D(2)¥ (x) transforms the 
equation F (qv) = (Ax + B)Y (x) into ¥(qr) = (Cx + D)Y¥ (a), then 


T(z; A, B) = L(£)rP (a; 0, D) 4 =) 
and l 

ry (a5 A,B) = Llane 0,D) a 2) 
where Ti, Ts, Si, So are constants. i 


Since the two equations belong to the same family of rationally related 
equations, they must be of the same type and their characteristic values must 
have the property that a, = ge,, as = Q263, bı = da, bo = gle, Qa = OBo, 
where @,, @a, Di, bo, X, % are the characteristic constants of Ae -+ B, ci, Co, 
dis du, Bi, Ba are the characteristic constants of Cz + D, and Ma, Ma, na, na, ke 
are integers. The relations imply that bt = midt, bat == g™dat, ay! = ame,!, 
(tat == £"2Ct. From the relationship which exists between the two equations, 
it follows that T° (x; A, B) and L(«)T,°(#;C,D) are solutions of the same 
equation, and therefore Te (%; A,B) = L(w)T,°(a; C, D)P (£), where P(x) 
is a g-periodic matrix. If the equations are of type Ia, this relation is 


K(x) (o a) E a) = L(z) S(x) a 1 JPO) and therefore P (a) 
7, 0 
0 1, 
lished by a similar ‘argument for equations of other types, and for the funda- 
mental solutions about infinity. 


must be a diagonal matrix of constants, ( ). The theorem can be estab- 


The rational relations which exist between solutions of equations of the 
same family are the only rational relationships which can exist. If Te (%; A, B) 
= L(«)I"(x;C,D) this value can be substituted for. T,°(: A,B) in the 
relation F (qx; A, B) = (Ax t+ B)re (z; A, B), giving 


L(q2)£è (g2; 0, D) = (Aw + B)L(x)Ty°(2; 0, D) 
or, since To (ge; C, DT" (x; 0, D) = Ja -+ D, 
L(qz) (Ce + D) = (Aw + B)L (2). 


Therefore the two equations belong to the same family. 
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In this way there is set up a characterization of all situations in which 
a rational relationship exists between two fundamental solutions of a second 
order equation, where it is assumed that both are about zero, or both ahout 
infinity. By looking at individual elements of the matrices involved, in- 
teresting rational relationships are obtained which ,must be satisfied by the 
series involved in the matrices S(v; A,B) and 8 (23C,D). No trans- 
cendental term occurs, since the relation between them takes the form — 


S(@; A,B) = L(2)S(a;C, D)(4 j 


82 

For matrices of type Ja, the series involved are Heine Series and the 
relations obtained in this way include the known relations satisfied by Heine 
Series. These were obtained by Heine by formal manipulation: suggested by 
analogy with the similar relationships which exist between hypergeometric 
series. The approach based on the q-difference equation gives a logical basis 
for these relationships, and a characterization of all the relations of this form 
which can exist. 


) where Sı, Sa are integers. 


8. The Riemann problem. The q-periodic matrix which has the 
property that. r(x; 4, B) == T,® (x; A, B)P(x) is called the fundamental 
periodic matrix for equation (1). For the equation of the first order, 
y(qz) == (1—2)y(z), the fundamental periodic function has been explicitly 
determined. This function is 


p(w) = Pe (1—2) /Lq°(1— 2) =o D -rita (4) 


where o(¢) is the Weierstrass sigma function belonging to the periods o =.1, 
w = 2rt/log q, and c= (1 — 1/q)?(1—1/9¢’)?- 

If (1) is of type Ia the explicit form of its fundamental matrix can be 
obtained by making use of the asymptotic properties of the Heine Series.” 
The result, expressed in terms of the fundamental periodic function for equa- 
tions of order one is P(t; A, B) = (p(——aiv/b;) ci), (4,7 = 1,2), where 


j E (1 jg biq’**/be) (1 a aq" /42) ee =: (1 oo biq’**/b») (1 Te doq”/@1) 


= vzo (1— bag’**/b,) (1 —aiq’/az) a o (1— bog 20”/@) 


The Riemann problem has been stated and solved for g-difference equa- 
tions of order n, with properties corresponding to those of type Ia as defined 
‘here.1* For g-difference equations of the second order the results can be 





® Birkhoff, loe. cit., p. 564. 
19 Smith, loc. cit. 
13 Birkhoff, loc. cit., pp. 559-568. 
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obtained in a more precise form, and without using the limiting process 
employed in the general case. The method by which this is done is indicated 
below. 

Assume that two matrices Fo(x) and Yo(az) are defined as follows: 


0 
Yala) = B(x) (5 p e" 


Fela) =A (e) (% gej ace 


where B(x) is analytic throughout the finite plane, | B(0)| 40, so that 
Yo(z) is analytic for 340, œ; A(x) is analytic at z = œ, | A(«)| 0, 
and A(s) is analytic except for poles throughout the finite plane. Let P(z) 
be defined by the equation Fe(s) = Yoo(x)P(x). Assume that P(2) has the 
property that P(qgz) == P(x), and that there exists some loop L about z = 0: 
which cuts the spirals 0 == c + argq/log|q| only oncé, and is such that 
Yo(«) is analytic outside this loop (ex œ) and | Yo(#)| 540 outside this 
loop. Then P(x) is analytic outside the loop L, and therefore because of the 
relation P(qz) = P(x), P(x) is analytic throughout the plane, z0, œ. 
From the definition of P(x) it follows that 


Pij (x) == g (log by-logas) tgh (t-t) g-wit hi; (x) 
where ¢4;(%) is analytic, and therefore pi; (x) == cijp(— aiz/b;) where p(z) 
is the fundamental periodic function. for equations of order one. 


Since Y,(#) is unaltered in form if it is replaced by Fo(x) (0 2g 


and similarly Yoo(z) may be replaced by Yo (a) , the coefficients cij 


0 dy 
are not uniquely determined, but can be replaced by cjci;/d;. This does not 


gene alter the zeros of | P(x)! which are the solutions of the aor 


p(— a,2/b1) p(— a22/ by) __ Côn 
P (— a,r/b2) P (— @z%/b1) C1122 


The zeros of | P (x)| occur in two sets of the form gx (n = 0, = 1, += 2, ++). 
Jf «, is a member of one set of zeros, a member of the second set is given by 
Go = byb./aya.%,. This follows from the property p(x) = p(l1/r). Thus 
the equation | P (s)| == 0 determines transcendentally two sets q"o,, and "ap, 
(n—=0,+1,+2,:. +). These lie on the two spirals 





Sı: 0 — arg a, = ae (log r -— log | æ, 1) | 
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and 





I2: 0 — arg a, = (log r — log | a. |). 


| ia: og T q 7 
If log bı, log bz, log a1, log a2, and P(x) are assigned in advance, where 
P(e) is subject to the restrictions pi; (<) = cijp(— ait/b;), there exists a 
matrix equation with Y,(z), Yo(x) as matrix solutions. For any loop about 
t == 0, not passing through | P(s)| = 0, which has the property that it cuts 
the spirals 8, and S- only once, there exist matrices Ý, (s) and Vo(x) with 
the property that | Y,(z)|5<0 within and along the loop, and the elements 
of Yoo(x) are analytic and | Y’o(#)| 40 without the loop. Matrices having 
these properties are given by the fundamental matrix solutions of some equa- 
tion belonging to the family with characteristic constants qai, g™de, g™bi, 
qb», qar, Eae, M+ Ma == M +m +h +h. If the loop has the addi- 
tional property that if it cuts the spiral S, between the points œ, and qa, 
it cuts S> between a, and gas, the matrices having ‘these -properties are the 
fundamental solutions of the equation with characteristic constants a), Qe; 
b, Oe, Qis Q2 i 


, 9. Expression of the fundamental solutions as matrix products. The ` 
q-gamma matrices T (x; A,B) and T¿® (v; A,B) which are solutions of 
' equations of type I can be expressed as convergent infinite products of matrices. 
This infinite product representation is analogous to that for gamma functions 
of the first order. The method is indicated below for r° (z; A, B), which will 
be denoted by T(z) for simplicity. 
The equation ¥(qv) = (At + B)Y (ax) is equivalent to 

Y (2) = (Av/q + B)(Ax/q? + B) > ; - (Ax/q" + B)¥ (2/q"). 
In particular, o 

To() = (Aa/q + B) (42/4? + B) - > : (Ax/q" -+ B)To(2/q"). a 
The matrix r(x) == So(%)7'o(%),.where o(s) is a power series and To(z) 
is a matrix the elements of which are transcendental. Replace Ty(xz/q") by 
Son (a/q") Po(a/gq") where So.(z/q") is the matrix obtained by including only 
the first Æ -+ 1 terms of S(x). Consider the limit 


(9) lim { TT (42/4” + B) Sæ (2/9")To(2/9")}. 


If this limit exists, it is equal to Iy(z) since lim S»(x/q"*) So (z/qr) == Í, 


The product can be written in the form 


Sox (2) To (a) ÎI [To (2/g" *) Sow? (0/97) (Ax/q™ + BYSex(2/a) Tola/am)I. 
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Each factor here is T'y"*(qz) Sox (q2) (Az + B) Soz(z)To(z), z = x/q”, which 
can be written as J+ 2*"T5>4(z)(z)T.(z), ¥(z) a matrix of power series, 
since Sox (z)T'(z) satisfies the equation up to terms of the k-th degree. There- 
tore the matrix product for bo is - 


. T4 (5: eas Sox? (2) Tot (x) I] [I + (1/q") T (z/q") © (x/q") T'o(z/q™) i 


which will converge uniformly in a region =Æ if & can be chosen so that the 
series 2 (oa aI o*(2/g™) Y (2/0")To(2/9") converges absolutely in R. 


For « in some region R, and m > N the terms of the matrix U(x/q™) are 
less in absolute value than some constant M ; therefore the convergence of the 
series depends on the form of the matrices T(x) and therefore on the type of 


t 
ae ) The general 


the equation. If the equation is of type Ia, Ty(z) —( 0 bt 
2 


term in the matrix series is then 


(a/ Mm) ket Wry (x/q"), (b;/b» Jost e/a" Nowa, a (1/0) \ 
EL N aba) emna (2/07), Ya (2/9”) 


Bat (b;/b;) el/a) ogg — (g/qm) “og dr-logds)/loeaq, Thus the series converges if 


3 (a /qm)*tt+ (log by-loxbs)Nogy converges. If bı, bz lie in the circular ring 
meL 


|g]? <25 |g |? then | b:/b; | < |g] and 


| qm (+d slog (04/05) ‘log a) | 2: | q | -n (+2 4log (b/b) /logq) < | q a 


Thus in this case the series converges if k > 0, that is if k=1. For any 
equation of type Ia, there is some L(x) such that a transformation (5) trans- 
forms the equation into an equation of the family for which bı, ba lie in the 
ring |g|3#<aSlq|% Thus T(z) for any equation of type Ia can be 
expressed as L(2)II(x) where I(x) is a product of the. form (9) with & 
chosen equal to 1. 

For equations of type Ib, k can always be chosen equal to 1. 


SMITH COLLEGE, . 
NORTHAMPTON, MASSACHUSETTS. 


A CLASS OF TRANSFORMATION GROUPS IN E,.* 


By DEANE MONTGOMERY! and Leo ZIPPIN. 


l. Compact transformation groups in En (euclidean n-space) which have , 
at least one n — 1 dimensional orbit appear to be of considerable interest, and 
we study such groups here. It is known [6] that with a single exception all 
orbits of such a group are n— 1 dimensional. We show that this one ex- 
ceptional orbit consists of a single point, that is, that it is a stationary point 
of the group. Our principal conclusion is that there is a “ray” which forms 
a cross section for the orbits and that @ acts on En in a way which is de- 
termined by its action on one n — 1 dimensional orbit and by this ray. 


2. We follow the terminology of. [4] and [6]. We assume that G is a 
compact connected topological group satisfying the second countability axiom, 
and that to every element g of G there is given a homeomorphism g(x) of En. 
into itself in such a way that 


(1) glg (€) ] = (9192) (2) 
(2) g(s) is simultaneously continuous in g and z 
(3) if e is the identity of G, e(z) = v for all z. 


We assume furthermore that G is effective which means that two distinct 
elements of G have associated with them two distinct homeomorphisms. 

We shall have occasion to use the decomposition space #*, whose points 
are the orbits of G in Ena. The natural transformation L from En to E*n is 
continuous and open. We take it as known [6] that if one orbit is n-—1 
dimensional then every orbit is n— 1 dimensional except for one orbit of 
dimension less than n— 1, which we denote by G(z) where z is some point 
of this orbit. The space #*, is homeomorphic to a closed half line and its 
end point is L(z). It is not immediately obvious that G(z) is a point but 
this will be’ verified in what follows. We also take it as known that G must 
be a Lie group. This is because G acts effectively and with locally connected 
orbits on the connected locally Euclidean space En — G (z) [4, 6]. 


8. We begin by proving a lemma on finding cross sections. For this 
lemma it is not necessary to assume that our decomposition is given by a 


* Received June 5, 1942. 
1 Guggenheim fellow. 
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group. In this section, then, we take R to be a compact arc-wise connected’ 
metric space which is filled with a continuous collection of compact arc-wise 
connected sets. In analogy with the situation for groups we denote by G(s) 
that set of the collection which contains z. The sets of the collection are to 
be mutually exclusive and by definition the continuity of the collection means 
that the natural mapping L from È to the decomposition space is continuous 
. and open. We assume that L(R), the decomposition space of R, is homeo- 
morphic to an interval a*b* and that the collection enjoys the Rng 
property : 

(A) For every e`œ> 0 there is a 8 >0 such that if y is in G(x) and 
d(x,y) is less than ê then x and y may be joined by an are in G(x) of 
diameter e. 

We have embed that any two points z and y of R can be joined’ by. an 
are and we also assume that this arc can be so chosen that its diameter 
approaches zero with d(x, y). This assumption is used for the first time in 
the corollary to Lemma 1; i 


LEMMA 1. Assuming the conditions deseribed in the preceding paragraph 
let p be in L>(a*) and q be in L™(b*). Then there is a monotonic are from 
p to q, that is the homeomorphic image x(t) of an interval such that if tı < te, 
then Lu(t,) S La(te). 


‘This lemma does not assert that a cross sectioning arc exists but only 
that there exists an are which never moves backward. It might of course 
remain in the same set G(x) throughout an interval of values of t, 

In order to prove the lemma we begin by choosing an arc J from p toq. 
Let a*,, a*a, a*,,: +--+ be the interior rational points of the interval a*b*. 
Let p, and q, be, respectively, the first point and last point in which J meets 
L*(a*,). Now if p, and q, are distinct we replace the subare pig, of J by’ 
- an are (1g) which lies in the set Z-1(a*,) and which has diameter less than 
two times (any fixed multiple greater than one would suffice) the greatest 
lower bound of the diameters of such arcs. The arc J, obtained in this way 
joins p and q and cuts Z-*(a*,) in a connected set. If p, and q, are not 
distinct we let J, be J. . 

Next let pa atid g be respectively the first and last points in which J, 
meets L (a*a). If pa and q, are distinct we replace the arc pq by an are 
(pq) which lies in L-*(a*,) and whose diameter is less than two times the 
greatest lower bound of the diameters of such arcs. We obtain in- this way 
an are J>-which joins p and q and meets L(a) and L> (a*:) in-eonnected 
sets. Proceeding in this way we obtain a sequence of arcs Jj, Jat g Jn” 

- such that J, meets each of the sets L (a"n), LO (b=), Z*(a*,),-- >, L (a*n) 
in a connected set. 
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The arcs Pagna are disjoint subarcs of J and hence the diameter of pagn 
approaches 0 as n tends to infinity, because an arc can contain at most a 
finite number of disjoined subarcs whose diameters are greater than a fixed 
positive number. Because of property (A) and the choice-of (pngn) it follows 
_ that diameter (pagn) approaches zero. 

By definition there is a homeomorphism /(¢) taking the interval (0,1) 
into J. Under this homeomorphism there is a certain interior subinterval © 
I, of (0,1) going into the interval p.g,. By altering A(t) only on J;, or 
-= not at all if p,q, are the same point, we obtain a homeomorphism h,(¢) 
taking (0.1) to Jı. Continuing this process of alterations we obtain a 
sequence of homeomorphisms h(t), h2(t),- > > where h,(¢) takes (0,1) to 
Jn. Because of the remarks in the preceding paragraph the sequence of con- 
tinuous functions A(t) must converge uniformly. Hence they converge to a 
continuous function z(t). We sce also that z(t) is one to one and that it 
defines a monotonic arc as required in the conclusion of the lemma. Our proof 
is therefore complete. . 


COROLLARY. For cach « > 0 there exists a 8 > 0 such that if p,q are 
in Ei, not necessarily in L-*(a*) and L4(b*), and if d(p,q) <8, L(p) 
= L(q), then there exists a monotonic arc from p to q of diameter < e. 


This can be proved by essentially the same argument as the lemma. The 
first arc J joining p and g can be chosen to have small diameter. By property 
A the arcs (Pan) can also be chosen with small diameter. Hence the limit 
are will have small diarneter as we wished to prove. 

We shall use the symbol C(s) to denote a finite set of points a, a2,°- +, ak 
in Æ such that for «=1,---,e#—1, we have L(a:) < L(a) and 
A(@i, Gin) <S. We speak of this as a chain of mesh less than s joining 
a, and ax. Note that this finite set is required to be properly monotonic. 


Lemma 2. If J ts a monotone arc from p to q, L(p) < L(q), and if | 
O is any open set including J then for every s > 0 there exists a O(s) joing 
p and q which is in O. 


We first choose on J a finite set of points p = bı, b2,: © >, bg = q such 
that d(bi, bin) < 3/3, and £(b,) = L(b;,,). With the aid of these points 
we shall define a chain C(s) =a,,:--,ax. Let p =a. If L(b,) < L(bz) 
we let a, == ba. If not let bm be the first point b such that L(a) < L(bm). 
Then 8,, bo, + +, bm, are all in G(b,). Now choose 22, £3, * “, Zm- sO that 
L(@e) < L(as)+ + >< L(atms1) < L(bm) and so that the Hausdorff distance 
from G(22),° + +, @(am-1) to G(a,) is less than 8 where 8 is chosen so that 
ihe 8 neighborhood of J is in O, and so that 8 < s/3. We now choose a, so 
that a; is in G(2;) and so that 
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d({bi,ai) <8 l (i == 2,- >- m — Í). 

Choose @m = bm. The set a1, a2, ` >, am is now properly monotonic and has 
the proper mesh. We continue this -process until we come to b, where bẹ is 
the last b such that D(b,) < L(b;). Here we choose aj’s “slanting” from 
b, toward b; entirely analogous to the process already described. ` í 

THEOREM 3.1. Under the hypothesis of Lemma 1 there is an arc from 
p tog which is a cross section, that is to say an arc from p to q which inter- 
sects each set G(x) in one and only one point. 


From the corollary to Lemma 1 and from Lemma 2 it follows that for 
every positive number e there is a positive number 6 such that if p and q are 
in R, L(p) < L(q), and d(p,q) < è then there is for every s a C(s) joining 
p and g and pias diameter less than e. 


Let €i, €2, ° ‘ be a sequence of positive nurnbers such that e + e-+- > > 
COL Verges. 
Let ô, 52,: - - be a sequence of positive numbers such that 


8. 1. 8: < 2/3. 

3.2. If p and gq are two points in Æ such that L(p) < £(q) and 
d(p, q) <8; then for every s there is a C(s) joining p and q of diameter < ei. 

We choose a C(8,) joining p and q, and let its points be 

(yis Airy © ty Qik 

Then for. each 1 choose a C'(8,) of diameter < e, joining a; to ris: Adding 
these points (for all +) to those of C(8,) we obtain a (‘(8) joining p and q 
which has the additional property that the finite set between a, and a, isı has 
diameter < e. We shall name the points of the set O (8+) as follows: 


fai; dea,” * * y Boky 
We proceed by induction in a natural manner, the general stage being that 
we have obtained a C (êm) joining p and q and such that the points between 
Ami and amin (of the previous C'(8»,)) have diameter less than em. The 
points of this C (ôm) are denoted by 


- Amatiy Gms 29° °° > brat kare 


Let Am be the points of the C(8,) joining p and g which we find by this 
process. Clearly Am is contained in Ams. We now let A denote the closure 
of A, -+ A,-+° > -, and we wish to show that A is an arc forming the desired 
cross section. In order to prove this it is only necessary to prove that A 
contains one and only one point on each set G(s). 

It is clear that A contains at ‘least one point on each set G(x), that is 
in each L~*(x*) for 2* in a*b*. Suppose now that y, and y; are two points 
of A in a certain set G(x) in R, and let d(y:, Y2) =r. Choose N so large that 
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ev H eva to < 7/6. 

Let awm, be the last point of Ay such that D(awm,) precedes L(x) in a*b* 
and let @ym, be the first point of Ay such that L(aym,) follows L(s) in a*b*. 
Then mz is either mı + 1 or m,+2. In any case all points of A, -+ A, 
+ Aa +: + between Aym, and Gyn, have a distance from @ym, which is at 
most equal to 2(ev + evi -+` +) < 2r/6. Therefore these points cannot 
have both y, and ys as limit points. Hence A has at most one point on each 
set G(x) and consequently A is an arc and an are of the desired kind. 


4. We return now to the sitvation of the introduction and of section 2, 
that is to the case where we have a compact connected topological group G 
acting in Fa and where we assume that some orbit is n— 1 dimensional. 
This will be the hypothesis throughout this entire section and the next. In 
2 we have already summarized: certain conclusions which we may draw from 
this hypothesis and we shall now draw further conclusions. If H is any 
topological group we shall denote by H' the identity component of H. The 
symbol Ge denotes the closed subgroup of G leaving x fixed. From [3] we 
know that if y is near enough to v then Gy is conjugate to a subgroup of Gz. 


THEOREM 4.1. If œ and y are in En — G(z), then G.' and Gy are 
conjugate. 


For all x and y in Ea — G (z) the dimension of Gs equals the dimension 
of Gy. Hence for all y in some neighborhood of a fixed point z, @,* is con- 
jugate to G4! in view of the remark made just before the theorem. Now let 
p be a definite point of En — G(z). We have just shown that the points y 
such that G,* is conjugate to Gp form an open set. But it can also be seen 
that this set is closed in #, — G (z) so that it must be all of #,— @(z) which 
concludes the proof. 

We consider the integral valued function a(x) defined for every 2 in 
ii, — G(z) to have as its value the number of components of Gz This 
function is constant on each orbit so that we have an associated function 
a*(v*) defined in #*,—z*, Both of these functions are lower semi-con- 
tinuous and this, together with the fact that they are integral valued, implies 
that they are constant on certain open sets. If a(x) is constant everywhere 
then Gr and Gy are conjugate for every s and y in #,—G(z). This may 
be proved by a method similar to that used in the proof of Theorem 4. 1. 


THEOREM 4.2. If cand y are in Ey, — G (z) then Grand G, are conjugate. 


In view of the remark above it is only necessary to prove that a(x) is 
constant on Ea- @(z}. We have already noted that it is constant on certain 
open subsets of Fa — G (z). | 
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Consider a point of H*,—-2z* around which a*(z*) is constant. If 
a*(2*) is not constant everywhere then as we move along the ray H*, in 
either one direction or the other we must come to a first point b* where the 
function has a different value. We assume, to be definite, that 6* is such 
that for all points «*. of some interval immediately to the left of b* we have 


ak (at) =r 
whereas 
a*(b*) =s. 
Then s==tr for some ee integer ¢ greater than one so that we may 


also write 
o* (b*). = 


This means roughly that the n— 1 dimensional manifold Z-*(z*) is wound 
¢ times around the n— 1 dimensional manifold L-'(b*).' Intuition tells us 
that such a phenomenon can not occur in Fa and this intuitive conjecture can 
be verified in several ways. In this connection see Bilenberg [2] where a 
more general situation of this sort is discussed. We now proceed to carry out . 
the verification in a way reminiscent of Hilenberg’s method. 

Let b be a point-of L-(b*) and let V be that part of a neighborhood | 
of b which is inside G(b). We assume V to be so small that for v in J, 
a(z)==7, For any z in V we now define a continuous transformation T's of 
G(x) into G(b) as follows: Let gz be an element of G such that 


GrOrJe™ EC Gy 


and assume (see [3]) that gs appr oaches the identity as T approaches 6. Then 
if y = g(x) let 


Ley) = gs9 g` (b). | í 


This transformation is a local homeomorphism of order ¢ taking G(s) into 
G(b).° Under it no point moves very far and Ts has degree t for properly 
chosen orientations of G(x) and G(b).. 

The point z is inside G(b) and also inside G(x) for æ in V. These 
manifolds are orientable and imbedded topologically in En. Hence the order 
of z with respect to them must have absolute value one. But in view of the 
results about T, the order of one of them is ¢ times the order of the other which — 
we see is impossible. Hence a(2) is constant everywhere. 


THEOREM 4.3. If a*b* is any closed interval of E*n — 2* then the orbits 
of EL (a*b*) have property (A). 


Assuming the lemma to be false there exists a positive e and for each n 
a pair of points z, and yn in the same orbit such that d(¢n, yn) < 1/n and 
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Tn and Yn cannot be joined by an arc in their orbit of diameter less than e. 
We may take it that these pairs of points converge to a point p of L-?(a*b*). 
We now define a homeomorphism T'a of G(2n) into G(p) much as the local ` 
homeomorphism Ts was defined above. Choose a g, such that — 


Jaia, gn” E Gy 


and furthermore make this choice so that gn approaches the identity of G. 
For any point y = g (£n) let 


Pn(y) = Jagg (p) 


That Ta (2) is uniquely defined und a homeomorphism is not difficult to 
verify. It is a homeomorphism such that 


aly, Pn(y) |] 


approaches zero uniformly as n tends toward infinity. 

Hence Ta(zn) and Tn(yn) may be joined by an arc in G(p) whose 
diameter approaches zero when n approaches Infinity. Then Ty will take 
these arcs to arcs of small diameter in @ (sn) which join £y and yn. We have. 
‘therefore, been led to a contradiction which proves the theorem. ~ 


5. If a*b* is aniy closed interval of E*,, —z* we have now.shown. that 
the orbits filling Z-*(a*b*) fulfill all the conditions imposed at the beginning 
of section 3. Consequently there exists an are which is a cross section for 
the. orbits of Z-1(a*b*) and which joins any point of L-(a*) with any point 
of L(b*). Ifa is any point not in @(z) we may, by a repeated application 
of the process, construct a ray beginning at x which is a cross section for 
all orbits not inside G(x). The points on G(s) or outside of G(x) form a 
set which is homeomorphiec to the topological product of G(s) and a ray. 
Any subset of this set may clearly be deformed in a natural way to a position 
outside. of any preassigned bounded set of En. We note that during this 
deformation the set never comes inside G(s), in particular it never comes 
into contact with G(z).° For this process we may choose © as near to G(z) 
as we like so long as we choose it outside of G(z). 


THEOREM 5.1. The orbit G(z) is a point. 


The fact that Œ is a Lie group (section 2) aa that if G(x) is not a 
point it is a manifold of some dimension p, and therefore it carries a cycle 
modulo 2 of dimension p. This cycle must be linked with a cycle’ in the 
complement of G(z) by the Alexander duality theorem. Thus we see ee 
there is a cycle C in #,—G(z) which does not bound in Fe — G (2). 
we have remarked this cycle may be deformed to a position outside any ` 
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bounded set in Fn, for instance it may be deformed to a position outside some 
n— 1 sphere including G(z). In this position the cycle bounds outside of 
G(z)} and hence in its original position it must also have bounded outside 
of G(z). Hence G(z) is a point, namely the point z. 


THEOREM 5.2. There exists a ray beginmng at z which is a cross section 
for all the orbits in En. 


We have already seen that we may construct a ray cross section for the 
orbit G(x) and all exterior orbits when z is not in Gz). Starting with such 
a cross section we choose a point 2, not z but inside G(s). We now add to 
the first cross section an arc 2,2 which cross sections the orbits G(a,) and 
G(x) and all orbits in between. Continuing in this way we obtain an in- 
creasing sequence of rays whose initial points approach z. This sequence of 
rays approaches a ray which is a cross section of all the orbits in Ep. 


THEOREM 5.3. Jf x ts not z then any cycle of dimension < n—1 in 
Hy, — G(x) bounds in EF, -— G(T). 


This is because any cycle in #y,— G(x) may be deformed either to z or 
toward infinity without touching G(s). 

This theorem implies that if v is not z, then G(x) has the same homology 
properties as an n — 1 sphere, at least where we use such coefficients in G(z) 
as for instance the reals mod 1, the integers, or the integers mod m. 

Since Ges remains constant up to conjugates we have justified our remark 
in the introduction that the action of G is determined by its action on one 
orbit and by the ray cross section. 

Our results also enable us to see that for any z ihe image of a sphere of 
dimension less than n—-1 in G(x) can be shrunk to a point in G(x). 


INSTITUTE FOR ADVANCED STUDY, 
QUEENS COLLEGE. 
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ON THE DISTRIBUTION OF VALUES OF TRIGONOMETRIC SUMS 
WITH LINEARLY INDEPENDENT FREQUENCIES.* 


By M. Kac. 


1. Let 


(1) f(t) sac S acs QTAKE, 
kzt 


where the a’s are real and the A’s real and linearly independent. Denote by 
Ngp(a) the number of ?s in (— T, T} for which f(t) =a and consider the 
ratio Nr (a)/2T. The problem of finding 


(2) F(a) — lim SZ) 


was considered by E. R. van Kampen, A. Wintner and the present author ’ 
in an even more general case than (1). However, with the exception of the case 
n = 2, a; = @ = 1, no explicit formula for (a) was found and it seemed 
worthwhile to provide such a formula, In what follows we shall prove that 


Te TE Jo(| ax | E — T] Ja (l ow | VEF Seah a 
(3) Bla) = ff cos a& NG 


7] 
-0 -00 
2. Let » be an arbitrary positive number and put 
F= F(t; P)=F (t; pi: ts pr)=— a + 2 ax COS ar (Axt -+ px) (OS r < 1) 
IY == 02/6. 


ay 


Denote by Gafı + sua) the number of #s in (0,2) for which F = 0. 


Then by section 2 of loc. cit? if Gefu + +,¢n) is Riemann integrable the 
limit (2) exists and 


1 ¢* i 
4 4(Q) == — a a Pis” © a Pn O m 
(4) Bla) =z f e fi Galdi s pu)dou > -do 


‘We first prove that Ga is Riemann integrable. 


-# 


* Received July 16, 1942, 

+ American Journal of Mathematics, vol. 61 (1939), pp. 985-991, in particular, 
sections 2 and 8. The (At + ¢)’s in formula (12) should be replaced by 27{d¢ + ¢)’s. 

*The right side of (4) does not depend on #4 In loc. cit? we put w= 1/r; 


{assuming A, > 0} in which case the integral (4) can be reduced to an (n—1)- 
dimensional one. 
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I. Galdu’ + esen) = Ga(P) (OS de <1) is bounded. If Ga(P) were 
not bounded we could find such a sequence {Pa} of points in the n-dimensional 
cube that G(Pa) > œ as n — 0. {Pa} obviously contains a convergent sub- 
sequence which, without loss of generality, may. be assumed to be the sequence 
itself. Let Po be the limit of {Pa}. The functions F(z;P,) and F(z; Po} 
(as functions of the complex variable z) are analytic and F(z; Pa) converges 
uniformly to F(z; Po) in every bounded region of the complex z-plane. 

Since F(z; Po) is not identically zero ‘it is a well-known theorem that 
the number of complex roots of F(z; Pa) in every fixed region approaches the 
number of complex roots of F (2; Po) in the-same region. This will contra- 
dict our assumption that Ga(Pn) —> œ, if we fix the region in such a way as 
to contain the interval (0, x). 


II. The set of points of discontinuity of Ga(P) has n-dimensional 
Lebesgue measure 0. It is easily seen that if P, is such that F(t; P) 
(0 5+5 y) has single roots only, Ga( F) is continuous at P = P,. Hence, 
the set of points of discontinuity of G.(P) is the set H of those P’s for which 
there exists at least one t (0% p) such that simultaneously 

F(t; P) fre and P(t; P) = 0., 
Let e > 0; aiie that 


| W(t; P)| = = Qar a È aera s sin n P(t + on) | = 20 >| | aa | == M, 


— mn am t a 


| F” (t; P)| = 4r? | $, aida? cos Zar (Ant + dn) | E da? > | ay | Ax? = M, 


and put M == Max (M, Ma). Put furthermore t; = je/M G=0, 18), 
where s = [1 + (Afu/e)] and observe that 0 == to < tı < be Cet Stee. 
Let now E; be the set of those P’s for which 


IPP) <e and |E; P) <e 
and let E = 2 By. 
I assert that H C E. In fact, let Poe H. Then there exists a r r(0< Srp.) 


such that F(t; Po) = F’(7:P.) =0 and we can find such a j that t; <r 
= bjar (boat mot u) ' Hence, i 


| F(t;3 Po) | = = | P(ts;P,) —F(r; HO) este 
and 
| E (t5 Pa) | = | P’ (t; Po) — P (7; Po) | SMe tr—tj;|<e. 


This means that Poe E; and therefore Poe E: Thus HC E and - 





THE DISTRIBUTION OF VALUES OF TRIGONOMETRIC SUMS. 611 


meas. HS 5 meas, E;. 
j=l 


In order to find meas. F; let us recall that 


l O fa € ii . 
= +f f a SIRO exp fi( yg -+ ên) } dédn 


-0 -& 


is equal to 1 if both |y | and | 8| are less than «, 0 if either |y| or | 8| is 
greater than e, 1/2 if either |y] =6 |l <e or |y|<« [8]/—« and 
1/4 if | y| =|| =e This leads to the formula 


+O +X) 


sin eé sin € 
meas. fj == — af jesse £s ui 


-00 -00 


XES fh expli(GP P) + oF (t55P)) Jada + ° donldédy 


- if one notices that the measure of the set of those P’s for which F(t;; P) =< 
and the measure of the set of P’s for which F’(t;; P) == are equal to 0.* 
Now, we note-that for every t 


as . [exp li( EP + oP) dbs: ee 


(5) a 
= exp(—iaé) U J, exp{i (aré cos Ir (Ant ++ pr) -+ 2raràrnsin èr (Axt +. or) ) }ddx 


= exp (— iaé) a | VE + 4a"? ?), 


“and hence 
#00 +00 
sin e$ SIn e 
meas. Ej = i ffs = ea he 
“02 -00 
ci] T mianem taacen . 
X exp(— tag) i Jo(| ar | VE + 4r*Ay?n?) dédn. 
=1 
yy 3 The interchange of the order of integration can be justified in a way exactly 


analogous to that followed by Kac and Steinhaus in “Sur les fonctions indépendantes 
Ill,” Studia Mathematica, vol. 6 (1936), pp. 93-94. 

t This statement can be easily proved. It suffices, however, for our purposes to 
recall that every measurable function ¢(P) has the propérty that for “nearly all” 
es (i.e. except perhaps a denumerable set) the measure of the set of P’s for which 
(P) =e is equal to zero. In view of this fact we may restrict ourselves to es not 
belonging to the exceptional set and save ourselves the trouble of proving that in our 
particular case the exceptional Bek is empty. 


m 
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‘Jo denotes here, as usual, the Bessel function of order 0. Since Jo(| u |) 
== 0 (| u |) as | ul — oo we see that for n = 3 


K (€, q) = exp (— ta) TI Jol ax | VE E EMET) = O(| E | | 1) 


so that K (é, n) « L*/". Hence, by applying the Hölder-Riesz inequality we have 


+00 400 ; 
meas. B < + (ff sin ef sin en | dtd) 
/ pai Ey | 1) 


-00 -00 





+00 +00 sji is +00 +00 
x (FF 1x mira)” 42 (FF 


= Bel, 





sin € sin y 
én 





3. 1/3 
day) 


Finally, 


8 
meas, H = meas. F S $, meas. B; = Bs — B[1 + (My/e) lt =0 (e'/*) 


ja 


and since « can be made arbitrarily small we have 
meas. H = 0. | 


The above reasoning breaks down for n= 2. But in this case the proof that 
meas. H = 0 follows from quite elementary geometric considerations. I and 
lI imply, in view of a well-known theorem, the Riemann integrability of Go. 


3. We shall base our future considerations on the following formula 


T 


+O i 
it 
(Je Galu ppa] = = f Lf cos(éF) | F| at |a. 
š | . <a : . | 2 
To prove (6) let the œs, 0 S a, < a <7 o [Lar = p, be the turning points 
of F so that i 


(7) Í, ` 00s(€F) | "| dt — $, + ([sin Biag — sin 61/6), 


where bo = F (0), 8ni = F (n), Bp =F (u) (LSjSr) anda + or — sign 
is assigned according as Bjim > B; or Bim < B; By a well-known formula 
of Dirichlet ; 
i +00 
| i f sin Bjué— sin Bsé dé 
1 é 
“00 
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Is equal to 2, 1 or 0 according as BjBisr < 0, Bibja == 0 or BiBin > 0.5 The 
signs in (6) are such that 


(8) = fT Í, “eos(£P) | P | dt | dé 


+O 
| ee a sin jng — sin BF _, 
aS p eee eae 
we f= is £ 
“OQ 





and the right side is easily seen, to be equal to the number of zeros of F in 
(0,4). This proves (6). Let us notice that r (the number of turning points 
of F in (0,n)) although depending on œ, >, ¢@n, remains bounded. In 
fact r is the number of zeros of F’ in (0,) and the reasoning given in 2 
I is applicable to this case. Thus there exists a number C such that 


(9) r< C. 


4. Let 
3 1 i # z : 
Ga (P) = f” LS cos(éF) | A at | dé. 


It is well known that for every m and b 

1 m sin bé ‘ 
lie Sota | <a 
and hence by (7) and (9) we have 


Gai”) (P) < C. 


Now, for every P, Ge!" (P) -> Ga (P) as m — œ and since the Go!" (P) are 
uniformly bounded we have by a well-known theorem that 


x 1 1 e i 
(10) lim f ae f Ga™ (P) dy + dey = f a Í, Gu(P)dd,° - - den. 





MOO a 


On the other hand 


f o f Ga (P) doy: ` -don 
0 0 
1 m 1 1 a ; 
ie a | f cam | | [cos (em) | 0 | dt | dg. + dena 
Dyr -m 0 0 a7 0 


>It is obvious that £ j= b a and therefore 8 j and 8 joy cannot be simultaneously 0. 
If 0 or a is a root of F = 0 it is counted as 4 in formula (6). Since the set of those 
P’s for which either 0 or «u is a root, is of measure zero the following considerations 
are not affected by this peculiarity of formula (6). 


° This section employs exactly the same reasoning as the one in loc. cit.’ 
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which together with (10) implies that 


OESE E FLL cos (£F) | F | dt | dg. -> des 


is integrable in (-— 0, œ) and that 
+00 
, . 1 1 1 
(11) a f Soang f Ga(P)ddi° : Ady = ar f La (£) dé. 
-00 


ð. It remains now to compute Des It is well known that for every 
real Ys 


1 ri— | 
i i : cos 
| Y | = cl f 2 a dy 
i : y 
` -00 
and therefore i 


E| o1 t fiear a, a 


Hence 
L = 1 (222 a, 
7} 
7 
where 


u 1 


and the interchange of the order of integration is justified by the fact that 
the only infinite integral occurring in the formula is absolutely convergent. 
Now, | | 


cos (£F) cos qr) = = $ exp {i(&F + 4E") } + texp {i(£F — oF’) } 
+ texp {i(— éP + qF”) } + dexp (EF =yF)} 
and it follows ieee: (5)) that 


GF N | l , 
Í ~ Teos (EF) — cos (yF) cos (nF) Jdi" > - ddndt 
; | 


OS S COS (Er, \cos (nE) doi: > + don 


— cos af II Jo( ar | VE + 4???) 
Putting q = 0 we agal 


E 


1 l n 
f> T ( cos(£F)ddi- © -don = cos ag [I Jo(| ax | £). 
o 0 k=l 
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Thus 
“OO n n è : pe ECE EEE 
Jla STT AA 2 e dm Ae) 
| oP 

and finally by or a and (11) z 

400460 IL Jo(| | €) — TE Jo(| ae VEL irin) 
A za f foo aé ine eee a Se Rs i 

7 m 


OO =O 
_ 6. Since Jo(j u|) —O(| u|) as |u]— oo we see that for n= 5 
the integrand of (12) is absolutely integrable. It may also be noted that if 


M == (ye =: * +, = 1 a simple: asymptotic formula can be obtained if the 
\’s satisfy certain conditions. In fact, we-have in this case 
if f To (€) — “TI Jo VEF FNP) 
Ba = 2, eos ag RNEER = dt 


-00 “XD 


and letting == u/ Vn, 7=0/22Vn, a=bVn we obtain 


Bova) =} TS eave HOUD ANVE EEA 


2 dvdu. 
as. ae RE 
Assuming now that ; a 
lim m2 Sat =N, lim n? 5. aa! =0 
n->00 =1 pean he 


we have’ l 
ae ie —> exp. (— u?/2) .. 
gave + àw? /n) > exp (— u?/2) i (— nvt/2) 


and the convergence is uniform in every bounded region of the (u,v) sane, 
Thus, since all the integrals involved are absolutely convergent;- 


. tOO +00) 
E(b Vn) ~ if f cos bu exp (= w/2) 1 — exp (wt) dudu. 
ae a eee 


The last integral can be easily evaluated ‘and we obtain the- for mula 
OVa ~ = vay (=). 
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ON DOUBLE STURM-LIOUVILLE SERIES.* 


By JOSEPHINE MITCHELL. 


Introduction. -In this paper we consider the double Sturm-Liowville series 
(SL series) of a function, Lebesgue integrable + on the square Q (0 S2Sz, 
0S yS r), that is, the Fourier development of this function with oe to 
the double orthonormal system, -{¢m(z)¢n(y)}, (m,n=0, 1,2,9) (1). 
Our main method is the comparison of the double SL series of a given -func- 
tion f(x,y) with its Fourier cosine-cosine series (FCC series). A. Haar [9] 
Introduced this idea in the one-dimensional case, proving that the difference 
of the partial sums of the SL and Fourier cosine developments of an integrable 
function f(x) converges'to 0 uniformly on (0,7); briefly, the two series are 
said to be uniformly equiconvergent.2, The proof depends mainly upon the 
fact that the difference between the SL and cosine kernels (the differ ence 
kernel) is hounded [9]. 

It is natural to generalize the cicais of “ equiconvergence ” and “ equi- 
summability ” to the double SL and FCC series. However the “ cross product ” 
terms of the corresponding difference kernels are not bounded (as Haar has 
pointed out), so that in the case of equiconvergence we have found it Necessary 
to put some restriction on the given function to be expanded. 

In discussing the equiconvergence of the double SL and FCC series 
(Part IJI) we assume that the given function is of bounded variation (Tonelli) 
({17], p. 448) and obtain equiconvergence of the SL and FCC series over 
the square Q (Theorem ITI). Since this condition is included in all of the 
older sufficient conditions for the convergence of the double Fourier series as 
well as in some of the more modern ones,* we get various sufficient condtttons 
for the convergence of the double SL sertes (Theorem IV). 


* Received July 1, 1942; Revised January 18, 1943. 

1 In this paper integration is Lebesgue integration. Also, a measurable function 
f is said to be of class LP if | f |? is integrable. 

? We may consider fasted of convergence some of the various methods of-summa- 
tion of series and define equisummability of two series. 

* Well-known sufficient conditions for the convergence of the double Fourier series 
are, @.g., that the function be of bounded variation (Hardy) [10] or of bounded varia- 
tion (Arzela) [7]. Other sufficient conditions are given by L. Tonelli [17] and in 
generalizations to two variables of the tests of Dini, de la Vallée Poussin, Lebesgue, 
etc, For a statement of the tests and the connections among them see J. J. Gergen’s 
paper [8]. 
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_ Part IL contains our principal theoremi (Theorem I) on the (C,1,1) 
equisummability of the double SL and FCC series, namely that the SL series 
of an integrable function f(2,y) ts (C,1,1) equisummable with its FCC 
Series at every pont (x,y) in Q for which 


D ah f fet uy + ey} dudo = C(s, y) < %, (0O< {hI S7,0<| 


We also prove that the two series are aiana almost every ywhere (a.e.) 
in Q (Theorem IT). l 

To get a summability theorem for double SL series we consider the 
corresponding theory for the summability of the double FCC series. In 1918 
H. Geiringer ([7], also [17]) following the method of proof introduced by 
Lebesgue, proved that the Fourier series of f(x,y) is (C,1,1) summable to 
f(x,y) at every, point (z, y) where 


O im Ef J fet uy te) ies tudo, 


if, also, the. two simple aienak of |f| are bounded. A. Zygmund [19] 
proved the summability at all points (z, y) for which (C) holds and 


D) gg fo S lt@tur+e) fey] dudo < Dey < o, 
(0<|h| Sa, 0< |k] Sz). 


Relating these conditions to thé problem of “strong derivability ” of double 


integrals, which has been thoroughly investigated in the last few years by 
S. Saks, A. Zygmund and others [19], he showed that (C) and (D) hold a.e. 
for a function of class L? (p >> 1) and that therefore the Fourier series of 
such a function is summable a.e. A more recent investigation by B. Jessen, 
J. Marcinkiewicz and A. Zygmund [16] has extended this result to a class 
of functions f(z,y) such that flog+|f| (cf. footnote ‘) is integrable 
(denoted by class (B)). By showing that for such functions condition (A) 
holds a. e.t we deduce that the SL series of a function f(x,y) of class (B) -1s 
(C,1,1) summable to f(x,y) a.e. 

Finally i in part IV we consider a modification of the Abel-Poisson summa- 


tion method. Instead of multiplying the n-th term of the Fourier develop- 


ene È cnt (8), of a given function. f(0), defined on = T, m), by 7” 
we feta. ii sequence {vn(0,r)}, (n = 0,1,2,:-), where va (0, r) is kar- 


t For a discussion of the relation between functions of class (B) and conditions 
(C), (D) and (A) see 4. 
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monic in the interior or the unit circle and reduces to v, (0) on the circum- 


ference and consider the limit of the series 5 Cnn (8; r) as r approaches 1 — 0 


n=0 


(modified Poisson method of summubility) (6. 1). For ordinary Fourier 
series this reduces to the usual Abel-Poisson summability. This procedure, 
which can be generalized in various ways to more variables, was introduced - 
by S. Bergman ([4], [5]) in a much more general connection in the theory 
of functions of two complex variables. Applying this summation to the SL 
system we show that the double SL series of an witegrable function is equi- 
summable with its FCC series (Theorem V). Lastly we state a theorem on ` 
modified Poisson summability for the development of an integrable function 
with respect to more general orthonormal systems (Theorem VI). 


' PART I. The Sturm-Liouville System 


1. Definitions and theorems. 


1. The SL system ([9], [18]). Consider the SL orthonormal system 
{on(v)}, (n = 0, 1, 2,- ++), defined on (OS 27). The n(x) are the 
characteristic functions of the differential system — | | 


(1) @u/de® +-(Q(2) +a)u—0 
du/dx—hu=0 for z =0, du/dz +.Hu=0 for v =r(h, H EE 


where A is a parameter (—'œ <A< œ) and Q(x) is continuous. If, also, 
Q(x) is of bounded variation, Liouville, and Hobson [12], have proved the 
a nione formula 


sin ng  PalT)_ 


(2) dalr) = (2/n)'# cos ne +B) + Gaye 


where the function Bla) has a continuous derivative, the continuous func- 
tions pn({z) are bounded in absolute value independently of n and v, and for 
n = 0 the second term on the right is zero. 

Now let f(z) be a function, integrable on (0,7). The development of 
f(z) by the SL system 


(n= 0, 1, 2,° ` ae 


(B), Sanba(a), m= f(s) fu(s)ds, =o), 


is called the SL series of f(x). l 
It has been proved that the SL system is complete with respect to in- 
tegrable functions [18]. 
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Using the system -{¢n(z)}, we can form the double SL orthonormal 

system {dm(t)on(y)}, (m, n=0,1,2 °°), where (2,y) is a ae in 
Q0S@27,0>¢=a). 

Now let f(z, y) be an integrable function in Q.° ore double SL series is 


(4) Stan (x) bn (y) j 


where 
G am f r f ni aa nesae 


In this paper we compare the double SL series of f(x,y) with tts double 
FCC series 


(6) ; > Amndmn COS ME cos ny 
: in=0, n=0 f 


Amn = $ if m =n = 0, = 4 if m = 0, n > 0 or m > 0, n= 0, =1 if m>0,n>0 
where io 


4. m rT 
(7) bmn = FG f f f(s, t) cos ms cos nt dsdt, (m, n= 0,1,2, >). 
T Jo Jo 
2. Equiconvergence and (C, 1) equisummability for f(z). 


Denote the partial sums of the SL and cosine kernels, respectively, by 


(3) Kn (2,8) = È dv(#)$v(s), 
and 
(9) Cy (x, s) = (2/7) (4 + $ COS vT COS v8), 


and define the “ diference kernel,” n(x, s), by 
(10) Pa (2,8) = Ka (£, s) — Ca (z, 8). 
Similarly denote the corresponding arithmetic means ((C, 1) means) by 


K*, (a, 8) = Bol@ay poo Hel) 


(11) 


and | | 
(12) ORs) eee Oe ee 8) 


n 
and define the “ (C, 1) A riie kernel,” P*a (z, sj; as in (10). 


* Whenever we consider f(a, y) beyond the square Q, we extend it as an even-even 
function of period 27 in each of the variables æ and Y. 
6 The completeness of the double SL system with respect to integrable Anchoa 
-is an immediate corseyuence of the corresponding property for the simple system 
([20] p. 13, Ex. 6). | | 
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Haar’s proof of the equiconvergence theorem and the analogous proof 
for the equisummability theorem involve the boundedness of the difference 
kernel [9], that is, 

(13) ` | a(z, s)| S È, 


where ® is independent of n, z and s, and 


(14) | B*, (a, s)| = ne e E Sh) E Paala e) Z. 


THEOREM 17 (Haar). The SL series of a function f(z), integrable on 
(0,7), is uniformly equiconvergent with its Fourier cosine (FC) series [9]. 


THEOREM 2. The SL series of a function f(x), integrable on (0,7), is 
uniformly equisummable (0,1) with its FC serves. 


2. Two properties of the difference kernels 2, (x,s), ®*,(x,s). The 
following lemmas enable us to prove general (C,1,1) equisummability theorems 
for the double SL and FCC series ê (cf. Part IT). 


Lemma I. The difference kernel ®,(2,s) converges to 0 uniformly with 
respect to s as n— œ if s is in any closed interval not containing the pont z. 


Proof. Let « be an arbitrary fixed point in (0,7). 


From the asymptotic formula 1 (2) for the SL functions we easily see 
that the sequence ®,(«,s) converges uniformly for s in any closed interval 
(a,b) in (0,7), not containing the point v, as n—>'œ. Hence the lmit 
®(v,8) is a continuous function of s in (a,b). 

Further | n (z, s)| = @ so that 


b v 
(1) im f ©, (2, 8)ds— f P(x, s) ds: 


nw a 


But from Haars theorem 
, ù 
(2) lim a(r, s}ds = 0, 
nO @ 
b 
for f Ky, 8)ds is the partial sum of the SL development of the function 
i 
> 
equal to 1 in (a,b) and 0 elsewhere, and similarly for f C, (2, 8) ds. 
Consequently ®(2,s) == 0 for all s in (0,7) different from z. | 


7 We indicate known theorems and lemmas by arabic numbers and new ones by 


Roman numerals. 
8 We intend to nse Lemmas I and II again in a later discussion on the equicon- 


vergence of the SL and ICC series. 
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This same property is, of course, valid for the kernel ®*,(2,s) defined 
ink 


LEMMA IT, 


(3) lim fo ea(e, 8) ds==0 for all « in (0,2). 
nO 0 


Proof.. This property follows for each x in (0,7) from Lemma I by the 
Lebesgue theorem on the integration of sequences. The same property holds 
for the kernel ®*,, (2, $). 


. COROLLARY. If f(x) is integrable over (0,7), then for all x in (0, x) 


(4) | “tim ("1 ,(a,s)| f(s)ds = 0. 
G 


NGOS 


PART II. On the (C,1,1) Equisummability of the double SL and 
double FCC Series. 


3. Theorem on Equisummability. 


1. THEOREM I. Let f(x,y) be integrable in the square Q (OS eS 7, 
OSyS7). Then the double SL series of f(x,y) is (C,1,1) equiswummable 
with tts double FCC series at every point (x,y) in Q for which 


(A) ia | ( [et uy+o| ase, (0< lhl Sa, 0< [ki Sz), 


‘where C=C (a, y) < 0,2 
Proof. Denote the SL and FCC (C,1,1) partial sums, respectively, by 


(1) eun(% yj = f° f° K%n (0,8) E*n (y £)f (s, dsdi 
0 0 
rT T 

(2) omlag) = S S7 Oale 8) O*n(y, tF, t) dedi. 
9 [$ 

Then omn(t, Y) —oma(£, y) equals the sum of the three integrals 

(3) aen) = f S anle 8) @*a(y, EFC, t)ds dt, 
0 0 

(4) Wl) (a, y) = Í, S C*m(2,8)2*n (y, t) f(s, t)dsdt, 
0 0 
vin T 

(5) 4) (2, y) = Í. f. E"n (2, 8) C*n(y, t) f(s, t)dsdt. 
0 0 


” It is well-known that Lemma I is valid for the Fejér kernel C*. ,(% 8). Thence 
it also holds for the SL kernel K* n(@,8). However we do not use this fact. 
1° For a further discussion of ponditiod (A) see 4. 2. 
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Tt will, obviously, be aio to prove that | © |, | ¥ | and’ a | > 0 
as m, n—> ©. 


2. The fact that | ¥™ (2, y)|—>0 follows at once from the uniform 
boundednesss of E*m. 


Now l 
P _ 1 J§sin’gm(s—z) | sin? ġm(s +e) 
(6) i) ae 2sin? 4(s — r) sin? 4(s + v) 
so that in discussing ro (2, y) we consider the two integrals 
™sin® 4m(s+ @) re f 
(7) Wan (®, y) = = Í, Dsn? GD] +a) o*n(y, t) f(s, t)dsde | 


and 
(8) Wal n) A Lent hea) Pas OF H deat 


If == 0 or m, Vn (&, y) reduces to the same välde as Wma (x,y). Iie . 
is an interior point, we can choose a 6 >0 so that 0 & r — ô < gs -+ ò S r 
and then 


, 1 T T w 

r Nemec eee 
(9) | ka mn (2, y)| =< ‘mar gjy? 48 o f S | f(s, t)| dedi. 
For fixed ô, á sufticiently large m gives 
(10) | Wm (Z, y) | <y, where y is an arbitrary positive number, 


To consider the integral VW’ nn (x,y) we decompose it into 


w SS LSS See Se be 


Let 
(12) TH f° |f + hy +0)| de, ahe fi s eraro 
It is readily shown that. 





1 sin? mu — rm eats n | 
(13) i ae = UT mar for OD <ur (e.g. [17], p. 176). 
Then 
ve sin? m(s—2) y 
09) als; Je SP" Fy o*n (y, O16, A deat 
T-a € sin? mu on 7 
Aa + 
— a of f Osin? tu l | f(a ae Ws y T v)| dudv 


E Ten e 
SS dr f° aroa e „e)du . 


m 
Sto f, TF pujet 
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Integration ‘by parts of the right hand integral with condition (A) gives us 


. <1, weld €) f ELL R €) uf 
(15) |n| = ant (1+ 4 amr)? T (1 C+ dma) 
<1, mre f7 i} 
=a ae Fim T A“ a im? 
mC re 4 
Secondly let ` 
(16) Mha = Mn (e) =] max P*a (Y, t). 
yrest=Tr 


By Lemma I, WHn — 0 as n— œ for fixed e e Then 


-E RER Drena | 


< 40M, fo Tz amar ou or) du. 


Again integration by parte with condition (A) gives 





F fm) 

Now it is readily seen that Wm, decomposed as in (11), involves four 
integrals of type I, and four of type Iz, satisfying inequalities like (15) and 
(18) respectively. From inequalities (15) and (18) and Lemma I, it now 
‘follows at once that lim ¥”mn(x, y) =0. Consequently 

Mn 


(18) In| Shela {dept 20m z 


(19) dim | (a, 9) | = 0. 
i mW, 100 i 

Similarly for | PO (a, y)| and the theorem is proved. 

4. Summability for the double SL series and further results on Equi- 
summability. 

1. It is easily deduced that-condition (A) is satisfied at almost every 
point (x,y) provided that 
(B) f(x,y) logt| f(«,y)| belongs to L over Q* ([14], p. 221). 


On the other hand it is well-known that the Fourier series of functions satis- 
fying condition (B) are summable (C,1,1) to f(x,y) almost everywhere 
[14].*? It follows that the double SL series of the function f See ng (B) 
is summable (C,1,1) te f(z, Y) ae. . 


11 Logs | f(x, y) | is defined as equal to fon (as y)| if | f(a,y)| >], aiiai. to 0 
otherwise (cf. e. g. [20], p. 150). flog+ |f | of class L implies f of class L ([11], p. 99). 

“Tf f(z,y) is extended beyond Q as an even-even function its double Fourier 
series reduces to the double FCC series. 
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“We shall prove now the following 


Tunorem II. “Let f(a, y) be integrable over the square Q. Then the 
double SL series of f(x,y) is (C, 1,1) equisummable with its double FCC 
series at almost every point (x,y) in Q” 


Proof. It is sufficient to prove that y ) (2, D —> 0 a.e. We use the fact 
that f° f C*,,(a, s)f (s, t)dsdt converges of" f(z, t)dt at all points v 


where the derivative of $ S | f(@+u, H) — f(x, t) |.dudt exists and equals 
0 (a. e,).34 


Now | 
Goo YOy Ela] i] 
where í Ea 
(2) Jose f i f. " O(a, 8) b%, (y, t)f (z, t) dsdi 
0 © . 


= f(y, OF (@ tae 


and 
(8) Tam ff" nlsi) E 0) — F(z, t) ddt, 


By Fubini’s theorem f(e, t) is integrable with respect to ¢ for a.a. s. There- 
fore by Theorem 2 the right side of (2) —> 0 as n—> œ for a.a. z and uni- 
formly in y. Hence J, 0 as n— æ for a.a. (x,y) in Q. 

Again Eo ot 


(4) ee 





= p f C” m (2, s)g(s) ds 
0 3 
T 
where g(s) = f | f(s, t) — f(x, t)! dt. From the theory for simple Fourier 
«70 : i 


series the second factor on the right of (4) —> 0, as m —> œ, at all points æ for 
which the derivative of the indefinite integral of g(s) is 0 (a.a.z). Hence 
J2—>0 as m—> œ for aa. (x,y) in Q. Consequently | %2 
m,n—> co, Similarly for | ¥‘) | and the theorem is proved. 


~> 0 as 





2. It has been proved that the double FCC series of an integrable func- 
tion f(z,y) is (C, 1,1) summable to f(x,y) at all points for which the two 


18 This theorem was suggested by the referee. 

%4 The latter statement can be proved by a generalization of the proof of the 
corresponding one-variable theorem given in ([13], vol. 1, p. 582). 

15 It must be noted that this proof of the fact that | (2) |—~0 does not use 


Lemma I. However the proof seems to us less straight-forward than that of Theorem I. 
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conditions (C) and (D) (see Introduction) hold and that for functions of 
class L? (p> 1) these conditions hold a.e. [19]. We now point out that 
even for functions of class (B) condtkion (C) holds a.e. and that moreover 
(C) impes (D) a.e., thus affording a second proof of the summability 
theorem for such functions; since obviously (D) implies (A) everywhere we 
have a proof of the corresponding summability theorem for double SL series 
which shows the connection of these different conditions. 

This fact follows for condition (C) from the recently proved theorem 
that the integral of a function f of class (B) is “ strongly differentiable” *° 
lo f(x,y) a.e. by Lebesgue’s argument ([13] vol. 1, p. 582). 


_ Condition (D) can be proved to result from (C) a.e. as follows. If h,k 
are sufficiently small (< 8,). (D) is given by the statement of condition (C). 
Also (D) follows readily if h, k = 8. H h < 8, and & = à, then | 


(5) BS, Jy iet syte tanai 
saf G Otud] adut |fe). 


Now the monotone function f " (f “| f(s, t)| dt)ds is differentiable to 
8 & 
f f(z, t)) dt at a. e. point x in (0,7) (even if f(s, t) belongs to L). Con- 
Q 


sequently for such v and sufficiently small h (h < 8a) 


(6) + ff" eee aes F(a, t)| dite 


Hence 
oO BSS. let as r+ 1 y)| du dv 
| Spf Mel d+ +1 fel. 


A similar result holds if A = 8, and k < 8,. Therefore from the results of 
the four cases condition (D) follows from (C) a.e. 


16 Strong derivability of a double integral means that 
h pk 
(1/hk) f f fle + uy + vjdudv>f(æ, y) as h, k>0. 


17 Such theorems have been proved by S. Saks, B. Jessen, J. Marcinkiewicz and 
A. Zygmund, ete. For the particular statement of the theorem used here see ([16], 
p. 122). 


Pa 
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PART III. On the uniform Equiconvergence of the double SL and - 
. FCC Series. 


5. Equiconvergence theorem and sufficient conditions for the con- 
vergence of the double SL series. 


1. In this section we prove a theorem on the equiconvergence of the 


double SL and FCC series of an integrable function f(z,y). Since the 


difference kernel is not bounded a proof similar to that of Haar’s theorem 
cannot be generalized to two variables. Further, the Fourier kernel is not 
positive as in the case for Cesiro summability. We prove equiconvergence 
for integrable functions f(z,y) which are of bounded. variation as defined 


‘by Tonelli (b.v. T.). This condition is only slightly stronger than that of 


bounded variation in each variable and is by no means sufficient for the con- 
vergence of the double Fourier series as L. Tonelli has shown by a counter- 
example ([17], p. 485). 


DEFINITION. A function f(x,y) is said to be of bounded variation 
(Tonelli) m-Q if poi 


(i) i (2, y) is of bounded variation in (0, T) as a function of y for 
almost, all x, 


(ii) f(x,y) is of bounded variation in (0,2) as a function of x for a.a. y, 
(iii) the ae variation of f(x,y) with respect to y, namely, 
(1) Vi (2) - Ea SuD s | F(2, yv) — f(z, Yor) | l 73 0 =y% LY L` it Ilr, 
is dominated by an anteo. function U(x), that 18, 
(2) | ~Vi(t) S Ui (e), 


(iv) and similarly the total variation of f(x, y) with respect to x, namely, 
Va(y), is dominated by an integrable function Ua(y) ([17], p. 443).18 


2. Turorem III. If the integrable function f(a,y) is of bv. Ti in 
square Q, then its double SL sertes.1s equiconvergent in Q with its double 
FCC serves. 


Proof.® In analogy to the notation of 8.1 call the partial sums of the 
double SL and FCC series 


18 L. Tonelli imposed originally integrability on V,(#) and V2.(y). The extension . 


considered here is due to C. R. Adams and J. A. Clarkson [2] and J. J. Gergen [8]. 


19 The proof of this theorem suggested itself ‘by reason of certain similar ideas. 
used by L. Tonelli in Serie Trigonometriche ([17], Ch. IX). 
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m T 
(8) Smn (2, y) aii f f Kn (2, 5) Kn(y, t)T(s, t) dsdt, f 
E v ý 

(4) sm(2 y) = f S Om (a,s)Cn(y, tfs, t)dsdt, 

respectively. Also, using as before Sn(z,s) = Km(T, S) —Cn(2, s), we set 
(5) a0) (zy) = S f &n(a,s) u(y, t)f(s, t) dsdi, 

, o Vo i 
(6) @ (a, y) = f 7 f " On(2, 8)®n (4, t) f (S, t) dsdt, 
(M). Rey) = f° J" Sale 8)Cn(y, t)i, t) dsdi, 
x 0 0. 


and, show that the three integrals | @®) (x, y)|, | Oo 
mn mn 
' — 0 asm, n o. 
As for integral (3) 3 the convergence of @() (x, y) to 0 follows from the 
uniform boundedness of @n(x,s).2° 


(z,y)| and | @®) (2, y)| 


To consider O) (x, y) = f y f y Cm(z, 8) ®n(y, t) f(s, t)dsdt put 
0/0 


(8) Fa(s) = Hn(s,9) = f° &a(y, DF t) dt. 


Then Fa (s) is of bounded variation with respect to s in (0, 7) for all y m 
(0,7) and (n = 0,1,2,- °°). 


Proof. Let o be any subdivision of (0,7), o; 0 = 8o < 81 <t 5t L So. 
Then i 


k | . | k T 
(9 È| False) Pal) =È S Sa D Elet) — Fl tA | 
SS EDIE Fn t) — Fler t) dt, 


By (J) and (2) in the definition of b: v. T 
k j 
> | f(sv, ¢) =f (sy-1,t)| SS Ve(¢) for a.a. t and Vo(t) = U(t) 
pol 


(for all ¢) so that 


(10) È | Pa(sv) — Falsa) E £7 | ea(y,1)| Talat 


20 By applying a well-known convergence theorem due to E. W. Hobson ([13], 
vol. 2, pp. 422-4) we see that the convergence of Opn (#,y) to 0 is uniform. (See 


628 JOSEPHINE MITCHELL, 


Therefore 
k T 

(11) Fafr) = sup X | Pn(sv) — Pa(sva)| S f | .(y, t) | U(t) dt. 

g pal 0 
. Hence Fe(s) ** is of bounded variation and can be represented as Fan(s) 
= F,(0) + Pa(s) —Na(s), where the positive, monotonic non-decreasing 
functions, Pa(s) and Na(s), are the positive and negative variations, respec- 
tively, of Fa(s) in (0,8). | 

Then 


G2) @)(a,y) = f” Onie, s) (Ea (0) + Pa(s) — Na (5) )ds 


mn 


and we can use the second mean value: theorem getting ` 


mI 


(13) see y) -30 f” E E E Pg) S. Cn(2,8)ds 


m J: Cale, 8)ds, (OSES a, 0SyS0) 
| | ( [13], vol. 1, p. 568). 
Now it is well-known that | f DA s) ds | <= M, where M is independent 
of m and v for all a, b such that 0 < ac ba ([13], vol. 2, p. 510).. Hence 
(14) | © (w, y)| SM] Fa(0)| + Pa(r—0) + Na(w—0)) 
= M (| Fn(0)| + ¥n(w—0)). 


Now | Fa(0)| S Siea A Vn (ar) where So iş such that f (So, t) is an 
integrable function of t (a.a. so). Since also Va(r—0) S Va(r), then 
from inequalities (14) and (11) 
(15) |09 (a, y)| S M(| Fa(0)| + 2Vn(x)) : 
5 
= M(| in Daly, t) f (So, t) at | AF 2 f | ®,(y, t) | U,(t)dt). 
o ; 0 

By Haar’s theorem and the corollary to Lemma II the right side — 0 as 


n-> æ. Hence | O (x, y)|—> 0 as m, n— œ for all (x,y) in Q. Similarly 
for | @{5) | and the theorem is proved. 


3. Remark on equiconvergence by rows and columns. A double 


series © Amn is said to be convergent by rows if all the series 3) Amn 
m=0, 2=0 n=0 


t 


f(s) may be defined by (8) for only a.a.s. For all exceptional s it may be 
defined as equal to either F, (s -+ 0) or P (60): 
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i I © -w o. y 
(m= 0,1,2, >) and the series D ( È Amn) converge. (Similarly for 
n=0 n=0 
convergence by columns). 
By a method similar to that used in the proof of Thee eni III the fol- 


lowing equiconvergence theorem can be proved. 


THEOREM IIV. If the integrable function f(z, y) is of b.u.T m Q, 
then its double SL sertes is equisummable by rows and columns with its 
double FOC series. 


4. Sufficient conditions for convergence of the double SL series. Any 
one of the following conditions on the function f(s, y) is sufficient for the 
convergence of its double FCC series and also implies that the function is of 
b. v. T. [1] so that Theorem III is applicable. 


(i) f(x,y) is of bounded variation (Hardy) ([10], [1]), 
(ii) f(x,y) is of bounded variation (Arzela) ({3], [7], p. 114), 


(111) f(x,y) satisfies any one of the many conditions sufficient for the 
convergence of the double Fourier series given by L. Tonelli ([17], pp. 450- 
73). In all these conditions he demands that f(v, y) be of b. v. T. pius some 
other restrictions. 


(iv) A condition recently introduced by J. J. Gergen [8] is of me same 
character. 
Hence 


THEOREM IV. The double SL series of an integrable function f(x,y) 
is convergent at all points (x,y) in Q for which any one of conditions (i) to 
(iv) ts satisfied. If (x,y) is a point of continuity of f(x,y) the sum of the 


series is f(x,y). If it is a point of ordinary discontinuity the sum is 


a(f(@+ 0,y+0)+ f(x+ 0,y—0)+ f(e@—0,y + 0)+ f(e—0,y—0)). 


PART IV. Modified Poisson Summability and its Application to 
the SL Series. 


6. Modified Poisson summability method. 


1. Let f(6) be integrable on (— r,r). Applying the well-known Abel- 
Poisson summation method to Fourier series, we multiply its n-th term by 7”, 
getting the series 


90 
(1) $b, + > (Da cos nð -+ b'a sin nâ) rh == (9, r), 
i nzi 
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f 


which is absolutely and uniformly convergent for (— r SOS r) if 


(0Sr<1). Then if f(6,r) has a limit as r—> 1—0, the Fourier series >. 


is said to be summable by this method. Fatou has’ proved ‘that for any 
integrable f(@) `^ 
(2) lim f(8,r) =f(@) ae. [6]. 

eat Sn : 


The analogous theorem is not valid for two dimensions. If it is assumed that 
f(8, p) log* | f(6,@)| is integrable, summability a.e. does follow [14]. It 
has been shown that the method works also for more general orthonormal 
systems {tn(9)}, (n= 0,1;2,: >), if f(0) belongs to L? and if suitable 
restrictions are imposed on the ta(0) ([15], pp. 186-94). (The SL system 
satisfies these restrictions. ) 

To get more general results the Poisson method may be modified as 
follows. Let vn(6,7), (n = 0,1,2,: +), be the function harmonic in the 
interior of the unit circle and reducing to v,(8) on the circumference, that is, 


é ` T. 
(3) Vn (0,7) = f P (0, T, 8)tn(s) ds, (n = 0,1,2; °); 
‘ -T 
where , 
l l 1 T= 
(4) ee Qn 1— 2reos (@—s) +7? 
and * l 


r->l-Q 


(For Va(S) == cos ns, vn (8, k == COS no r™ and ey for the sine.) We 
then form the series 


(6) Sentn(8,r), ex f Ods (n= 0,1,2,- +) 


n=0 
(the modified Poisson ((m.P.)) series of f(@) formed with respect to ` 
{un(8@)}) and consider the limit as r—>1—0. The orthogonal series 
È cnn (8) of an integrable function f(@) will be called summable by the 
GPa mend : 

(7). lim S cata (6, 1°) 


f—1-0 n=0 
exists. The method reduces to the Abel-Poisson for Peay Fourier series. 
Similarly we may define summability of the double series > Cmim éb) vn (e). 
m=0, n=0 
In this case we consider the: limit 
* ies e 
(8) lim 2 CmnUm (6, 7) Un(¢, p), 
sii 


rl-0 m=0, n= 
p->1-0 


a 
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where Um(9,7) and v,(¢, p) are defined by (3). However it must be remarked 
that our method could be generalized in several ways-to the case of two 
variables (see [4]). Carrying through the generalization for the double SL 
system by introducing double harmonic functions on a bicylinder-we can prove 


| equsummability (m. P.) of the double SL and FCC serves for an integrable 


function without any further restriction (7.2). (For the one variable case 
the proof is exceedingly simple.) In 7.3 we generalize some of our results to 
other orthonormal systems. 


2. The modified Poisson a for orthogonal series of functions 
of L? [5]. 
THEOREM ô. 5 CnVa (0, 1) converges absolutely and uniformly for all 6 
n=0 


in (—r, m) and r in any closed interval in the interior of (0,1). 


Proof. By the Schwarz inequality 


(9) S | onon (0,1) | S (È en2)*( DS vn? (0, 7))3. 
, nad i n=0 =D 
Then by (3) and Bessel’s inequality applied to each factor on the right of (9) 
wW r ` T i 
(10) È | enoa (0, r) E f #(s)ds)8(_ f PCO, 1,8) ds) 
n=O : a 





Sg E Co SPO) 


THEOREM 4. Let {vn(6,r)}, (1 =0,1,2,--+) be an orthonormal 
system complete with respect to functions of class L?. Then the orthogonal 
series of f (0) with respect to this system is py ennai (m. P.) with tts 
Fourier series. 


The proof of this theorem, namely, that 


w) ‘ 
(11) lim | 3 Cna (0, r) —f(@,7)| = 0, (—wrS6S7z), 
rol-0 n=0 ; 3 


. 00 
is given in [5] by showing that the (m. P.) series $, cnv» (0, r) is equicon- 


n=0 
_ vergent with the Poisson integral f(6,r) for (0Sr< 1). 


7. Application to SL series of functions of class L. 
1. Equisummability of the simple SL and FC series. | The following 


theorem is easily proved: 


22 This proof of Theorem 3 seems to be more direct for real functions than 
Bergman’s proof, 
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00 
THEOREM V’. The (m. P.) series $ anpn(0,r) of any integrable func- 
n=0 


iton F(0) is uniformly equiconvergent on (0,7) with its Poisson integral 
(05r <1). Uniform equisummability (m. P.y on (0,7) of the SL series 
of f with its FO sertes follows. 


Proof. Since the SL functions, {¢,(@)}, (n = 0,1,2,: : +), are defined 
on. (0,7) we consider 


(1) u(r) = f “B(A,r, 8) 4n(s) ds, 
if 
where 
ee 1—r 1—r x 
ey EGOS) =} I — 2r cos (@—s) +r? + 1— 2r cos (0-4-8) + 7 l 


If we suppose that f (0) is even, then 

(3) f(9,r) = f P(0,r,s)f(s)ds (ef. 6 (1)) 
0 

and, in particular, 


r MS gs 

(4) cos nô r” = f P(6,7,8) cos ns ds, 1 = f P (6,7, s)ds. 

i 0 0 
- Call 


(5) on(9, r) = 2 Anp (9, t); | ~ 
and 
(6) a'a (0, r) = Abo + S by cos v6 2”. 
yal i 
We prove that y 


(7) lim | on(0,r) —o'n(6,17)| = 0 for all 8 in (0,7) and (0Sr<1). 
n> 


Using ®,(s,u) defined in 1 (10), we get by direct computation 
TT 7 
(8) | on(9,7)—o'n(@,r)| = | f f Pn (s, u) P (0, r, s)f(u)duds | 


=] ZO r,s) ( f ce u)f(u) du) ds | (by Fubini) 


Tv aor 2 
S STE) S Sols Fud | ds 


abbr N | f” Gals, uf (udu | ds. 


m 1 —r 





2? This corresponds exactly to what we have done for the cosine kernel in 1. 


z. 
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By Haars theorem this last expression is less than e(1-+7)/(1—v1), for 
n > Ne ean arbitrary positive number, which proves the theorem. 


2. Equisummability of the double SL and FCC series. We now prove 
the corresponding theorem for the double SL series of an ‘integrable func- 


tion (6, $). 
THEOREM V. The m P.) series > mnpm (6, 1) bn (dy p) of any in- 


poii function f(0, b) is equiconver jeu with its double Poisson integral 
over Q (OSr<1, OSp<1). Equisummability (m. P.) over Q of the 
double SL series of f with its FCC series follows. 


Proof. Corresponding to the notation used in (5) and (6), we let 


(9) Gmn (4, P51; p) ae vuh (0, r)du(?¢, P). 

and - 

(10) d'mn (0, $; r, p) = >> Avpbyp COs xô COs pp 7 oF, 
; ny0 > 


where avp, Avp and By, are defined as in 1, and we prove that 


(11) lim | omn (4, $37, p) i. a mn(O, $; T, p) | ai 0, i 


MIN, 2-00 


BOE aik LUA An AUG O E D p < 1). Now 


(12) Onn (4, Dir, p) RR = Rs f 7 P(6, T, s)P(ẹ, p, £) dv(s) p(t) dsdt 
=f" J, Sy J, Km(s, U) Kn (E, DPE re) Pt Diu, vaudedsat 


and similarly 


7,7 T ir pS l 
(13) a'mn (ð, $31,p) = 2 Avpbyp J, f P(6, r,s) P(¢, p, t) cos vs cos pt dsdt 
v, y= 0 


-Í o f Cn (s, u) Cn (t, v) P (0, r, 8) P (Q, p, t)f(u, v) dudvdsdt. 
' 0 


Let us set (in analogy to 3. 1) 


+ T T l 
(14) A (4, P31; p) =f Ka J Pin (s, u) Ca (t, v) P.(0, T, s) P(ẹ, B; t)f (u, vy dudvdsdt, 


(15) AG (8,857 p= f ane J Cm (8, u) Pn (t, 0) P (0, r, s) P(¢, p, t)f (u, v) dudvdsdt, 


_ (16) AS (8,657, E i i 7. Sm (S, U)b,(t, v) P(G, r, s) P (¢, p, t)f (u, v) dudvdsde. 


8 
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We wish to prove that the three integrals | AM |, | A@ | and | Ac? ie 
as m, n—> œ for all (6,4). in Q and (0Sr<l, OS p<1). 
To consider AN ( 0, ġ;r,p) proceed as in inequality (8) and then 


(17) [AM (6637 0)| 
sf J, Pend LP mL, g Pas, 4) Ba(t, v)f (u, v) dudo | 


<iitr nef” f f F Pn (S, ú) u(t, v) flu, v) dudo | dsdt, 


Ci I—r I —p 


But we have proved in 5. 2 that the inner integral on the right side converges 
to 0 uniformly with respect to (s,f) in Q as m,n —> œ, so that ` 


(18) [ADO pnp] < HE Es etor ™ > Ny 


c an arbitrary positive number. 
Considering Ain (9, $3;7,p) we have that 


mn 


(19) [A8 (Bhin 0)! | 
s] f : J, "f(a, 0) ( J i Cals, u) P (0, r, 8) ds) (Sf aoB, o, t) dt) dudv 
sf S KOOR On (S, OPE mean! J, MOF oat 
Naw by formula (4) 


(20) | N Cm(s, u) P (0, r, ¢)ds | =] $} + 5 COS vt cos vô 1” | 
o pal 





Secondly by Haar’s theorem, for arbitrary positive «e, 


(21) | f a(t, v) P(o, p t)dt| < e for n > N = N,(¢,p), 
(e) 
so that ` l 





(22) [ANN (6637e)| Sz 


m T 
pi € f f, | f(u, v)! dudv, for n>N and all m 
g 0 j 


Hence 
(23) lim |A®(0;637,p)!—=0, for all (6,4) and (0 Sr <1, 0Sp<1). 


ma 
MIND, n00 


Similarly for | A) (8, $; r, p)| and the theorem is proved. 


3. Remark on the modified ‘Poisson method for more general ortho- 
normal systems. The applicability of this method is not limited to the SL 


a 
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orthonormal’ system. We have seen in 6.2 that the (m. P) series of any 
function of class L? with respect to a complete orthonormal system coincides 
with the Poisson integral of f. If we assume that the function f(@) is of 
class L, we can prove the following theorem. 


TueoreM VI. Let {va(0)}, (n = 0, 1,2,- +), be a complete ortho- 
normal system and let Ln(0, s) = 5 vv(0)vv(s). If the condition 
p=0 


h r 
(24) f Woab sii Crahan" 


(M independent of h, n and 6), is satisfied, then the (m. P) series of an 
integrable function f(0) is equiconvergent with its Poisson integral and the 
development of f (6) 1s eguisummable (m. P.) with ils Fourier series. 


The proof of this theorem will be given on another occasion. This 
theorem can be generalized in various ways to more variables. 


BRYN Mawr COLLEGE. 
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LINEAR TOPOLOGICAL SPACES.*! 


By D. G. Bourain. 


amt = i etrean me e 


1. Introduction.” A (real) linear topological space, 1. t.s., is a linear 
Hausdorff space in which the operations of addition and multiplication by a 
real number are continuous. Axioms sufficient to ensure that a space is a 
l. t.s. have been given by Kolmogoroff [1] and von Neumann [2] and the 
relation between these axioms has often been discussed [3(2),4]. For con- 


venience in reference we state an axiom system which, with the exception of 


axiom 1, [3], is that given by von Neumann. 

We understand by ® a neighborhood basis {N} of the origin, 0, in L. 
For this neighborhood basis and for all bases introduced in this work (includ- 
ing those for the conjugate space as well) the basis at a point not the origin 
is obtained by a translation. Thus the basis at 2 is Jt + zo. 


IL a {N| Ne} =0.. 
II. If Ni, NaN there is an Na e9 such that N, C Ni ° Na. 
JII. Forany N'N there isan N, e N such that aN, C N forall | a | S 1. 
IV. Eor any N eù there is an N, e 9 such that N, + N, CN: 
V. For arbitrary ee L and N e P there is a real number g such that ce aN. 


The symbol L with null element @ will henceforth denote a L t. s., i: è., 

a space satisfying these axioms. If L is locally convex, then 
VI. N+NC2N. 

A set BC L is bounded if for each N eN there is a real number @ such that 
BC aN and L is locally bounded if it contains a bounded open set. In view 
of Axiom III, « may be taken non-negative in Axiom V and in! the definition 
of boundedness. 

We denote the closed hull of A by A, the convex hull by Â, the set of 
inner points in A by A and the complement of A by ‘A. The set of all linear 
functionals on L is designated by L* and its hull and general elements are 


denoted by 6* and f or F respectively. We write L and L for the lim sup and 


* Received October 25, 1941; Revised December- 5, 1942. 
1 Presented to the American Mathematical Society, October 25, 1941. Some of the 
results were announced in D. G. Bourgin, “Some properties of real linear topological | 
spaces,” Proceedings of the National Academy of Sciences, vol. 27 (1941), pp. 539-544. 
2 Numbers in brackets refer to the bibliography. 
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- liminf respectively and ø for the empty set. The Euclidean n dimensional 
space is denoted by Rn. | . 

' A brief partial survey of some of the contents follows. Some general . 
results for convex. sets are developed first and these in part involve regular L 
convexity and weak closure properties. For locally convex spaces, regular L 
convexity is no stronger than closure and convexity. Although usually Z is no 
longer an |. t.s. in its weak topology, we can associate a new space of equiva- 
lence classes of L which is a locally convex l.t.s. Most of the conclusions 
involve specialization of L. Thus if L is locally convex there is a valid analogue 
of Mazur’s Theorem [5] on the equivalence of strong and weak closure of 
.convex sets in Banach spaces, and a result of the type of Helly’s Theorem 
obtains if we require besides that L* be metrizable. If L* is normable then 
L is the union of a denumerable number of multiples of some bounded set. 
A necessary and sufficient condition for the metrizability of L* is given in 
terms of the existence of a certain basis for the bounded sets in D. The 
sufficiency condition is valid for a general Lt.s. If L is locally bounded 
(locally convex) its completion is locally bounded (locally convex) and the 
conjugate spaces of L and its completion are equivalent in the Banach sense. 
- The results of Hyers, [8a] are extended and sharpened significantly. Thus it 
is shown that the quasi norm satisfies conditions similar to those for the 
spaces Lp,0 << p< 1. The exact conditions depend on the choice of the 
fundamental bounded open set and in general the quasi norm need not be ' 
continuous. It is shown, nevertheless, that there always exists a topologically 
equivalent continuous quasi norm. The weak topology of the conjugate space 
of a locally bounded 1. t. s8. yields many-results of the sort familiar for vector 
normed spaces. For instance regular L* convexity is equivalent to weak 
closure and, the unit sphere is bicompact in the weak L* topology, ete. How- 
ever, the exact relation between transfinite closure and weak closure is not yet 
settled in this paper. 


2. The general linear topological space. In the main, the results in 
this section require no specialization of L and are, besides, of use in later 
sections. It is convenient to introduce the neighborhood systems 


u= {0}, U = {ht |0SAS1,ceN}, 


and U: == U ~— U. In referring to neighborhoods in L or L* we shall omit 
the basis when the meaning is plain. Thus we write U for Ue U and N for 
N eùt etc. We assume throughout the paper that L contains more than one 
element. It is easy to see that equivalent bases R’ may be chosen in which the 
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neighborhoods are all open (closed) sets. (In the first case the sets U or U” 
are, accordingly, open). 


Lexma 1. The neighborhood systems U, Ue and. N are equivalent 
neighborhood bases for L. 


It is trivial that an arbitrary U caai an N. On the diker hand for 
arbitrary N and some N, we have «N, C N for |a| S1. Hence 


= {Aas |0OSAS1, ce NC {s| —1 SAS 1,ce N} CN. 


That U(U*) satisfies the axioms for an l. t.s. may now be shown directly. 
If R satisfies VI this need not be true of all equivalent bases. A not altogether 
trivial example is furnished by J, ‘which may easily be shown to admit the 
equivalent metric (7,6) = log H,® (1 + | z; |). Here N = {x | (2,6) < e} 
is out of accord with VI. A more natural example is the locally convex space s 
[8] whose metric spheres are plainly not convex. However the convexifications 


- of the equivalent neighborhoods do satisfy VI of course and are understood in 


all references to locally convex spaces, below. - 


. LemMa 2. The space L is completely regular. 


An l.t.s. is evidently a uniform space [6] or struct [7] whence the 
lemma follows immediately. For the actual applications in this paper mee 
the weaker, regularity property of L is required, in the main. 

Let La, ae be an Lt.s. with neighborhood basis Ma. The topology of 
the product space L% == IIL, is given by the neighborhoods 


. N =I{N; | i£ 0} X {Lp | 8e A— o) 


where Nic 9N; and o is a finite subset of W. It is well known that L™ is an 
l. t.s. Obviously if each Dg is locally convex, L™ is locally convex. 


Lemma 3. If La is locally bounded then a necessary and sufficient 
condition for L% to be locally bounded is that M is finite. 


Evidently local boundedness implies that for some N, {N/m, m =1,2°--J 
constitutes a neighborhood basis. Since M —o is non-empty, for non-finite M, 
this necessary condition cannot be met. An immediate consequence is that if 
the spaces La are Banach spaces and Y is non-finite then L% is not a Banach 
space. If Y is finite then if Ga is open IG, is open in L% and if besides Go 
contains @ and is bounded then the neighborhood basis in L% is given by 
{ (1/n) MG}. 
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We shall say that U encircles 0 if every half ray with 6 as an end point has 
an interval in common with U. That the encirclement properly imposes. no 


restrictions on the 1. t. s. is evident from the next lemma. 


LEMMA 4. Every N encircles @. 


From the definition of U it is patent that if toe U then the interval 


from # to To is contained in U. Since N contains some U, if the lemma were 
false there would be an Z such that AtéU for all A > 0 in contradiction with YV. 


Lemma 5. If A is closed and t,£ L is disjunct from A then, for some 
U’ and U”, (A+ 0") e (4, + U”) =f, 


Since A is closed we can find Uos a that (to + y’) + A =ø. In 
view of I and IV, Uo? Uas + U: — Us for some U,’ and Us. We assert 
(A + Uz) © (£o + U18) =ø. Otherwise for some m, € A, ye U5 we should 


have £o + y1£€ 1, + U2. This implies successively vı — (zo -+ y1)e — U: and © 


Ti E To F Y1 — U C a + Us + Ua — Ua in contradiction with the fact that 
A is disjunct from to +- Uo. In view of Lemma 2 we can find U; such that 
Ü, C U and hence (A + Us) * (ao + U1) =. 


Lemma 6. If K, and K, are convex then Kı + Ke is convex, 


LEMMA. 7. If K is convea then K and K are conve. 


By a translation we can arrange to have Ge K. Assume the first assertion 
false. Suppose, then, that 2,,¢,eK and yet z == àv, + (1—A)a.eK for 
some A,0 CA <1. Then for some U, (z+ U)°K==g. By III and IV we 
can find U’ to satisfy AU’ + (1—A)U’ CU. Let yie (ti + U’) 2K ee. 
. i= 1,2. Evidently Ay, and (1 —A)yz2€ K. Hence we arrive at the contradiction 
A [A(z + U’?)+(1—A) (a2 + U) | KC [At + (1—aA)a, + Ul 9 E =p; 

Let zı, t£ K. With no loss of generality we may assume 7, = 6. Let U, 
and t+ U, be contained in K. Suppose that for some »A,0<A<], 
AtzeK. Let UC U^ U, Choose y arbitrarily in’ Av.+ U» Thus 
y = ÀL: +2,2eU3. .Clearly z and z+, are both in K. Moreover 
(1— Aà) A(z -+ s) =y is in K by the convexity of K. Hence Azz 
+U;C K or «£ K in contradiction with an earlier assumption. 


Lemma 8. Jf KL is conver and ĝe K there is a triangular pseudo 
norm? |e |x satisfying (1) O= | @lxkS]ela<o, (2) lelr 51i for 


"If a eK we define || [ly s, by inf {h>0|eeh(K—a,)} ete. 


N 
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f 


we Kk, (3) | tele=t f g r,t Z0, (4) [e+ t le S | ts lx ti 2 (6) 
The frontier points are those for which 


[elz =1, (6) Z= {e |1 e lr £1}, E= {2| |2 lr 51) 


We define |e |x as inf {h >0]sekK}. Let UC K, then for any 
ve L we have xeaU for some «> 0. Clearly œ >a Z| ele = | Ox = 0. 
Since || æ |x is merely the Minkowski functional determined by K, properties 
(2), (3) and (4) follow by standard arguments. 

We have left (5). In contradistinction to the locally convex case, this 
is not intuitively so evident when one considers the possibilities inherent in 
neighborhoods with spines. However the proof is direct. Let U,? C K, then, 
(for arbitrary «e > 0,) in view of ITI and IV, U8 D (2/c)U.8 for some U». 
Then | + v |x <e for ce U and so | =e |x is continuous at 6. Hence by 
(4), | +: lx is everywhere continuous.* If s, is a frontier point, every 
neighborhood of x, contains points of K and points of K. Thus every neigh- 
borhood of 2, contains some points for which || æ |x <1 and some for which 
| e |x = 1. Therefore || vo x = 1.. On the other hand if | 2 |x =1 and U 
is arbitrary, then by Lemma 4, there is a ò > 0 such that (1+ 8)qea,+ U. 
Hence by (3), (1+ 8)zo ë K, (1—8)a,eK or 2% is a frontier point. The 
forms of K and K are now seen to be those given in (6). 

_ Extending a familar usage we shall say K is regularly L conves if for - 
every %&K there is an fo £ L* such that fo (£0) > sup Mi 


Lemma 9. Jf K 7 regularly L convex then K 1s conver. 


THEOREM 1. I f K = L is convex, closed and K ~¢ then K is regularly 
E convex. i . 


It is no loss of generality to take @ as an inner point. Let ae K. The 
Tinear space L, is defined by {æ |z = ito — œ% <t< oo}. Write fo(tzo) 
== + || £o |x for all t. Since || tzo |x = f (tzo), the function || x ||x is available 
for p(x) in the Banach statement of the Hahn-Banach Theorem [8; p. 27]. 
Thus there is a distributive functional Fe on L which agrees with fp on Za and 
Fy(x) = || æ |z. Now | Fo(z)| = sup (| x |x, | — ze |x). In connection with 
(5) of the previous lemma we demonstrated the continuity of || v |x and 
| —2 |x. Thus Fe(s) is continuous at «== ĝ and so throughout L. Hence 
choosing Fe so that Fo{%) = || £o |x it follows from (5) that 





‘The argument used to establish such a result for the case of locally convex spaces 
[2] makes unnecessary use of VI and so could not be cited directly. 
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Fo(@) >12 up | x le = sup Fy(x). | 


(it is trivial that every non null linear functional on L may be related to a 
Minkowski functional. Thus let K = {s| | f(c)|1} and plainly 6eK 
since {z| | f(x)| <1} is open. Moreover either f(zo) = || zo || or f(— zo) 
= | — to || for the frontier points +: a), 


Lemma 10. If KL is conver, and 0e K, then {æ | |v lr 1} is 
regularly L convex. 


3. The weak topology of L. The generic w(L) neighborhood of @ is 
‘dencted by W(9;f1,° < *,fn3e) (or merely W)= {x| | file)! < ai= 1,---,n}, 
where {fi} consists of linearly independent elements of L* in the sequel. 
The neighborhoods of 2 are then given by £o + W. In general it is not true 
that the system of weak neighborhoods, W=={W}, is consistent with the 
axioms for a l. t.s. For instance in the space © or IŻ it is well known that 
‘L* consists only of the null element 6*. Hence I is not satisfied. 

Let @ == {x | f(x) =0 for all fe Z*} and ¥ =s +0. The sets ©, X 
considered as.elements of a new space L are designated by O and X respec- 
tively. Evidently if se W then X =s -4+ Oe W and accordingly W is made 
. up of distinct X sets. Since © is closed we define a natural basis at O by 


W (O; fu: + + fuse) = {X| XE WO; fi +, fase}. 


The topology so defined is tacitly understood in subsequent references to L. 
Manifestly then, L is a space of disjunct equivalence classes defined on L. 


THEOREM 2. The space L is a locally convex 1. t. s. 


In view of Theorem 3b ka, and «, + 2, correspond to kX: and X, + X: 
where v; € Xi, t = 1,2 so that L is a linear space. Write X == Tx. Obviously 
T is continuous since W == T({W). Now I and II are satisfied since L is 
obviously the Hausdorff topological quotient group L/@ with addition as the 
group operation. Now 


aW (O; fit +, fuse) =W (0; fit | ‘fa; | ale) eW (0O;fu: + +s fase) 


for. |a] =1, or III is satisfied. Since | f(a: + s)| =| f(#.)| + |f (22)! 
it is apparent that IV and VI hold. Finally suppose ze Xo, and let 
ci = fi (£0), t=1,---,n. If a> suple;:| then roe (a/e) W (83 fa,---, fase) 
and so Xoe (a/e W (O; fist °°, faze) which is the requirement of V. 
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COROLLARY. If © = 0, L is locally conver in its w(L) topology. 


This includes the case of a.locally convex L. 


` It is easy to give examples of linear topological spaces for which © is 
neither 0 nor L. Since L*p = 0*, 0 < p< 1 [9] take 


L= Lr. X R, = { (x, y) | ce Le, ye Ry}. 
Then © = { (7z, 0)}. 


THEOREM 3. The set © has the following properties:. (a) © is conver 
and closed. (b) «®© =0@ for as£0. (c) If P isa linear operator on Ly, to Ls 
then P(®,) C @.. (d) If L* 75 O then © =p, (e) For regularly L convex. 
K, either K or K contains X. (£) If Lis conver © =9. 


The first three assertions are obvious. Suppose (d) false. Let zı + U, C ®. 
Then zı and so Ọ, also, are both in ©. Hence by (b) and V, LC® or 
J,” == 6", If (e) is false then s, and t; may be found in X with f (z1) > f (z2) 
in contradiction with the definition of XY. Assertion (f) is a trivial conse- 
quence of Lemma 2, and Theorem 1. The converse of (f) is false. For 
Instance in a sequence space the functionals f” = (8,",-- -,8;",.° - :), with &” 
the Kronecker ô, cannot all be zero for any x. Hence, for instance, the non- 
locally convex lp, O< p<1 has ©=86. (We remark parenthetically that 
while. the metrizability of lp, 0 < p < 1, has long been recognized, the trivial 
observation that a valid metric for this purpose is 3 | z; |? seems to have been 
overlooked. With this metric, it is at once evident that lp is locally bounded 
as is well known. Moreover a familiar type of argument establishes that lp 
is complete). 


THEOREM 4. The ftova conditions on K C L are eer (a) K 
is regularly L convex. (b) K is convex and w(L) closed. 


That (a) implies (b) is trivial. The demonstration of the converse is of 
conventional type. Thus if s, € K let W (so; fi,°+-,fn3€) be disjunct from K. 
We map L on R„ where the correspondence is given by | 


z = 4 (2) = {fi(@),° > +, fal) }. 


Then Kna, the map of K, is convex. Now Zo = y (zo) is not in Ky, the closure 
of Ka in Ry. Indeed if || z— 2 || < e contains points of Ky, then 3&' fi(z) 
~—fi,(a)|? < e for some ve K and accordingly | fi(x) — fi(To)| < € but 
this is impossible since W and K are disjunct. Some functional y € R*« 
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| ee tho (Zo) > sup a(z). Now So{z) is of the form 3A;fı (z) and hence 
Kn 
with Fy == 3,"\af; we have 


3o (20) = Fo (z0) > sup Fo(2) = sup Fy(z). 


Evidently (a) implies that T(K) is closed and convex. 


THEOREM 5. If @©= 6 und K. is a closed finite dimensional set then K. 


is regularly L conver. 


Let {z; |i = 1,: >+, N} C IL be linearly independent. Since @ = 6 the 
following steps are valid. Choose fie L* so that fılmı) =at 40. Write 
ı(£2) =ü. Then fı(d2 tı — a,'42) == 0. For some fo, f2(@2'x, — t't) £0. 
Write fa(z:) = &;”, t= 1,2. Hence A == Qatt? — Qi? 5£ 0 and so two linear 
= combinations of fı and fe, designated by F* and F°, satisfy FP! (aj) = 38,’, 
1,9 = 1,2. An induction shows that we can find {ft} to satisfy fi (sj) = è;t, 
i, } = 1, - +, N, whence it follows incidentally that we can always satisfy 
f(t) = ci, t = 1,- , N, for arbitrary choice of {ci}. Let the N dimensional 
manifold Æx be the closed linear extension of K, with basis {z | i==1,---, N}. 
If To E By’ then we can find fy to satisfy fo(z:) == 50t, t =.0, 1, , N. If 
aye Byo E then, for some U, zo + Uy ^ K =£, Uy = Ọ ^ Ey. Now 


Q m fe | T T DA pitis Vui | <= 1} 


is a symmetric convex set in Fy. It is well known that Ey is homeomorphic 
to Ry with Q the homeomorph of a convex bounded set containing an open 
set in Ry. Hence eQ C Uy if eo Z e > 0.. Write a == ZNN izi I£ | A; — Ns | 
< e&/N, i==1,---,N, obviously £ — to = X (4; — Ni )ti £ Q C Uy, Thus 
W (x0; ft, ©, F", &/ N} ° K ==¢ since f(e — ti) = à; — Nj, and hence in 
view of Theorem 4 our proof is complete. 

The following example shows that © = ĝ does not assure that all closed 
convex sets are regularly L convex. Define K in lye by {e| |e] 21, z: = 0}. 
Then X= R. To see that K is convex consider any segment H with end 





points z, y in K. We may require || z || = 
by continuity, H would contain z’, y of norm 1 with the order æ, 2’, 2, Y, y 
It is easy to verify that || Aw + 1 — Ay | — 1 = Y[(4A; + AQ — 1) 
X (miyi (1 — ziyi) + myi — siy) l — Ayl, Ais = Alr) l + (1—A) 
X (yiy;). Terms with t= j are omitted and the typical term is clearly 
non-negative. Hence HC K. Now 0EK yet F(0) =0 < sup f(x) for all fs 


Indeed write f = (i, d2,° ° >) with a; <0 for this js the only case In, doubt. 


aie 


Ky. 
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. Write Ne. Vy /N7, yt = (8,4, 905°: “). “Then | a¥ fj —1 and 2Y eK. 


Now 1,/2* is the space in [8,9]. Thus — œ <a inf a; = 0 and 0 = f(x) 
= Xur" = a/N—->0. Hence K is not regularly L convex. Incidentally 


Km 4. 
THEOREM 6. If AC L is w(L) closed then A is.closed. 


Suppose 7 &A and let W (so; fi," --, fas) >A =g. Since fy is con- 
tinuous, | f: (£ — zo) | < € for all rea + Ui. Thus zo + "Ui © W. 


4. Locally convex spaces. The hypothesis of local convexity is under- 
stood in the statements or the results in this section. 


TEA 11. The completion of LD is a locally convex 1. t.s. 


We assume the material in Tukey’s Chapter VI [7] but translate cover- 
ings into neighborhoods by his Lemma 3.3. Thus- the equivalence classes of 
Cauchy phalanxes in L are put in 1— 1 correspondence with the elements 
{X} of I’. If X,Y have representatives {x(a)| N}, {y(b)| B} we inflate’ 
them to phalanxes on the common stack © and define X + F by the repre- 
sentative {ae + yc | ©} and kX by {kr(a)| X}. It is easily verified that these 
definitions are consistent with the correspondence of elements of L and the | 
convergent Cauchy phalanxes and that I” is the (essentially unique) complete 


- Lt.s. desired ® wee the neighborhood basis ‘i is defined by 


= {X | (e(a) + U: | A} CU}. 


If X, Y e V then, for some representative {x (a) | X} and some U, (U, U eUe), 
some representatives, {x(a) + U1 | X, {y(b) -+U:| 8} are in U. The 
convexity of. Us implies A(te -+ Us) + (1 —A) (4 (Yo + U,) = Ate +1 
-— Àe + Us C U where U C U^ U, and hence AX + 1—AY¥, since it has 
the representative {Are + 1— Aye | €}, is contained in F. 

An alternative atrament of independent interest uses the quasi norms 
associated with a neighborhood basis. Let ||] X ||lo = ZL || {a(a)| 2% lv. 
It is easy to show that ||| X ||[y* is independent of the choice of representative 
for X., Since || y is triangular, 


L || {2e + yo | ©} ur 5 È | {xe | ©} or +L Il {ye | ©} |v 





5 Axioms J, IT, IV reflect known properties of the completion of an Abelian topo- 
logical group. Axiom III is easily verified. For V let X ~~ {x(a) | a}. Suppose that 
V comes from U. Choose U, to satisfy U, + U+ U,C U. Then 2(a) ex(a.) + Up 
a Ha For some k=1, ‘2 (dy )ekU,. Then ata PUC AU TU +U, kU, 
asa, or XekV, since q’ = {a [ae a} can replace q. 
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whence it follows readily that ||] |||o* is triangular. Order U* by Us < U” 
if and only if Us C U”. It may be verified that {||| |||u* | o* © 11%} is a col- 
lection of triangular quasi norms satisfying conditions [8b] guaranteeing that 
I’ is a locally convex 1. t.s. which is obviously complete and identical with 
that obtained in the preceding proof. Incidentally it is plain that the com- 
pletion of a convex set is convex. 

It would be of ‘interest to investigate further the relations between con- 
vexity and-regular L convexity.” If every closed convex set is regularly 
L convex (this obviously implies @ = 6), is L convex or is B bounded if B is 
bounded? It seems probable that both these implications are false. 


. Lemma 12. If K is closed and conver and To € K then there is a closed 
convex set K’ with K’ s&¢ such that xe K’ CK. 


According to Lemma 5, (K + Ni) * (a + No) =Ø. Since N, satisfies 
VI, Ñ, is convex [2] and therefore, in view of Lemmas 6 and 7, A +Ñ: 
is convex. Inasmuch as 2 + Nz is open it follows that (K + V,)*+ Nz) =g@. 
Hence the conclusion of the lemma is valid for K’ = K + Ñ.. 


THEOREM 7. If K is convex then K is w(L) closed. 


This is an extension of a fundamental. result for vector normed spaces 
due to Mazur [5]. If K = the theorem is trivially true. Suppose 2 eK. 
The set K’ of Lemma 12 is regularly L convex according to Theorem 1. 
Hence Fo(2) > sup F(z) = sup F.(z) for some Fe L*. That is to say K 


is regularly L convex, whence, by Theorem 4, K is w(L) closed. 


5. Metrizability of L*. Let BC L be a bounded set containing 0 and 
let $ stand for the collection of all such sets. The neighborhoods B*, of L*, 
are defined by B* = {f | | f(z)| < 1,2 B} and are plainly convex. The set 
B is said to determine B*. The neighborhoods of fo are of the form’ f, + B*. 
With this neighborhood topology L* is an l.t.s. Plainly if B’ B” then 
BY* C B”*. Tn general the converse implication is not valid, but cf. Lemma 14. 
We shall call the sequence {B,} eB an outer countable basis if for every 
Be, we can satisfy B C Ba for some n. (The notion of an outer countable 


e Even if K, and K, contain inner points and are closed and convex, K, -+- H, need 
not be closed unless a compactness condition is imposed on K,. For instance in the 
Euclidean plane let K, consist of the branch of the hyperbola wy = 1 in the first 
quadrant and all points lying above this branch. Let K, be the reflection of A, in the 
y axis. Then K, + K, consists of the upper half plane exclusive of y = 0 and accordingly 
is not closed. __ 


r 4 
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basis and Theorem 8 were suggested to me in conversation by Professor 
Kakutani). 


TueorEM 8. If L has an outer countable basis {Bn} then L* is 
metrizable as an F space. 


It is well known that an l. t.s. space may be metrized as a possibly 
incomplete F space if there is a countable neighborhood basis at any point 
[3(b), 4]. Accordingly we need merely show there is a countable basis {B*n} 
in L*, Let the neighborhood B* be arbitrary and let B be any determining 
set of B*. By hypothesis Ba D B for some n, and hence, B* D B*y. 

Simple examples show that the sufficiency condition stated in this theorem 
is not, generally, a necessary condition. If B is any determining set of B* 
then {Av | |A | S1,ceB} is obviously bounded and also a determining set 
of B*, In the sequel all determining sets are tacitly assumed to satisfy 
B = {àz ] |A| S1,2e B}. 


lemma 13. If L is locally conver and B = — B then 
B= {s| | f(w)| <1, fe B”). 


Denote {z | | f(z)| 51 » fe B } by B’. Now Ê and B are bounded.. Moreover 


according to Lemma 7, B is convex. Write D{= — D) for È (this notation 
is used in the following theorem also). Now B’ is clearly convex and closed 
and so B’-) D. Also, D is regularly convex in. view of Lemma 7 and Theorems 
4 and 7. Hence for arbitrary £a € D and some fo, 


| fo(to)| = d >a = =e | fo(x) |. 
Write fı for 2fo/a + d. Then 
| f:(%)| >1> ee | fila). 
Accordingly fı ¢.D* C B* and therefore 2 € B’. Thus DD P’, aid so D == P. 


Evidently we have as a special case ! 


B= {a| | f(x)| S 1; fe D*} = {e | | f(x)| S1,fe (B)*}. 
THEOREM 9. I f L is locally convex then a necessary condition for L* 


to be metrizable is that L admit an outer countable basis. 


If L* is metrizable there is a countable neighborhood basis {B*,} at 6*. 
Denote by B» £ B any determining set of B*,. Define Dn as Bn. Cf. Lemma 13. 
We wish to show that {Da} is an outer countable basis. If this were not true, 
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then, for some B’ e B, we should have B’= Dy, s4 ¢ for all n. Since D*, C B*,, 
it is clear that D*,,C B'*, where m is some fixed value of n. Since oP is 
-regularly L convex, if age B Dm we have 


sup F(x) = — inf P(t) =a Z0 and F(z) —a =à > 0. 
Then, with F, = 2F,/2a + 8, we have Fi (zo) > 1> sup | F.(z)|. That is 
to say Pe D*m and F, € B* or D*m Œ B® in ET with the definition 
of D*m. Accordingly B’ ° Dm =g and hence {Dn} is an outer countable set. 


Lemma 14. Jf L is locally convex and B*, D B*, then, tf a is a 
determining set of B*; B,C B». 


The boundedness and convexity of B, are covered in the proof of 
Theorem 9.° By Lemma 13, | 


B, = {x | | f(x)| 5 1, fe B} C {e | | f()| S 1, fe BY2} = Ba. 
The following theorem extends an important result due to Helly [10]. 


THEOREM 10. Let L be locally conver and L* metrizable. Then there 
is a fixed closed convex bounded set B in L with the property that, whenever 
{fi} C L* and {cei}, 1==1,: +, N are so chosen that 


| SNAves | S (M(2,%Aift), O*) 


for arbitrary {Ai}, the system f(z) = c: is satisfied by some ae (M + «)B 
for each e>0. 


` By a well known result of Hidelheit and Mazur [11] on equivalent 
metrics in an F space, we may require that (uf, 6*) be strictly monotone in 
- p= 0 for each fixed f (the demonstration given by the authors remains valid 
when the completeness requirement on F is dropped). Moreover (f, 6*) 
== (—f,6*) [8]. For some set in the outer countable basis of L, say 


B= B, (f \(f,0*) <1} D Be. 


Denote the general oo é. *',& in the N dimensional Euclidean space 
by z. Let 
EE ee (2), ee (+ )B). 


Evidently K is a convex, bounded, continuous map of (M +- «)B. If the 
theorem were untrue % = (¢:,"'*,¢v)éK. Then some supporting hyper- 
plane, Si4Acé* = 1. of K contains z. . Thus 
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|3 Muffi) 1 for we (M+.e)B 
while i 
3Maci=1 or |ZAfi(s)| <1 for we (M + «/2)B, 


i.e, BAfie (M + e/2) B*. Accordingly, 


((M + A2) Nfi, 0®) < 1 = | Bases |. 
‘Then l 
(M3A:ft, G*) < 1 = | SY Aics l. 


This is in contradiction with the hypothesis of the theorem. 

If the metric satisfied (af, @*) S p(f, 0*), for all f and p Z 0, we could 
of course replace (M (3,%Aif*), 0*) by M (2Y Aft, 0*) but such a metric must 
obvously be a norm. (Take w = p> > 0 and f = uf, then it follows that 
K (F, 0) = (KF, OF) =x (F, 0*)). If Bis w(L) bicompact or bicompact of 
order Na, Theorem 10 may be extended to the case that a in {ca | a} has power 
at most Na, by straightforward modification of the writers proof for the 
Banach space case [Theorem 15; 12]. l 


THEOREM 11. If L is locally convex with L* metrizable and separable 
ihen L is separable. 


The hypotheses of the theorem imply the existence of an outer countable 
kasis {Ba}. Evidently the neighborhood systems 


FIIEE|<sseB,} and {f||f(x)|<1,ce By} 


are equivalent. Since UB, == L, if the theorem were false some Ba, denoted. 
henceforth by B, would not be separable. Let T' be the set {f | || f lz = 4} 
where || f | = sup | f(x)|. In view of the separability of L* a sequence | 


{f7} CT may be found which satisfies the condition 


FP} e {f | I fo — F a <<} 9; 


for any e>0 and foer. Since fer, | f°(#7)| = 8 for some a%eB and 
0o<8< 4. Let Lg and Lio} be the closed linear manifolds determined by 
B and {x*} respectively. Since Lyg} is separable Some 4, say To, is in Dp 
but not in Lrg}. Now Ly} is convex and closed and by Theorem 7 is a 
regularly L convex linear manifold. Hence for some 


fie L*, fi (£o) > sup fi(e) =0. - 
eJ 
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Moreover, since fı is- linear, Theorem 2 of Wehausen guarantees that 
lile <æ. Hence fo = f1/2 || fı lace T. Now 


| fo—f? |p = | folat) — F (27) Z3 


for all o which is in contradiction with the definition of {f°}. | 

The theorem is still true if the condition of metrizability of L* is replaced 
by the requirement that there be a denumerable collection {Cn} of bounded 
sets in L such that? 


(a) U U mCn=L and (b) BCU mC» 


m1 nzi mrzi 


ior each bounded set B and some n. 


THEOREM 12. If Li is locally convex and L* is normable then U nB = DL 


nzi 
for some Bonded total set Bin LI 


Define B as in Theorem 10. Let 2 be arbitrarv and write B’ for 
{te’ | |t| <1}. Then B* D {pfl | f || <1} BB* for some B > 0. In view 
of Lemma 14, BB D B’; that is to say 2’ e mB for any integer m > f and 
hence UnB = L. Evidently f(x) = 0 for all ce B implies f= 6*. The 
theorem, may also be established by considering the topology induced on L by 
L** and clearly B may be taken as {|| f(c)]| <1, | f {S11}. 


COROLLARY. If L is locally convex and of the second category then a 
necessary and sufficient condition for L to be normable ws that L* be normable. 


The condition is obviously necessary. On the other hand if L contained 
no bounded neighborhood then B would be nowhere dense and hence L would 
be of the first category. However the presence of a bounded neighborhood 
means that L is both locally convex and locally bounded end hence normable, 

The following example is of interest here and in connection with 
Theorem 19 below. Let # be a non-separable, reflexive Banach space. We 
denote by L the elements of Æ under the w(#) topology. Then L is a sequen- 
tially complete, non-metrizable, locally convex space of the first category. 
Nevertheless L* is normed. Incidentally it is apparent that if L || PP (a) < © 
for all ce L, then | f* || < M (in particular w*(Z*) convergence of {f*} to 
fo implies |j f" || < M) yet L is of the first category. 


“It is not true however that if L = U mB, then {mB} is an outer countable 
basis, even if L is normed. The Hilbert parallelotope, taken as the set B, in Z?, 
furnishes an immediate counter example, _ 


= 
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- 6. Local boundedness. Let A be a bounded open set in L and let 
A’ = fhe | |à | S1, we A}. 


Then A’ is easily verified to be bounded and open in L. Define the quasi norm 
; © || by the usual scheme 
| ao == inf {h |cehA’}. 


Hyers [3a] has shown that this quasi norm satisfies (1) |s| =1 and 
| z || = 0 implies c= 6. (2) |] tz |] =| ¢| || a]. (8) For every n > 0 there 
is a 8>0 such that [ety] <n whenever |si <8 and Jy] <4. 
(4) The sets {x | | zl] < «<, «> 0} form a system equivalent to U. (5) For 
every tel and y >O there is a 8>0 such that |y|—| cl <7 for 
ly — e] <8 

We shall extend and sharpen these results significantly. 


THEOREM 13. If L ts locally bounded the quasi norm satisfies 


| t+ za | SD 2 | -+ | 2 |) 
for some b = 1 depending on A and L, 


We shall refer to 6 as the multiplier of the quasi norm. The neighborhood 


` system at ð may be taken as U == {U | U = A’/n, n==1,-- -}. For some 


values of p we have A’ + A’/2-C pd’, p= 1, by IV. Hence p’ exists such 

that fA’ tA’ + (1—?tYA’ for all OS*tS1. Let b be the inf of all 

such g. If || vi | = M, t = 1, 2, then z: e (Ai + e€) A’ for all e > 0. Therefore 
Lı + Te (Az + Àa + 26) 


À te Al Ao te 
LEE + 2e. AT 


| za H za | 5S b (A + As) = D (I a H el) 


‘It thus appears that the quasi norm for a locally bounded LZ is formally 
similar to that for the spaces Lp, 0 < p< 1. (The example of the spaces 


lp 0< p< i shows that functionals exist even when the norm is not tri- 
angular). It is important to remark that b should be written more felicitously 
ba for, as is easily seen, it varies in general with the choice of the bounded 
open set, A. The quantity 8z = inf {b4 | A bounded and open in L} is a char- 
acteristic of L alone. However 8r may not be a multiplier. Cf. Section 7. 
All references to b below are really to a ba. 


cE A | E (b+ 8) (+A + 20) 4 
Since this is true for each ê, «€ > 0 it follows that 
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Let Ai be a bounded open set in Li, i= 1,2, and associate A’; as before. 
Let P be a linear operator with domain Z, and range in Le The subscript 
` i= 1,2 affixed to a quasi norm or to ò will indicate the space under con- 
sideration. Define || P} by | Pi = sup || P(x)llz. The space of such opera- 


tors is denoted by P and it is in that P is a locally bounded 1. t.s. 
satisfying (1), (2) and (5), [3(a)]. 


THEOREM 14. The quasi norm in P satisfies 


l 


| Pi + Po |S ba Pa i + | Pe 1). 
Evidently ‘ | 


I P: + Ps | = sup | Pa (e) + Po(e) le 
= sup b2(|| P(t) lle + || Pa(e) le) 


o Sba Pi] + | Pel). 


Lumma 15. If L, ts normed, (a) P is a normed vector space and 


(b) If P is additwe and | ENT) (SM ie | for all ce La, then P is linear 
[3a]. 


- Condition (a) is satisfied for instance when P is L*. 


THEOREM 15. The locally bounded space L may be completed with 
preservation of local boundedness. 


Let. the equivalent metric neighborhoods of Z (ef. Section 5) be written 
Sa = {x | (z, 6) < d}. Consider the typical element of L” to be the class of 


equivalent Cauchy sequences in L, where two Cauchy sequences are equivalent: 


if they ‘mesh’ to a Cauchy sequence. The points of ZL’ are denoted by 
capitals and the distance is defined by (4, Y) = lim (2", y”) where X ~ {2"}, 
Y ~ {y"} i.e, {2"} and {y"} are representative Cauchy sequences of the 
classes defining X and F‘ respectively. As is well known this distance is a 


metric and if {2"} converges to zo and {y"} to yo, then (X,Y) = (2, yo). 


Moreover in view of the triangle property of the metric, So = {X | (X, 0) < 8} 
is an open set. Plainly J is an l.t.s. and is complete in the metric sense. 
Now A contains sp, where D is some positive d,-by the equivalence of the 
original and metric topologies. Then sp is bounded in L and so Sp is bounded 
in I’. Indeed this is tantamount to the assertion that for arbitrary e < D 
and some h we have hSp C Se. Let h’ satisfy h’sp © se, d <e. Then if 
X £ 8p and X ~ {x"} we must have 2” £ sp for n > N. Hence (Mar, 8) < e 
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for n>N. Thus (WX, 6) = lim (h’x", 6) <e. Since Sp is bounded and 


open, L is locally bounded. Incidentally sp = {Ar | tEesp A| S1} and, 


Sy = {AX | |A| S1, Z e Sp}. 
THEOREM 16. If L is locally bounded and œ! converges to x» then 
Jeo =Le Lio | = | zod. 
We have || e” — zo || 0. From Theorem 13 we have 


ba || = | vo] — b | a—a || or Li ay || = | x l/b. 


On the other hand, in consequence of (5), | zol > | a | —» for n> No. 
Hence L | a" |< i Xo |. 
e A consequence is that the quasi norm sie to A’ is always upper semi- 


continuous but not necessarily continuous except at @ and, in fact, Hyers has 
given an elementary example of a discontinuous quasi norm. These remarks 
lend interest to the next result. 


THEOREM 17. If Lis locally bounded there is a continuous quasi norm.® 


Let sa, defined above, be the basic open bounded set defining the quasi 
norm. Let s” — 2,» and denote || «* || by An. We need only the case A; = 0. 
We assume without loss of generality that (px, 0) is monotonic increasing in 
Ps u= 0 [11]. Now, for 9< 8 < ào, 


(%o/ (Ao ro 8), 0) > d > (a"/(a" zg 8), 0) 


= (ao/(A" +8), 0) — (2" — zo) / (à" + 8), 0). 
Thus 


(‘o/ (ào — 8), 8) = L(#o/(X" + 8), 8). 
Hence | 


(Xo —8) > BO" £8)>. 
Thus [Ay = A» — 28 or, since & > 0 is arbitrary, L || x, || = || zo ||. In view 


of Theor em 16, 


Ja lzElo l= Lie l= lal, 


~ 
y 


e or || z || is continuous. (We have shown incidentally that a certain sphere in 
the equivalent metric is the A required). l 








Pa 


€ This gives an affirmative answer to the “general question” raised by Hyers 
[3{a), p. 566]. 
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7. An example. This section. concerns itself with an example of a 
locally bounded: 1. t. s. for which fz is not a possible multiplier. Consider the 
linear sequence space Æ with the distance given by l 


OO 
(£, y) = > | i — yi |P 
y= 
where 


© p= (1+ (log (i+ 1) )-*) +1. 


Write qi= p>. Evidently p: increases monotonely to 1. It is easy to verily 
that (x,y) is a metric and that Æ is an l.t.s. Since (Az, 6) S AP (x, 8) 
for 0 = à S1, it follows that £ is locally bounded. Although it is irrelevant 
to our purpose, it may be mentioned that the standard procedure establishes _ 
that £ is complete. It is plain that an equivalent metric, denoted by (z, y) x, 
is defined by 


7 N reve) 
(yy =X | zi — ye PN +S | ty — y|”. 
4=1 N+1 


It is an easy matter to show that, with the choice A’ = {x | (x, 9)x < 1}, the 
associated multiplier b is 297-1, Hence B==1. We assert that 1 is not a 
possible multiplier. Suppose the assertion false. Then £ is normable and 
hence locally convex. Then the neighborhood s == {æ |(x,@) < 1} contains a 
convex open set K which includes se = {a | (x, @) < e} for some e > 0. Hence 
sO KC s. Now se contains 


ast sce (e%8,”, zi iS e18”, Eos -) 
where 8,” is the Kronecker delta. Then 
gM A 3% Ont [2M Gn E Se 


Where a, = (2-+1)°% Manifestly &n |O and hence the convergence of 
21° is guaranteed by the fact that : 


co ' 00 


a. — -w2 d i rat l 
vas llog a) 4 e w converges. 


`~ 1 0 
Write o == 3,°a, where manifestly c >1. Then 
(20,0) > (SMan2"/o, 8) | 
= e (1/n+ 1l)o™ > (c/o) 3% (n+ 1)42 > o, 


which is incompatible with se © s. Actually all that is needed for this example 
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is p;Î1. It may be remarked parenthetically that if ni 0, the. resulting 
‘space is neither locally bounded nor locally convex. 


8. The conjugate space L*. The w*(L*) topology is induced by the 
neighborhood system U* — {U*} where 


U* =U" (8 3a, tse) = (F| [fle | <5 Pd oy). 


Obviously X; of Section 3 may replace s; and L* is an 1. t.s. in its w*(L*) 
topology. We define regular L* convexity for KC L* by the property that 
if fo E K then there is an ae L for which fo(2o) > sup f(z). This implies 


that K is convex. 


THEOREM 18. The statements (a) KC L* is regularly L* convex and 
(b) K ts convex and w*(L*) closed, are equivalent. 


The proof follows the pattern of the demonstration of Theorem 4 with. 
«the roles of L and L* interchanged. __ 


Lemma 16. Jf L is locally bounded the system 
W=(U}, U= {f | f(m) | < esie A’) 
is equivalent to UF. l 


The lemma is a trivial consequence of the fact that A’ is total [8, p. 58] | 
for L*, i. e., f(@) = 0 for all se A’ requires f = 6, 


THEOREM 19. If I ts the completion of L then L* and L/* are quasi 
equivalent. 


Quasi equivalence is defined below. Sets and functions in L’ are primed 
and the theorem stems from the fact that with our method ‘of completion L is . 
isomorphic to a dense set in L’. In this sense LC L’. -Since f is uniformly 
continuous on L it has a unique extension f. Moreover every f determines, 
a unique f. Thus (A)Z* and L’* are in 1—1 correspondence. Using Zorn’s 
lemma we can define a maximal family 9’ C W (cf. Section 5) subject to 
(a) B = {AY | |A}S1, Xe By, Be D’. (b) No set of D is dense in 
another. Write B= B’oL. The sets B comprise a maximal family D with 
properties analogous to (a) and (b). Plainly (B)® and D are in 1—1 
correspondence. If the sets of D'(D) are ordered by inclusion the quasi norms 
If le (if lz) are triangular and satisfy the conditions of Hvers [3b]. Thev 
determine the ordinary topology of L* and L’*. If B corresponds to B’, B is 
dense in B’ so (C) | fls = I f Ile. The satisfaction of (4), (B), (c) con- 
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stitutes quasi equivalence. For a locally bounded L, L* and L’* are easily 
shown to be complete and the quasi equivalence reduces to Danach equiva- 
lehee [8]. 

Many results concerned with the w* topology of the conjugate space of a 
vector normed space have valid analogues when L is a locally bounded 1. t. s. 
The following results are of this type where, to avoid triviality, we assume 
' throughout that L* contains more than one pomit. 


THEOREM 20. Jf L is locally bounded then necessary and sufficient 
conditions for the w*(L*) sequential convergence of {f"} to fo are (a) | fm | 
=: M and (b) {fF (x)} converges pointwise on a dense set in L, 


THEOREM 21. If Lis separable then S* is w*(L*) sequentially separable. 


THEOREM 22. If L is locally bounded and S* ts the unit sphere 
{f | IFI SS 1} then S* is bicompact in the w*(L*) topology. 


We vary the Banach space type of proof [13] by not making use of the 
Tychonoff theorem. It is easy to show that S* is w*(L*) complete. Moreover 
it is immediate that S* is totally bounded or what is equivalent, largely com- 
pact [%; p. 64], in the sense that for every W(0*;«*,- + -+,a@";¢) and some 
finite collection ft,- - -,f" in S*, 8* Cu W(ff;a3,- > +, ate). Accordingly 

j=l i 


S* is w*(L*) bicompact [6, 7, Theorem 8.14]. Similarly if 60 = ©, w(L) 
completeness of a bounded set implies w (L) licompactness. 

The definition of transfinite limits given by Banach [8] may be used 
without change for L* when L is locally bounded. 


Lemma 1%. ‘For L locally bounded, if 
lS, LSé< 4,7 


a limit ordinal, and fee L*, then foe L* exists, such that 
L felz) S fele) = L felz) 
Er » <r 


for all ce L.and || fo || S M. 

Let p(x) =Lfe(z) in the notation of Banach, p. 28. Then p(z) 
= Mal] and p(x) satisfies the conditions of the corollary to the Hahn- 
Banach Theorem (though M || x ||. cannot be used for the same purpose since 


f° 
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the.quasi norm is not triangular). Hence an additive functional fọ exists 


satisfying | fo(v)| SHM |x || and therefore, by Lemma 15(b) fo is linear. 


The function fo is a transfinite limit of {fe}. A set KC L* is transitively 
closed if it contains all its transfinite limits and plainly it is then convex. 


aan 18. For L locally bounded and |fe] SM, 1SE< r, tf f 
satisfies 


LRO SAOS, L felo) 


for ve QC L then there is a transfinite limit fo, | fo | SM, of {fe} which 
agrees with f,(x) on the closed linear extension of Q. 


Lexma 19. If L is locally bounded, and if K C L* is either w*(L*) 
closed, regularly L* convex or transfinitely closed, then K is closed. l 


THEOREM 23. Jf L is locally bounded and, K C L* is bounded then a 
necessary and sufficient condition that K bé w*(L*) closed and convex is that 


K ts transfimtely closed. 


The necessity argument may be patterned with obvious changes on 
Banach, p. 122, paragraph 2, and Theorem; 20. 

‘Let Æ be the w*(Z*) closure of K. Suppose K=4 K and let fo ekokK, 
Well order all the sets, X, of L, i.e, {Xe| 1S é< y} where y is a limit 
number (since L* + §*), We develop a familiar type of transfinite induction 
argument. The fact that || f || S M for all. K is tacitly assumed in all state- 
ments made below about the existence of various transfinite limits. Since 
foe K, for any X} and integer m there is a linear functional in K, say fy”. 
which satisfies | 


| fn'™ (Xn) — fo(Xy) | < 1/m. 
Hence 


L fa” (Xn ) —1/m = s fa” (Xn) 5S fo(Xn) 
= L fa" (Xn) + 1/m = L fa” (Xa). 
Ín view of the transfinite closure of K and Lemma 18, some transfinite limit, 


° If; for instance, K is a closed vector subspace of Z such an analysis as that given 
by Banach for the case L is a Banach space teete difficulties in the last prop: due to 
the fact that b > 1, [8, p. 119]. 
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fne K, of {fa} exists satisfying fn(Xn) = fo (X; J Suppose y is not a limit 
ordinal and that ft" e K satisfies P (Xp) = fo (Xp) for {Xp | 1S p<y—1}. 
oe shown the existence of an element fy-. in Ki such that fo-1(Xy-1) 

o(Xn-1). Define {| 1 Sv <y—1} by Fe = ft, v < q— 1 and Fu 
=== ae The transfinite limit, e by f", agrees with fo on {Yp | 1 Sp < 7}. 

Suppose that for some y = y it is impossible to find an element of K which 
agrees with fo on {Xp|1Sp <n}. Let Q be the set of such. ys. This set 
has a first element yo and in view of considerations given above we need only 
consider the case that yo is a limit number. Then for every E < yo there is 
an 7f such that f'(Xp) == fo(Xp) for 1S p <é. Hence 


Zi, F(X) = fo(Xp) < Lf (Xp) for 1S p< to 


halted: an fie kK agrees with fo on {Yp {1S p< no} or EQ. Hence 
Q=gandf,eK or Ko K =ø. The writer has not been able as yet to settle 
the question of whether the theorem remains valid if the boundedness 
restriction on K is dropped. 


THEOREM 24,.° If L is locally bounded and TC L* is compact then T is 
w*(L*) bicompact. 


By reason of earlier theorems in this section the proof follows the pattern 
of the Banach space case [12]. , 

In view of the existence of a Hamel base every 1. t.s. admits non-null 
distributive functionals [8; p. 231], Let D* be the space of distributive 
functionals on Z under the w*(D*) topology defined in the obvious way. 
It is trivial that if L is finite dimensional then D* = L*, 


THEOREM 25. If ©==90 then L* is w*(D*) dense in D*. 
This is an obvious consequence of the argument in the first part of the 


corollary to Theorem 4. ° 
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TWO OBSERVATIONS CONCERNING ALGEBRAIC EQUATIONS 
FOR: MATRICES.* 


By Ivan Niven. 


1. Let W be a matrix.of order n in a field k, and w{z) = 0 its minimum 


equation in k of degree m == m(W) Sn. This integer m is called the index 


of W. Any polynomial F(z) in k defines a matrix A —F(W), and all 
matrices of this form constitute a ring R[W] of order m over k; indeed 
i (W) = 0 if and only if F(z) is divisible by y(2). Hence m(A) = m(W), 
and in case m(A) = m(W), the ring.R[A] coincides with the ring R[W4, 
so that W is a polynomial in A with coefficients from k. A matrix A is said 
to be non-derogatory if its characteristic equation is its minimum equation, 
m(A)==n. Now suppose that the matrix A is given, and that W is to be 
found. “Then we have the following theorem: 


If a polynomial F(z) and a. matrix A in a field k are gwen, then a solu- 


tion W of F(W) =A is expressible as a polynomial in A with coefficients 


from k, W = F(A), if and only if the index of W equals the index of A. In 
case A is non-derogatory, every solution W of F(W) =A tis a polynomial in 
A, and is likewise non-derogatory. 


From now on we assume & to be algebraically closed, so that the minimum 
function y (z) of the given matrix A in k splits into powers of r distinct linear 


factors z — a4, 


p(z) = i (2— ay) ™. 


2. -Let P(w,z) be a polynomial of two variables w, z in k which actually 
contains w; we wish to solve the equation P(W, A) =0 by a matrix W=f(A) 
in R[A]. Considering the equation P(w,z)==0 as defining an algebraic 
function w(z), we speak of the finite Taylor expansion 


(1) (2) = B+ Bea) H+ Brae a) 


* Received May 4, 1942. 
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as a branch at z = which is regular up to the h-th order if 
P((z),2) == 0 (mod (2—a@)*). | 
The condition P(f(A), A) == 0 amounts to 
P(f(z), 2) =0 (mod W(z)); 
or to the set of r Gnaeus 
P(f(2), 2) ==0 (mod (z — a:)™) te ey, 
whence follows this almost trivial 


Principle 'of Construction If for each i=1,°-+,7 we can oblan a 
branch ;(z) at z == a; which is regular up to the order mi then the simul- 
taneous congruences 


f(z) = pi (2) (mod (z — a:)™) (tem d,-- +51) 


uniquely determine a solution W = f(A) of our equation P==0. Every 
‘solution W e R[A] is determined in this fashion. 


Special cases: 


a) For «=a; chocse a root w= B of the equation P(w,a) == 0. If 


Qo ED 20 


dw 


we get a uniquely determined regular branch ¢(z) at z= a which begins with 
the constant term 8 and may be continued up to an arbitrarily high order. 


1 For the general formulation of this principle of which I had proved a special case, 
I am indebted to Professors MacDuffee and Weyl. The principle is quite compre- 
hensive; our special case {b), for example, embraces the main results in W. E. Roth’s 
paper, “ A solution of the matrix equation P(X) = A,” Transactions of the American 
Mathematical Society, vol. 30 .(1928), pp. 579-596. A different approach to the problem 
is to be found in the first half of M. H. Ingraham’s paper, “ Rational methods in matrix 
equations,” Bulletin of the American Mathematical Society, vol. 47 (1941), pp. 61-70. 
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b) An equation of the type #(w) = 2. The condition (2), F’(B) 30, 
is not only sufficient, but also necessary for the regular expansion ¢(z) at 
z = g to permit continuation beyond the initial term-8. Combining this with 
the second conclusion in 1, we obtain the following result: Under the hy- 
pothesis that A is non-derogatory, the equation F(W) == A is solvable if and 
only if for every multiple root a of the minimum equation y(z) = 0 of A the 
ae E(w) —a==0 has at least one simple root w== 8. If for every 
.t==1,:+-,r we choose 8: as a root of F(w) —a;~=0, wkich is simple in . 

case @; is a multiple root of y(z) = 0, then there is exactly one solution 
WV = f(A) satisfying the r conditions f(«:) == Bi, and all solutions W are 
obtained in this fashion. 


c) The equation w%==z, -q a positive integer. By case (b) the matrix 
equation W4 = A has a solution which is a polynomial in A if and only if 0 
is not a multiple root of the minimum equation of A. The polynomial (1) 
is seen to have coefficients given by the formulas 


B= a, Bı = Ba (1/4), (t+ 1) Bis = Bia (1/q—1) (t= 1," > ,h— 2), 


and thus we have found the branches needed in the construcsion. Since a04 
has q values unless g == 0, we have found the q" oF g’? if some a; is 0) 
solutions W which are polynomials in A. 


~ 


PURDUE UNIVERSITY. 


ON SOME CUBIC DIOPHANTINE EQUATIONS.* 
$~ By E. ROSENTHALL. 


1. In this paper we shall adhere to the following notation: large capital 
letters A, B,- + - (with or without subscripts) will represent integers of the 
quadratic number field Ra(p) where p—4$(—1++V3); the letter e will 
be reserved for the units of this field. Small latin letters a,b,- + + represent 
rational integers, and the conjugate of a number X is denoted by X. The © 


symbol (A,B,C, +: +) signifies the g.c.d. of A,B,C,---; A|B means A 
divides B, and (A, B) == 1 denotes that A and B are coprime. 
>» The integers of the field Ra(p) are of the form c + dp, or of the form 


(a+ V— 3b) with a and b of the same parity; also e = 1. 


2. In this paper we solve Completely in integers of Ra(p) a multi- 


plicative equation of the form 
(2.1) ` wWW = nN 


and deduce from this the complete rational integer solution of certain in- 
teresting cubic diophantine equations. The method of proof will indicate 
how some types of diophantine equations reducible in a-quadratic field may 
be solved completely. 
Since the integers of Ra(p) obey the Fundamental law of arithmetic, 
f namely unique decomposition into prime factors, multiplicative equations in 
this field can be solved completely in parametric form by the method of 
reciprocal arrays.* 
` To solve (2.1) we require ie followi ing fundamental lemma. 


3a 


Lemma 1.2 All iniegral solutions of 


are given by X = U8, Y = VT, Z = UT, W = VS; and it suffices to take 
(5, T) = 1, 

This lemma (as stated in ee paper referred to) is for non-zero integers 
< X,Y,Z, W. However the solution given includes all the possible zero solu- 


* Received August 19, 1942; Revised February 19, 1943. 

1E. T. Bell, “ Polynomial diophantine systems,” Transactions of the American 
Mathematical Society, vol. 35 (1933), pp. 909-910. Also E. T. Bell, “ Reciprocal arrays 
and diophantine analysis,” American Journal of Mathematics, vol. 35 (1933), pp. 50-66. 
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tions without violating the conditions on S and T. For example, the solution 
X = Z = W = 0 is obtained by taking U == 5 = 0, 7’'1, and S, T are 
coprime, 


3. We now solve equation (2.1). 


THEOREM 1. The complete solution in integers w, W, n, N satisfying 


equaiion (2.1) ts given by 
(3.1) W = SUL, w=tVV, N==SUV, n=tLL 
and it suffices to take (UL, ÜF) = (VV, LL) = 1. 


Proof. By Lemma 1 all required values of w, W, n, N are of the form 


W=RAF N=RBH 
(3.2) W=SBG N=SOPF 


w=TCH ` nem TAG 
-with the g.c.d. conditions | | 
(3.3) - (W,N)=R, (WN) =8, (w,n) =T. 


From (3,3) it follows that R== eS; substituting this in (3.2) we sce 
that the parameters must be restricted to satisfy 


(3. 4) <AF=BG and «BH=GF. 
Hence (3.2) becomes 


WweBE Ned OR 


(3.5) . 
l w=TCH n= TAG 


with conditions (3.4). By Lemma 1 all 4, F, B, G satisfying (3.4), are 
given by ` 
B == AB, G sam CD, eA = A Dy, F == CB. 
Then (3.4). becomes «4,H == CC; and 30 
cA, TER ABs, H ae. C.Da, Č iia AaDas C1 = CB}. 
Substituting these values in (3.5) we have 


W = «54,0, (B2B;) (B:D,), N FENER SACD. (B.B,) 
Ww = TAC. (D-Da), , M == TÄ:Ca(BD1) (BD) ° 


í 


A 
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Since the integers Bo, By, Dy _ always occur as factors of the products B.B,, BoD, - 


_ we can put B.B, = K and B.D, = L; we also make the reversible substitution 


D, = eV and replace eù by the parameter 8. Then we have 


(3.6) W = 8 (A-K) L, w=(TAC2) VV, N = S (4:0:8)? , n= (TÄ:0 DE, | 


where T.C, must be restricted to be a rational integer. Thus (3.6) is a 
complete parametric representation for the indeterminates satisfying (2.1). 

However if we put A,0.K == U, TA,C, = then all numbers in (3. 6) 
are included in (3.1). But by direct substitution we see that all the numbers 
(3.1) are solutions of (2.1). Hence (3.1) is the complete solution of (2.1) 
where S, U, L, V are arbitrary integers in Ra(p), and t is any rational integer. 


4, From Theorem 1 we can deduce the complete rational integer solution 
of t? + y? =z 4 w., This equation can be put in the form (2.1), viz., 


(4.1) (X4X)XX = (¥+YV)VY 
where X= 4[(e+y)+ V—3(e—y)], F=4l[(e+v)+ V—3(z—v)] 
are integers of Ra(p). If z= y, we have the trivial solutions with z = z. 

In 6 we prove the following theorem. 

THEOREM 2. The set of all integers X, Y (with XA Y) siting 
(4.1) ts gwen by 
(4.2) X= (V—3p/6q) (e + fp) LU, Y= (V—3p/0q) (e+ fp) UV 


where e+ fp =UV: VV —UL-LL, and 6 is 1 unless V—3] (e + fp) and 
then 0== 3; it suffices to. take q == (e, f) and (LU, UV) = (VV, LL) =1. 


3. To obtain the sclution of (4. 1) in the form (4.2) we require the 
following three lemmas. 


Lemma 2. If the product XY is pure imaginary and if X == aA where 


A is not divisible by a rational integer then Y = \/—3b4/6 where @ is 1, 
or 3 if V—3|A. 


Proof. Put X=ad=—a(m-+np) and Y=b(s-+ tp) where (m,n) 
== (s,t)=-1. Then since XY is pure imaginary we must have 


ns + mt — nt = 2(ms — nt) 


from which it follows that m(2s—i) =n(s+-t); and since (m,n) =1 


we have 2s —t — kn, s +- t= km. Hence s= k(n + m)/3, t =k (2m — 2) /3 


and since (s, t) = 1 we can write 


10 
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s= (n+ m)/8, t == (2m — n) 7/0, 
which gives Y =b{(m + n) + (2m—1n)p}/é = p35 A/6. 


Lemma 3. ae ee) is a g.c.d. of a+ bp and rer then 
(a, b, c, d) = (l, m). 


Proof. We know that if a rational integer ¢ divides a + bp then ¢ divides _ 
both a and b. 


Therefore if g = (l, m), then q} D and q is a divisor of a and b, c and d; 
and if s== (a,b,c,d) then g|s. Also s divides a -+ bp, c +- dp, and therefore 
s| D. Then s|? and s|m, and therefore s|q. Hence s|q, q|s and so s= qg, 
(a, b, c, d) = (l, m). 


Lexma 4. If the matris of the coeficients is of rank 2, then all integral 
solutions of the simultaneous equations 


AX4+B¥4+0Z=0, A,X+B,¥+0,2—0 
are given by 


X =(H/D) (B0, — B,C), Y —(E/D) (Ax C—AC,), Z =(E/D) (AB, — A,B) 
where E is an arbitrary integer and it suffices to take D = (BC; — B,C, 


AO — AC,, AB, — A,B). 

For, solving algebraically, X, Y, Z are certainly given by 

A == ¢(BC, — B,C), Y = a (A, — AC), Z = 4(AB, — A,B) 
where @ is in the field; writing «a in lowest terms F/D, D must be a divisor 
of BC, — B,C, etc. Hence, multiplying up by a suitable factor, it suffices 
to take D as stated, and E is arbitrary. | 


The case where the matrix is of rank 0 or 1 will be considered in the 
application to which the lemma is put. 


6. We now prove Theorem 2. Considering ack element of (4.1) as 
indapendent, then by Theorem 1 all 4, Y satisfying (4.1) are of the form 
(6.1) X=SUL, ¥+#=iv¥, Y=sSov, VtY=tLL 


w ith (UL, UV) = (VV, LL) = 1 and the parameters must be restricted to 


satisfy 
SUL+ 8UL—iVV¥=0, 8UV+S8UV—tLi~0. 


Considering this system in the indeterminates S, 8, t and taking the matrix 
of the coefficients to be of rank 2, then by Lemma 4 all S, S are given by 
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S= (L/D) (0+ fp),  S—=— (B/D) (e + fe) 


where Æ is arbitrary and it suffices to take D = (ë ee fp, è -+ fp?). From the 
expressions for S and § we get ED +- ED = 0, and hence ED is pure imagi- 
nary; thus by Lemma 2 we can put | | 


D=(k+ Ip) =qK, E= V—3pK/0 with q= (k,l), 


and 8 = 1 unless, V—-3|K, that is V—3|(e+ fp), and then 6= 3; from 
Lemma 3 it follows that q == (e, f). Hence’ 


E/D = V—38 p/q 


- where q == (e, f), and Theorem 2 is proved for the case considered. 

If the matrix of the coefficients is of rank 1 then €V = eL = U or U = 0 
giving in (6.1) the trivial solution Y = FY ; and if the matrix is of rank 0 
we get X = Y = 0, a solution which is included in (4. 2). 


7. From Theorem 2-.we deduce the following result. 


THEOREM 3. All sets of rational integral values x, y, z, w (except x == z) 
satisfying the equation ? : 
(7.1) a? $y? = 28 + w 
are given by — ; e 
t= p(a-—2b)/ 6g, y =— p(a + b)/0q, z= p(c —2d)/0q, w = —p(c+d) /Oq 
where a+ bp = UL(e + fp), c + dp = UF (e + fp), and q, 0,.e + fp, are 
as defined in Theorem 2. 


For from Theorem 2 we have 
=- gile +y) + V—3(2@—y)] = (V—38p/6q) (a + bp), 
$0 (z+ w) + V—-3(2— w) ] = (V—8p/6q) (c + dp). 


Isquating real and imaginary parts and solving for a, y, z, w yields the 
required results. Further it suffices to take (UL, UV) = (VV, DL) =1. 


8. The complete solution of the equation mM M == nNWN also yields the 
complete rational integral solution. è of 


(8.1) z? + y? + 28 — Bayz = u? + v3 + w? — Buv, 


°R. D. Carmichael, Diophantine Analysis, New York, 1915, pp. 63-65, discusses 
this equation and gives a four parameter rational solution. _ 
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where SEON 
m=z+ y+ z, M = (z — z) + p(y — 2); n =u -+ v+ Ww, 
N = (u — w) + p(w—w). 


= Ther from (3.1) all rational integers satisfying (8.1) are obtainable from 


aty+te==iVV =a, wtet w == tL =a, 


8.2 ba 
See) (z—z)+ ply—z)=SUL==b+ cp, (u—w)+p(v~-w)—=SUV =b, 
and it. suffices to take (LĒ, VV) = (UL,0V) =1. Solving (8.2) for 
T, Y, Z, U, V, W gives 


4 


z= 3(a+2b—e), y=4(a—b+ 2e), > 2=}(a—b—c) 


8..3) 
i = $ (a + 2b — t), v= $ (u — bı -+ 2c), w=} (a — bı — c 


for the complete rational integral solution of (8.1). 


Tt is desirable to know how the parameters t, U, L, V.are to be selected 
so that (8.3) always gives integers. These expressions are integers if 
a -+ 2b — c= 0 (mod 3) and a + 2b, — c == 0 (mod 3). This implies 


a e 


tV? + SUL + 80L=0 (mod 3) 


8. 4). 
a ‘1LL + S07 + SUV =0 (mod 3). 


If both UL and UV are prime to 3, then it suffices to take S satisfying 
the linear congruence AS == B (mod 3), where UL: UV —UL- UV = A, and 
—t(VV UV —LL-UL)=B. This congruence is solvable if (3, A) |B. 
Since A is divisible by V—3, B will have to contain the factor V—3 or 
(V—3)* If it happens that U, L, V are selected so that (VV -UV 
— UL- LL) does not contain this factor then it suffices to select £ = 0 (mod 38) ; 
otherwise £ is arbitrary. 

If one of UL, UV (say UL) is not prime to 3, then it suffices to take 
UV prime to 3; whence U must be prime to 3. Thus L must be divisible by 
V— 3, and it follows therefore that LË = 0 (mod 3) and SUL -+ SUL=0 
(mod 3). Hence (8.4) becomes | 


(8. 5) iV? =0 (mod 3), SOV + SUV =<0 (mod 3). 








From (8.5), we have t==0 (mod 8) since VV, LĒ are coprime; and 
(8.5). holds if and only if V—38 divides SUV, whence V—3 divides 8 
since UV is prime to 3. Summing up, we have, in this case, that (8.3) yields 
integers if and only if 5, L (or V) is divisible by -V— 3, and t = 0 (mod 8). 
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9. As a further illustration of the method used here for solving dio- 
, phantine equations, we-now solve completely in rational integers the equation * 


(9.1) ` T? A y? sms 27, 
For this purpose we require the following lemmas. 


Lemma 5. If the product XYZ is a rational integer then all values of 
X, Y, Z are gwen by 


X=aAB, ¥=bĀ0, Z= cB. 


Proof. Precisely as in Lemma 2 it follows that if the product AS is a 
rational integer then all R, S are given by R=aKk, S= pK. Hence since 
X(YZ) is rational we can put XY =ak, YZ == pK; whence by Lemma 1, 
we have 

=FG, Z= HJ, p=FJ, K= HG. 


Again, since FPJ is rational it suffices to take F = bC, J= c0; make the 
change in parameters H —> B, G— A, and the lemma is proved. 

We note that it suffices to take A, cC coprime (Lemma 1); further any 
factor common to a and c can be absorbed into the B and so we can take 
(a,c) = 1. These facts will be required in 10. 


Lemma 6. The complete set of integer values X, Y satisfying XX = YY 
is gwen by X = e&ST, Y=ST, and it suffices to take T dwisible by no 
rational integer. 


Proof. This equation YX == YY can be considered as a particular case of 
Theorem 1 by placing w = n = 1, from which it follows in (3.1) that (= 1, 
| V =s, L==e. On making the reversible substitution U == €7, ee. = e we 
obtain the required result. 


Lemma 7. ALU integers X, z satisfying XX — 2? are gwen by X = aT’, 
2=alT. l 


For, from Lemma 6 all required X, z are given by X = «ST, 2 = ST, 
where SZ’ must be a rational integer; then we can put S =—= aT, since T is 
divisible by no rational integer. 

Lemmas 6 and 7 furnish the complete rational “integral solutions of each 
of the equations * 2? +- my? == 2? -+ mw? and z? + my? = u? for those m in 


3I. E. Dickson, History of the Theory of Numbers, vol. 2, pp. 578-581 gives an 
account of the investigations on (9.1). 
If m=:1(4) replace form u? -+ mv? by u? + uv + %(1— m}. 
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which the integers of the quadratic field Ra(V—m) are uniquely decom- 
posable into prime factors. The complete solutions of these equations. for any 
value of m are readily obtained by other. methods, but for our purpose the 
form of solution given here is desirable since it occurs in multiplicative form. 


10. We now return to equation (9.1). Defining the integer XY as in 4, 
this equation takes the form : | 


(10. 1) (X + ÀY = 4-2-1, 
Then from (3.1) it follows that all ¥, X +X, z of (10.1) are given by 
(10. 2) X=SUL, X+X=iVV, z<=SUV, 


where ¢ and L must satisfy tLL == ], Thus f= 1 (since LĒ > 0), L=e; 
and with the reversible substitution U = eK, V = el, (10.2) becomes 


N=SK, X¥+2¥=PP; 2—SKP, | 


and it suffices to take A divisible by no rational integer (it can be absorbed 
into S). | 
Since SKP must be a rational integer, then 





S=—adAB, K=AC, P= cBé 
and it suffices here to have c prime to a and A (see remarks at the end’ of 
Lemma 5), and we have . 
(10. 3} X=as2R, X+ = CRB, 2=-acAARR 


in which, since B and C always occur as the product BC, we have put BC = R. 
Further, the parameters of (10.3) must satisfy RR — «A'R —ad*h 
== 0 which is equivalent to i 


(eR — ad?) (HË — aA?) = (adA)’. 


Put eR — aÃ? = H, then (10.3) becomes 


i A? = ~ 4A? : cf 2 
(10.4) X—ad? (PEE), =a (=) (=8) | 


where (a44)* = HH. Whence, by Lemma 1, 
(10.5) H= bT, aAA =bTE. 
Solving (10.5). by Theorem 1 we finally. get 


“L. E. Dickson, Introduction to the Theory of: Numbers, pp. 40-41; ‘also see 
Ex. 5, p. 43. are, : 


A 
“4 


wd 


X = (mF)? (EG) (BG)2M2 (Z : 
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(10. 6) H = emGG(MFE)*, a= mEB, A= MFG. 


Again, since R is an integer we must have c’ dividing H + aA*, that is 
it must divide m@GE# («GME -+ EÑ). Since c is prime to a and A, 
then we have c* prime to each of m, F, F, G, M. Hence c? must divide 
(EHG + BMG). 

Substituting (10.6) in (10. 4) we have 


2a =) 


— o(mF#)*(8G)* (EG) Mat (FEC + furs ) (PELES, 
c 


Put mFF = k and EG = K, and we get 
: aa 2 "qaf? 
¥ = KRI (E) 


z = toh (KR)M Ñ (en 


and it suffices to have c prime to each of K, M and k. 


(10.7) 


All the. integer solutions of (10.1), and hence of (9.1), are given by 
(10.7), and in order to obtain all the integers in (10.7) we can take c, k 
arbitrary and M any integer prime to c and then select the coordinates of K 

i Af 2 araz 
to make (A 

Put K = u + vp, and let M? = m+ np, (whence m, n, ¢? are coprime). 
Then if we take e == 1, p, p? in succession the congruence KM? + KMP = 0 
(mod c?) becomes - 


) integral. This is done in the following way. 


w(2m-—n) = (m+ nw (mod c), u(m—2n) = (2m —n)v (mod ¢?), 
u(m -+ n) = (3n — mv (mod c°) 


respectively; and for e == — 1, -— p, — p° respectively we get the congruences 


un==v(n— m) (mod cè), um == vn (mod c*), u(n — m) =vm (mod c°). 
Since c” is prime to at least one of the coördinates m or n it follows that in 
the last three congruences either the coefficient of u or of v (at least) must be 
prime to c?. If this coefficient is the coefficient of u, then select v arbitrary 
and solve the congruence for the unique u, and similarly solve for the unique v | 
with arbitrary u if the coefficient of v is prime to c’*. | 
‘In the-first three congruences, also one of the coefficients (that is, of u 

or v) must be prime to ¢?, and so we can always find a unique u or v. For 


a’ 
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exemple, (considering the first congruence), suppose that 2m —n, m + n, cè 
have the factor p 3&3 in common. Then p|3m and hence divides m, n, c’, 
. whch is impossible since c*, Af* are coprime. 

Also if 3 is a factor of c? then 2m ——n (and hence m + n) is prime to 3, 
for otherwise M? = 4 (2m —— n + V— 3n) would be divisible by V— 3, and 
so J" would have a-factor in common with cë. 

Thus in all cases either the coefficient of u or v is prime to c*, and K 
can be found. . 


11. The equations which we have solved completely in rational integers, 
viz. (7.1), (8.1), and (9.1) are merely particular cases of the equation 
(2.1). By suitably selecting the indeterminates w, W, n, N in (2. 1) the 
complete solution: to many other interesting equations can be obtained; for 
example any of the equations g? +- y? + z — dzyz = u’, w + 30", u? + 0%; 
or (£? + y®) (uw? + v8) = (wë -+ 23). . Moreover Theorem 1 holds in any 
normal algebraic field whose integers can be decomposed uniquely into prime 
factors. 
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A NOTE ON SOUSLIN’S PROBLEM.* 


By Epwin W. MILLIR. 


As is well known, the following properties characterize the linear con- 
tinnum L as a type of linear order. 


(1) L has no first and no last element. 
(2) L is continuous; i. e., every cut in L is a Dedekind cut. 


(8) There exists a denumerable subset D of L such eee between any 
two elements of L there is an element of D. 


As an immediate consequence of (3) we have 
(4) Any set of non-overlapping intervals on J is countable. 
Souslin raised the following question.1 Do properties (1), (2) and (4) 


characterize the linear continuum? In other words, do properties (1), (2) 
and (4) imply property (3)? 
The purpose of the present article is to prove the following 
 'Turorem. In order that there exist a linear order which possesses 


properties (1), (2) and (4) without possessing property (3) tt is necessary 
and sufficient that there exist a partial order P of power X8, such that 


(a) if QC P and 6 = N,, then Q contains two comparable elements and 
lwo non-comparable elements ; š 


(b) if x and y are naon- me elements of P, then there exists no z 
in P such that a <z and y <z. 


Proof of the necessity. Suppose there exists a linear order M possessing 


' properties (1), (2) and (4) but not property (3). Let I, be any interval 


on M, and let æ be any ordinal < Q. Suppose an interval Tg has been defined 
on M for every 8 < œ. There must exist an interval Z on M which contains 
no endpoint of any interval Jg (B < a), for otherwise the denumerable set 
consisting of the end points of the intervals Jg (8 < @) would be dense in M, 
and (3) would be satisfied. Let Ia be any proper subinterval of such an 
interval Z. Clearly, if 8 < a, then either Ia is a proper subinterval of Ig or 
else Ta: Ig = 0. ' 


* Received July 10, 1942. Author died July 23, 1942. 
1 Fundamenta Mathematicae, vol. 1 (1920), p. 223. 
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We now define a partial order P whose elements ‘are the intervals J, 
(% < Q) by setting Ig < J, if and only if Ig D Ie Clearly, P =%,. Further- 
more, if I, and Ig are non-comparable then Ia' Tg == 0, and (b) is. at once 
seen to be satisfied. To see that (a) is satisfied, let Q be any nondenumerable 
subset of P. Now Q must contain two comparable elements, for otherwise 
‘there is determined a nondenumerable infinity of non-overlapping intervals 
on M. Suppose that every two elements of @ were comparable. It follows 
that there would exist a decreasing Q-sequence of intervals on M: J, [@,- - + 
I,- (a< Q): Let ag be the left-hand endpoint of 1. The intervals 
(aa; @a+1) do not overlap, and a contradiction of (4) is obtained. 

In proving the conditions sufficient we shall make use of the: following 
theorems.” 


THEOREM A. If P is a partial order of power R, and every subset of P 
of power N, contains two comparable elements, then almost every? element- 
of P is comparable with N, elements of P. 


THEOREM B. If P is a partial order of power S,, and every subset of P 
of power N, contains two comparable elements, then P contains a linear order 
of power Ñ. 


Let B be a partial order, and A a subset of B such that the elements of A 
are mutually incomparable. We shall say that A is maximal (relative to B) 
provided r «e B— A implies that x is comparable with some element of A. 
The notation y will be used to mean that < and y are incomparable. 


Proof of the sufficiency. Let P be a partial order of power N, possessing 
properties (a) and (b). In virtue of Theorem A, almost every element of P 
is comparable with N, elements of P. Furthermore, it follows from (a) and 
(b) that for: every element x of P, at most No elements of P precede z7. 
Accordingly we can remove a countable set from P so as to obtain a partial 
order P” (of power 8;) which possesses the following properties. 


(a’) If QCP and Q = Nı, then Q contains two comparable elements 
and two non-comparable elements. 





? Theorem A is an immediate consequence of Lemma 5.21 in a paper by Ben 
Dushnik and the author, entitled “ Partially ordered sets,” American Journal of Mathe- 
matics, vol. 63 (1941), pp. 600-610. Theorem B is a special case of Theorem 5. 23 of 
the same paper. 

2 By “almost every” element of P is meant every element with the exception 
of a countable set. 
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(b) z, y e P’, £y implies that there exists. no z in P’ such that z <z 
and y < z. 
(c’) weP’ implies that there exist 8, elements of P’ which follow zx. 


(d’) we P’ implies that at most No elements’ of P’ precede v. 


Now let A; be a maximal set of mutually incomparable elements of P’ 
such that ; = So. The existence of A, follows from (a’) and Theorem B. 
Let Q, denote the set of all 2 in P’ such that x precedes an element of Aj. 
In virtue of oy we have G, “S.No. Let @ be any ordinal < Q. Suppose that 
Ag and Qg have been defined for all 8 < « so that Ap = No, Qp Mo, the 
elements of Ag are mutually incomparable, Ag C P’ — 2 (An 4 -+ Qu) and is 

a 


maximal relative to P’ — 3) (Ap + Qu), and Qg is the set of all in P’ such 
#<B 


that a <an element of Ag. We shall now define Ag and Qa. 


Case 1. œ is a limiting ordinal. 


In this case, we merely take Ag so that Aa == No, the elements of Ag 
are mutually incomparakle, A, C P — > (Ap + Qg) and is maximal relative 


<a 
to P’ 2 {Ap + Qs). We then define Oa as the set of all 2 in P’ such that 


æ <an R of ‘la. We have. Qa Z =8 


Case 2, & is nota limiting ordinal. 


Denote the immediate predecessor of a by y, and for any v in Ay denote 
by Bx the set of all elements of P’ — oo, (Ag -+ Qg) which follow a. We have 


Bz—R,. Let Cz be such that re the elements of Cy are mutually’ 


incomparable, Ce C Bs and is maximal relative to Bz. We now denote X, Cz 
wedy 


by Ag. We have a = No. - Let Qa Jne the set of all œ in P’ such that ` 
x <an element of Ag. We have Gg No. Now Aa C P’ — 2 (Ae -+ Qe). 


We shall show that the elements of ta are mutually incomparable and that 
Aq is maximal relative to P’ — 2 (Ap + Qg). 

Let a and b be any two E of Ag. If there exists an v in Ay such 
that a +- b C Ce, then certainly a¢ b. Suppose ae Cz, be Cy, t y. Assume 
a<b. Then æ < a, since aeC, and Cs C By Hence <b. Buty <b 
since be Cy and CyC By However, «gy since the elements of A, are - 
mutually incomparable. But this contradicts (b’). 

Now suppose that 4 is not maximal relative to P’ — p (As + Qs). Then 


there exists an a in P — Les (Ag + Qs) nee niche that To Aa. Since | 


4 
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xe P’— 3 (Ap + Qg) and Ay is maximal relative to P— > (Ag + Qa), 
<a B< Y 

there exists an element yof Ay such that y <x. Hence xe B, and since 

To Aa, we have «PCy. But this contradicts the fact that Cy is maximal 


relative to By. 
We now put A = 6 Ag. 


We shall make use a the following properties of the partial order A. 
(I) A= È Aa; A=, Åa = No Aa’ Ap—0 if oP. 
(II) The een of A, are mutually incomparable. 
(IIL) we Ag implies that v < N, elements of Aar 
(IV) B <a, we Ag, ye Ag implies that © < y or Thy. 
. (V) B <a, eña implies that there exists one and only one element zg of 
Ag such that zg < v; furthermore we have 2, < Tatc ogge << &. 


(VI) QCA, =N, implies that Q contains two comparable Jiii: and 
two non-comparable elements. 





Properties I, IJ, IIJ, IV and VI are obvious from the way in which A 
was obtained. ‘To prove V we proceed as follows. Let we Aa, and let £ be 
any ordinal <a, There exists an element vg of dg such that xg is comparable 
with æ, since 4g is maximal relative to P’ —S (Ap+ Qa). In virtue of IV 


we have tw <a. In virtue of II and (b) mien cannot be two such elements 
vp. Now let u and yv be ordinals such that p< v<a. We cannot have 
Tu $ Ly since <a and sy < v. In virtue of IV we must have tu < £y. 
Hence tı < ta L-e eeg Leo LL E 

We now proceed to define a linear extension L of A which has the fol- 
lowing properties. | 

(*) ZL has no first element and no last element. 
(**) No denumerable set is dense in L. 


(***) Any set of non-overlapping intervals on L is countable. 


First, we write the elements of A, in a series of type w* Howitt ‘Gn, °° 
(has gsi a et 

Next, we write the elements of Aa in ‘the form Gan, Where m runs through 
all integers to give the set As, where the n indicates that an < anm, and where, 
for a fixed n, the integers m form a series of type o* -+ w. i 

Referring to property V, and using the obvious induction, we may 
assume that the elements of Ag, for any «<Q, have been given the form 
a-:-taz7 Where na runs through all the integers to give the whole set 
Ag; and Anyng... ny < Orne. ty Mae Furthermore, in case’ @ is of ‘the form 


o nina.. 0 
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y+ 1 and @nns..ny is a (fixed) element of Ay, we may assume that the 
integers na appearing in the terms dnays...nyxq Of Ag form a series of type o” + o. 

Now, if 2’ and 2” are any two elements of A, we shall put 2’ < a” in L 
if and only if (1) the series eunECHDE of æ is a lower segment of the series 
subscript of 2”, or (2) Ra < na”, where æ indicates the first place where the 
series a of v and a” differ. 

It is easily verified that L is a linear extension of A. 

Let « be any'element of L, Let n, denote the first term in the series 
subscript of a Let nı be an integer <n, Let 2 = an, It is clear that 
a < gx, so that L has no first element. In a similar way we prove that L has 
no last element. Thus (*) is verified. aa 

To prove (**), let D be any denumerable subset of L. There exists an 
a <Q such that DC ¥ Ap. Let x be an element of Aa and y an element of 


Boa 
Aan such that e < y in A. Denote the series subscript of # by nna’ °° Na; 


and the series subscript of y by Rina - `Ranan- Let d be any element of D. 


Denote its series subscript by Win's’ -cng We have B <a. Now suppose 
v <d in L. Since nins’ + `na cannot be a lower segment of WiN’ : 1g, 
there will exist a u SS 8 such that m =n’) for A < p and np < n'a Since the 
serles subscript of v is a lower segment of the series subscript of y, it is clear 
that we shall have y < din L. In other words, d cannot lie between v and y,- 
and (**) is verified. 

We now prove (***). Let p and q be any two elements of L such that 
p<qin L. We shall show first that there exists a z in L such that p < z 
in A, z<q in L, but zdq in A. Denote the series subscript of p by 
MıMa' * ` mp, and the series subscript of q by mime: ` nr. 

Case 1. MıMa' ` * mp is a lower segment of nina’ + ° Ay. 

In this case we may choose for z an element whose series subscript is of 
the form mma’ - ` Muys, where Mui < nmn. 

Case 2. There exists an ordinal A such that AS p, ASS v, mg = ng for 
BZA, and my < ny. 

In this case we may choose for z any element whose series subscript is of 
the form mmo: ` * MypMuyys1. 

Now let (p, g) and (p”, 9”) be non-overlapping intervals of Z. There 
exist elements z’ and 2” of L such that p’ < z and p < # in A, 7 < g and 
z” <q” in L, but 2’ eg and z” oq” in A. We must have 2’ 62” in A. For 
assume the contrary. We may assume 2’ < 2’ in A. Then the series subscript 
of z’ is a lower segment of the series subscript of z”. But z < q’ in L, and 
og in A. It follows easily that 27” < gq’ in L. We have, wen, g< 
<z” <q in L. But this is impossible since (p’,q’) and (p”, g^) do not 
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overlap. It is now clear that a nondenumerable infinity of non-overlapping 
intervals would give rise to a nondenumerable infinity of mutually incom- 
parable elements, z, of A. But this contradicts VI. 

Now it may be that Z is not continuous. However, the argument showing 
that L has property (8) shows also that no element of L has an immediate 
successor: Hence L contains no “jumps.” Accordingly we can fill in the 
voids (by adding new elements to L) so as to obtain a continuous linear 
order £. 

Obviously (*) still holds for $. 

Furthermore, between any two elements of £ there will be two elements 


of L. Hence (***) holds for £. 
Moreover, it is Pk shown that { i) holds for £, since (**) holds for L 


and (***) holds for g. 
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THE BEHAVIOR OF THE KERNEL FUNCTION AT BOUNDARY 
POINTS OF THE SECOND ORDER.* 


By STEFAN BercMaNn. ° 


1. Introduction. A large chapter of the theory of functions is devoted 
to the study of the behavior of analytic functions on the boundary of their 
domains of definition. In the case of functions of one variable and of suff- 
ciently regular domains, say, of domains each bounded by a rectifiable Jordan 
curve, no necessity arises for considering different classes of boundary points. 

We meet quite a different situation in the case of analytic functions of 


two complex variables.. The latter are defined in four dimensional domains 


(domains of the space of two complex variables). There is no analogue of 
Riemann’s mapping theorem and, as we shall see; there exist essentially dif- 
ferent classes of boundary points. 7 

A two-dimensional simply connected domain is completely: characterized 
by the analytic function 2* = f(z, t) which maps it conformally into a circle, 
taking the point ¢ into the origin, and possessing at this point the derivative 1 
(mapping function). A domain, 9, of the space of two complex variables 
can be characterized to a certain extent by the so-called kernel function, 
Ko (41, Za; fı, f2), which can be defined in the following way. Let 


{hv (41, 22) }, (v= 1,2, g 29. Zr = Tr F Wks 


be a closed system of orthonormal functions in the domain considered, i.e. — 
a sequence of regular analytic functions with the property that 


(1.1) ff dv (Z1, 22) bp (41, 22) do = 1 for y= p 
dD | 


= 0 for vy > p, (r, p = 1, 2, 3,- i ys 


do = da, dy dx2dYys, 


and such that the relation 


(1.2) $i S f Fent) i ado [= ff Fena) do 
D D 


* Received May 16, 1942. 
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holds for every analytic Moon jes az) defitied in D for which the last 
integral is finite.’ Then ? : 


fa @) 


(1.3) Slik Za; by, te) = È by (21; ujil to). 
({1], §1). f 


We shall classify jadas points of a four-dimensional domain according 
to the behavior of the kernel function at these points. It appears that this 
classification determines to a certain extent the behavior of any analytic func- 
tion at these.points. In the following we shall use two theorems which char- 
acterize the dependence of the kernel function upon the domain. 


THEOREM A. Jf a PT (pseudo-conformal transformation) t.e. a one-to- 
one transformation by a pair of analytic functions, 


(1. 4) Zë, == W1 (Z1, 22), 2 _ = Wa (Zi, 22), 


maps the domain D into D*, then 
(1. 5) Kg (2, 495 Ži, ža) — Kayx (2*1, 2* 5: Z% 2*3) | d(2*1, 2*,) /0 (4, 22) E 


THEOREM B. If the domain ® is contained in the domain % (DCW). 
then 
(1. 6) Kg (21,2 a) Ži; Z2) = K gy (41, 25 Z15 Zz). 


(See [1], §1; [3], p. 100 and V; [4], IV). 


Remark. The relation (1.5) enables us to define the kernel function for - 
non-schlicht domains which can be trangformed pseudo-conformally into 
schlicht ones. 


Theorem B enables us to give bounds for the kernel function of a domain 
with the aid of standard domains of comparison; i. e., by introducing simpler 
domains which either contain the domain considered or are contained in it, 
and for which the kernel function can be easily calculated or at lzast estimated. 


1 The existence of systems {,(#,,2,)} can be proved for a large class of domains, 
in particular for all bounded domains ([4], p. 28). 

The numbers in brackets refer to the bibliography p. 700. The Roman number 
indicates the chapter of the correzponding paper. 

For the convenience of the reader we often indicate’ several places in which the 
proof or the explanations of the results used are given, so that our indications partially 
overlap. 

2? The series (1.3) converges uniformly in every closed sub-domain of 9. The 
kernel function is therefore a regular function of (z,,2,) eD, (t,t) €D ({4] p. 28). 

Of course, the kernel function can be defined also for two dimensional domains 93°. 
If °? is simply connected, the kernel function is connected with the mapping function 
by a simple relation. See [4], p. 33. 
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In order to illustr ate the basic idee at the method used, let us apply it to 
the case of a domain of one complex vatiable. Suppose. B° issa bounded domain 
of the z-plane which we suppose for the sake of: simplicity to be convex. We 
assume further that the radius of curvature of the boundary © of B? in the 
neighborhood of the boundary point Qi is positive. Thus we can inscribe a circle 
X?, Te C B*, whose boundary curve passes through Q and hasa common 
tangent with ©* at Q. We assume that Q is the origin and that the inner 
normal at Q coincides with the positive a-axis. The half plane W = E[r > 0] 
will obviously contain 8°. (T? is an interior and A? an exterior domain of 
comparison). Since © C BC MU? we have : | 

(2 + 2) *Kype(2, 3) S (2 +2) "Kaye (z, 2) S (2 +2) Kye (48), 
Since 
Kor2 (2,2) = m! (z 4- 2)°, Kye (2,2) =r 








(r being the radius of $?) we have 
lim (2 + 2) Koyo (2, 2) = lim (z + 2)*Kgo (2,2) = 77, 
2-0 £30 


provided . that we approach Q in the ‘sector [2|z|/(z2+2)] S1/cosa, 
a| <-2/2. It follows that - 


lim (2 + 2) *Kgye (2, 2) = 1/7. 
z-0 


Notation. Manifolds will be denoted by German letters, the upper index 
indicating the dimension of the manifold. However, we omit this upper index 
in the case of four-dimensional manifolds. 

In operating with sets we use the usual symbols: S, + (sumset), — (dif- 
ference set), © (intersection), X (topological product of domains) etc.* E.g. 
we denote by S G@*(y) the sumset of a family of sets which depends upon 


ye N” 
a parameter y running through the region R”. (Note that the sets ©” (y) 


- considered in this paper are frequently families of disjoint manifolds lying 


in the four-dimensional space [€*(y)-©"(y’) =0, for yy] so that. 


S @*(y) has the dimension n +- m). 
ye Ji 
We denote by E {...) the set of points whose coordinates satisfy the 


relations indicated in the brackets. 


2. The order of a boundary point. One of the methods of classifying 
the boundary points of a four-dimensional domain is by establishing con- 


ee 


° See F. Hausdorff, Lehrbuch der Mengenlehre, 2nd ed., 1927, p. 1. 
11 | 
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nections between the geometrical properties of the immediate neighborhood 
of the boundary points and the behavior of the kernel function at these points. 
Evidently, the geometry considered cannot be simply the Euclidean four- 
dimensional geometry, but must be the geometry of the space of two complex 
variables, i.e. the geometry in which analytic * planes, surfaces and. hyper- 
surfaces are distinguished from ordinary planea, $ surfaces and hypersurfaces. 
([3], 1). | 

A rough geometrical classification of the boundary points is achieved in 
the following way. Let Q = {Z,, Z2} be a boundary point of the four- 
dimensional domain D.’ We suppose at first that the boundary of ® is a 
hypersurface which possesses at the point Q an analytic tangential plane, or 
at least that Q is'a point of intersection of several hypersurfaces possessing 
at @ analytic tangential planes. We consider all analytic surfaces which pass 

through Q. The following cases may occur: — 


(a) There exists one surface which has no points in common with the 
boundary of D, except of course the point Q. 


(b) There exists a surface a segment of which lies in the boundary 
of ©. Q is an interior point of this segment. 


(c) There exist two or more surfaces which have segments in common 
with the boundary. @.is the point of intersection of these surfaces and 
belongs to the boundary of one of the above segments. (We may call this 
intersection an “ edge”). 


(d) There exists one surface a sepment of which lies entirely inside 
of the domain ®©, except for the point Q. Q is an interior point of this 
segment. 


Note that these properties are invariant with respect to these PT’s which 
are defined in a domain containing ©. At first it might seem that the same 
boundary point could possess two or more of the properties indicated ADUSE 
We shall see that under certain conditions this can not happen. 

We shall now classify the boundary points with the aid of the iemel 
function. If the point (2,22) approaches the boundary point Q, the kernel. 
function Ke (41, 22, Ži, Ža) will, in the -general case, become infinite. If the 
expression 


(2.1) | yV] Z: — z |? 


—— 


: 2 Ky (41, Za, 24, Ža) 





4In order to avoid any ambiguity we note that the words “analytic plane,” 
“analytic surface,” ete. are to be understood in the usual meaning of these terms 
- in the theory of functions of several complex variables. 
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remains between two positive bounds when {2,, 22} approaches Q = (4;, Zs 
in a manner which may be subjected to certain restrictions, we shall call 
Q an R,-point (R-point of the order r). If furthermore, the expression 
(2.1) possesses a definite positive limit provided that lim arg (Za — 22), 
limarg (Žı — 2z,) and lim (540 or œ) exist, we 
shall call Q an L,-point (Z-point of the order +). Note that the restrictions 
concerning. the manner in which (21, 22) approaches Q may vary according to 7 
and that numerous other subdivisions are possible. 

If certain additional hypotheses are made, a boundary point SE 
one of the properties (a)-(d) is an A-point of the order r and * 








7 = 3 in the case (a), ` z= 4 in the case (c), 
t= 2 in the case (b), 7 = 0 in the case (d). 


This can be relatively easily understood by considering simple examples. (See 
[1], p. 17). The precise formulations of sufficient conditions for a boundary - 
point to be an #-point or an L-point of the order r requires, however, a more 
thorough investigation of the geometrical properties of the boundary. For 
boundary points of the third order this has been done in [1], § 5." In this 
paper we shall concern ourselves with the points of the second order. The 
method used will be that of domains of comparison.’ 


3. Standard domains for points of the second order. Consider a 
domain © possessing the following three properties : 


t Formulating the sufficient conditions to insure that a point Q is a limit point 
of the third order, we supposed in [1], p. 11, that there exists a one-to-one trans- 
formation of the form 


z =a" t 2be* et, pot tee, Za = 2", 
so that the equation of the boundary hypersurface (in a sufficiently small neighborhood ) 
can be written in the form 2e*, = ay*,?-+-o| 2%, |+» -- [See [1], (3.17) and 
(3. 18)]. We note that if the projection 9° of the domain on the z, plane omits two 
points say a, and a, which satisfy the equation a, +a, ee 1%» then such a 
transformation exists. The PT 
= 2" + 2be* 2", + oz” + dz* 2*.°, 2, 2", = l/a,a,, 

transforms the expression (3.13) of [1] into 27, = ay? +ø |2*, |? +. - - and is 


one-to-one in the domain, for 1-—— 2bz, + dz, 2d (2, — a, ) (27, — a) z 0, 2 e. 


e The points of the order 0 are “points of non ee : i.e, every analytic 
function regular in the interior of the domain is, in general, regular also at such 
boundary points. Points of the fourth order appear in particular in domains possessing 
a distinguished boundary surface; all points of this surface are, in general, of the 
fourth order. . 
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(a) The point? Q(0,2Z.) is a boundary point of S; 
(8) © is invariant under the transformation 
21 = Mti, Z'a = Za for every p> 0; 


(y) there is a sequence of points {2 0, a2)} m © approaching Q and 
such that 


z 
Zo") — Za 


n 


@ = lim arg z, exists, lim exists, (e*?, Z.) eS. 


rox yeh OO 








For such a domain & we have by (8) and Theorem A 
(3. 1) | z”) PKS (a. Z”) ah), By?) ) == Ke (ete, Za) i etor, Za), dy = arg z”) 


Next, by (y), the point (et%, 4.) lies in © and hence by continuity of K 
the expression (3.1) approaches a limit as yoo. In view of the existence 
of the second limit in (y) this means that Q (0, Z») is an L-point of order two 
for the sequence {z,'”), 20}. 

This example shows us how to find ondion for points of the second order. 
We shall construct domains & possessing the above properties and use domains 
obtained from © by suitable PT’s as domains of comparison. 

Let r be a positive number and f, and #2 two real numbers such as 
0 < h — Ù, < 24. By © (0, Or) we shall denote the angular domain 
Elo < |z| <r, ð < argz < ô], by A 9.) the angular domain 
Efo < |z] < 0, % <argz< dl, 

Suppose that S? is a simply connected domain of the y-plane bounded 
by a rectifiable Jordan curve, and that vı (y) and #ef{y) are two real valued 
functions defined in $* satisfying the following conditions: 


. 1. (y) and ð, (y) are uniformly continuous and continuously dif- 
- ferentiable. 


2. There exists'a positive’constant o such that 


(3. 1) w <a(y) — D (y) < r. 
&. There exist four real constants, ®°, 2., ®t, D.t, such that 
(3.2) —r/2 LULO L At È mr LAL <r cd! < Br, 


(3.3) 9° —2Qr < My) <A BI < Daly) < AY. 


We may now consider the four dimensional domain © given by 


7 For convenience we take the boundary point in question to be the point Q(0,4,). 


gy 
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(3.4) S= S Plac ya EAG) 
A "1 € m ` 


Such a domain we shall call a standard domain of the S-type (See [1], § 7). 

Our next task consists in investigating the behavior of the kernel function 
K &(%1, 223 21, 22) of our standard domain in the neighborhood of the boundary 
points {0, Z2}, Z:¢§*. This can be done without the actual calculation of the 
kernel function. | | 





The domain STA ir) Poy 
2 4 OF, rl, : The domain. T, 2, R), 


Fig. 1. 


We first introduce the concept A-approach with respect to a standard 
domain of the S-type. Consider a given €-domain-and a sequence of points 
{z,, 22%} situated in this domain and such that i 


(3.5) {2,2} — (0,22), y—> o, 
If there exists a positive e and a closed subdomain So? C $? such that 
(3.6) (a,c S Bla—y, xe S*((y) +s by) —9)], 


vedo" (v= 1,2,°- +); 
we call the approach (3.5) a sectorial one. If furthermore, 
(3. 7) limargzi™ and lim! 2, / (2 — Za) | 
POO vICO 


exist, we call the approach (38.6) an A-approach.® 


— 


? In [1], p. 29, we denoted this approach as AH (a)-approach, a == lim arg z, 0. 
v>% . 
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Consider now an arbitrary four-dimensional domain D. Let (0,22) be a 
boundary point of D and suppose that the part of the boundary situated in a 
sufficiently small neighborhood of (0, Za) contains a part of the analytic plane 
zı = 0, namely E[z, = 0, zə e 8°], where B* is a simply connected domain in 
the z2-plane containing the point 2: == Ze. Let (21, z2) be a function defined 
in D. We shall say that this function possesses A-limits at the point (0, Za). if 


(3. 8) lim o (2, '"), 22.) 
>00 


exists for every sequence of points (21), 20), (21), 2) eD, (v= 1,2,°-°), 


satisfying the following conditions: 
1. 
(3.9) {2 , 22} — (0,22), r>a. 


2. The approach (3.9) is an A-approach with respect to a certain 
standard domain © for which : 


S- Ella] < 8, [al< w]e D, 
ô being a sufficiently small positive number. 
We shall now show that for an €-domain the expression 
(3. 11) | ay | Ke (21; 223 Ži, Žo ) 


possesses at any boundary point (0, Z), Z2¢ 9°, postiive A-limits. To this 
end we apply to the domain © the PT . 


(8.12) Bp, =z (p>0). 

Since this PT maps © into itself we have by Theorem A (see Introduction) 
(3.13) | as PKE (41, 225 21, 22) = | z1/p Ke (41/p, 225 Žı/p Ze). 

This formula shows that . 


(3. 14) rK @(re'?, za; re-*, Za) 


is a function of zs and œ only. This function is continuous, for the kernel 
function is regular in the interior of the domain. Clearly, it is positive. 
Therefore the limit 

(8. 15) lim rKe (re, za, ret? s 22) 


b> 


Zr ZL: a 


exists, provided that the approach e we) —> (0, Z2) is an A-approach. Thus 
our assertion is proved. 


` 
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Consider the PT 
(3, 20) g7 == 2,/(1 a Rz), Z* = Zo, (R real). 
It transforms © into a domain we shall denote by ¥¥. The linear transformation 
(3, 21) d= a / (1 + Rm) 


maps ©? (ð, Je) into the domain S (A, a R) which is bounded r 
two circular arcs passing through the origin and through the point R 
and forming with the real axis the angles #, and %, respectively. [Clearly, 
S (41, Bo, R) C S (d, ve, R) ]. . Hence, X can be reprasented in the form 


S= S Bfe = y, 23 (y) de(y), BY]. 
l yeg 
Such a domain we shall call standard domain of the S-type. Its kernel func- 
tion possesses at any point (0, Z2) positive A-limits. This follows immediately 
from Theorem A, for the Jacobian of the transformation (3.20) is equal to 1 
at every point of the analytic plane z, = 0. 


4. R-points of the second order. In this and. the following sections 
we shall consider a domain © which possesses the property (b) (See p. 682). 
| That is to say, we suppose that there exists an analytic surface %? which 
possesses a segment in common with the boundary of D. Q = (41,242) is 
-an interior point of this segment. We shall find sufficier:t additional conditions . 
to insure that Q be a point of the second order. 
Let P- (D) be the projection of D on the plane z, = 0; i.e. thé set of 
all points zə, such that for suitably chosen z,, (Zi, Z2) «D. We suppose the 
following hypotheses to be fulfilled. 


Hypothesis 4.1. The analytic surface ° may be represented in the form 
(4. 1) : - zı = h (22), i Z,=h(Z2), 


h(2.) being an analytic function which is regular and univalent in B- (D). ‘ 
The PT 
(4. 2) Z*, = 2, — h (23), 2*3 = Z: — J» 


takes D into another domain whose boundary contains a segment, §?, of the 
‘analytic plane z,-=0. Q is taken into the point (0,0). We may consider 
the coordinates 2*,, z" to have been introduced from the beginning and 
replace hypothesis 4.1 by i 


Hypothesis 4. 1a. The boundary of D contains a segment, §?, of the 
analytic plane 2; = 0, 0« $°. ' 
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Hypothesis 4.2. There exist two positive constants p and a, & < 7/2, a 
regular harmonic function w(y) defined in a simply connected domain 


. 2 BD), and a closed subdomain 28? of $*, 0 « $7, such that 


(4.3) S*Lw(y) —a, 0(y) +4,p]CD-Hla—y), yW, 
and . 


(4. 4) ‘SF =1G) ae, o(y) +r- af D: E(z= y), v 


“Let ree be the conjugate harmonic function to w(y). We may suppose 
that y (y) does not vanish in €*. -The PT 


(4.5) Sg) = het nil), a*, == Zo 


maps D into a domain which satisfies hypothesis 4. 1a. The direction w(y) 
is taken into the positive z,-direction. We call as, a*e the normal co-ordinates 
‘with respect to the boundary point Q, the analytic surface $? and the harmonic 
function o(y). We may suppose that the normal co-ordinates have been intro- 
duced from the beginning and replace hypothesis 4.2 by the following ~ 


Hypothesis 4. 2a. There exists a simply connected domain ©? D B.?(D) 


and a closed subdomain W° of §?, which contains 0 as an interior point, such 
that . 


(4. 6) G= X, X, p) CD: E(z2—y); yee, 
and l l 
(4.7) E (— r + a,r — a) D D Hla = y), ye &, 


If our hypotheses are satisfied, the domain D belongs to the class for 
which we defined the concept of A-approach. We. shall prove 


THeEorEM I. If D satisfies the hypotheses 4.1 and 4.2, Q = (0,0) is an 
R-pvoint of the second order. 
Proof. We must show that the expression 


(4. 8) | 21) 1? Keay (2,0, 20 5 21, E) 


remains between two positive bounds as the point (2, 2.) approaches our 
boundary point (0,0) in the way ones in 3 (A ADDON By hypothesis 
4, 2a the -domain 


(4.9) Jae S E[z = y, z1 € X? (— 2, a, p) | 
yew 


is an interior, and the -domain / 
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(4. 10) Ax S Becyn ertaro] 
ye ¢ i 

an exterior domain of comparison for D: 

(4.11). ICDC 


For sufficiently large v, the points (2,°, za®™) are situated within gy. We 
have then by Theorem B 


(4. 12) | 2,6") Ky (a, Za) ; Z P Za?) | z”) PKD (2P) Za P? sa”, Zo (7) 


< 
< | 2, "Ky (2,%), Za P) i zn), Z”), 


In 3 we proved that the expressions on the right and left hand side in (4. 12) 
possess non-vanishing limits as v —> œ. This proves cur theorem. 


do. Sufficient conditions for L-points of second order. In this section 
we shall formulate conditions which are sufficient to insure that a boundary 
point is an L-point of second order (Lə). We suppose that our domain D 
satisfies the hypotheses 4. 1a and 4. 2a. : 


Hypotheses 5.1. §? is a convex domain. 
We write the equation of its boundary curve in the form 
(5.1) Zp = Ri(d)e'?, 0S g S Rr. 


Let k be a positive number. We shall denote by (1 -+ k) the domain 
bounded by the curve 


(5. 2) z= (14k) Ret, 05¢ 


IA 
ony 


A convex domain possesses the following simple property: 


LEMMA 1. For every positive k there exists a positive e, such that al! 
points, €, which may be represented in the form 


(5, 3) fom ely, oe S*(1th), —eSESe, 
are situated within (1 -+ 2k). 
Hypothesis 5.2. Disa hounded domain. 


For the sake of simplicity we may suppose that this hypothesis is 
replaced by l 


Hypothesis 5. 2a. Tf (21,22) €D, then | z, | < 1/2, 





ee eee 
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Hypothesis 5.3. There exists a positive function x(t), 


(5. 4) lim x(t) = 0, 


t>0 
such that for every point (a, 2s) D with | 4|S¢ 
(5. 5) : aoe [1 + x(t) ]. 


Hypothesis 5.4. There exists a positive constant yo such that the 
intersection . ` 


(5.6) ~—D- Ella | <p] Elz =yh y E, 


(See Hypothesis 4. 2a) is either empty or a simply connected domain which is 
bounded by two curves,” ax! (y) starting at the origin and lying in the upper 
(lower) z;-half-plane for k == 2 (k = 1), and, perhaps, by a part of the circle 
| zı | = m (See Fig. 2). 


Hypothesis 5.5. . There exists for every closed sub-domain T of S 
0 ¢X?, a positive constant m (T?) < o such that for ye? and | yı | < m (T?) 
the curves a'(y) (introduced in Hypothesis 5.4) may be represented in 
the form 
(5. 7) ty = Anyi, X)» 0S = 1Y, | Yı | S qp (RÄ), 


Furthermore, if @x(4:, y) = cot [3A (y1; y) /Oyi], 


(5. 8) (y) = Ox(0,7)- ye ©’, 

@(y:,y) is a continuously differentiable function of its real variables, and 
(5. 9) | | grad &(y)| < C, | 
(5. 10) a —r < (y) < —a, ac Oy) cr—-e, 


Landi 


Hypothesis 5.6. There exist two functions Cr(y1; Y), defined for 
ly | < M ye ©, possessing continuous derivatives with respect to their three 
real variables, satisfying the conditions. 


(5.11) l Cı(0, y) = C2 (0, y) 
(5.12) On(0, y) =0 for yeğ? 


= 0 for yE — §?, 


and such that for every point (2,,22) eD with | a < no: 22 € , 


Ly > C: (Yi; Za) for Yi => 0, 


. 13 
(reda Ei > Ci(ys,%2) for yı S 0. 


°? To avoid repetition, we shall omit the statement “ k = 1,2” hereafter. Whenever 
the index k, occurs, it is to have the values 1 and 2. l 
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(We denote the curves vı = Ce(yi,y) by (y). 
If we write O:(41, y) = cot [0C.(y:, y) /dy:], 
(5.14) Oxly) = 0 (0, y), yee? — 6, 
(yu y) is still a continuously differentiable function of its three real 


variables, and the inequalities (5.9) and (5.10) are valid for ye ® — 9’. 
The following is an immediate consequence of our hypotheses. 





The tntusecton- of ð. ELi <n] weth a plane Ze r, 


Fig. 2. 
a Lemma 2. (A) For every sufficiently small positive & there exisis a 
positive n2(8) < 1o; 
(5,15a) lim 72(8) = 0 
6-0 
such that 


(5.15) S2[0a(y) + 8, 2r + 41.(y) -— 8, 72(8)] -D E(ze=y) = 0, ye €. 
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(B) For ieri sufficiently small positive 8, and for every closed sub- 
domain &* of $°, Oc X*, there exists a positive q (8, Z?) < mT) such that 
(5.16) SPL (y) + 8, (y). — 8, (8, T?)] CD-E(a—y), ye®?. 

Proof. We choose 72(8) so small that 
(5.17) | O(y) —O%&(n y)| <8 for y€, OS (— 1) & (—1)*p(8). 


This is possible since 6:(y,y7) are uniformly continuous. Let 2, = 2, -+ ty, 
be a point of 
(5. 18) S*[O2(y) + 8 24 + 91 (y) —8, m2 (8) ]. 


We must show that (zı, y) is an exterior point of 2. 
It will suffice to show that, say, for yı = 0, 


(5.19) Tı < Celta Y) 
(see Hypothesis 5.6). We have, say, for f(y) < 3/2, 
(5. 20) tı < yi cot [02(y) +8]; 


and by the mean value theorem, 

(5.21) Caf y) = C(0, y) +y cot lén), OLEK. 
Since | 41| < n:(8) we have by (5.17) and (5.21) 

(5. 22) Ca (Ys) > C2(0, y) + ys cot [2(y¥) +8]. 


By .(5.20) and (5,22), (5.19) is proved, for C2.(0,y) is non-negative, 
according to (5.12). The cases yı < 0, 62(y) > 7/2 etc. may be treated in 
the same way. Our assertion (A) is thus proved. The proof of (B) is similar. 
We apply the Hypotheses 5.4 and 5.5 and need only show that if z.«Z? and 
(21, 22) €D then 

Tı > Ae(Yi 22) for OS y S(T’), 
and 


t > A (Y, Z2) for — (2?) S y = 0, 
But this follows immediately from the fact that each circle 


EA e 2, | ži | < mi (2*) | 


is divided by the curves as (z+) into two parts which vary continuously with 
Za, one of which (the one containing positive real points zı) contains inner 
points of D. 

We shall prove 


~ 
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THEOREM II. If the domain D satisfies the hypotheses 4: 1-4.2 and 5.1- 
5. 6, the boundary point Q = (0,0) ts an L-point of the second order. 


The proof will be given in the following sections. 


6. Construction of the domains of comparison for an L.-point. In 
order to prove Theorem: II we shall construct an interior and an exterior 
domain of comparison for the domain ®©, where ®© satisfies Hypotheses 4, 1- 
4.2 and 8. 1-5. 6. 


(i) Interior domain of comparison. Its construction is possible by virtue 
of Lemma 2, (B). , Let 6 he a sufficiently small positive number, T? a closed 
subdomain of 7, 0¢«X?. We write 


(6. 1) l T = Ņ; (ð, Rr) sin &. 


o 


Then, for y eẸÑ?, 


(6.2) $16, (5) + 8, P(Y) — 8, r] C SL, (y) + 8, 8e (y) — 8, m (8, Z), 


whence it follows by Lemma 2, (B) that 

(6.3)  J= S Efe mya e3 (Ay) +, be(y) — 8, 7)] 
is an interior domain of comparison : 

(6. 4) , ae D: 


Remark. We may choose for &? the domain 


(6. 5) Z? = [1 — 2x(t) ], 


‘(see Hypothesis 5.3) where 


(6. 6) = 372 (8). 
Then our interior domain of comparison is determined by one positive 
parameter, ô. i 


(ii) Exterior domain of comparison. We shall obtain this domain by 
applying the PT 


(6. 7) Zr Fis 25 = Za/ (1 — 02,4), . (0 < T < J; p > 0), 


to the domain 7? 


1° Concerning the visualization of the domains of two complex variables see [2] 
and [5]. (Fig. 3 is a “still” of a model of J) 

11 Note that according to our definition the second vertex of 
(8, (y) + 28, 2r + 0 (Y) — 28, p) 
lies on the negative real axis. 
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(6.8) ® = S i Bl zs = Yia < l, 2, ¢ H(t < — p: 91 = 0), 

yaa 21 ¢ 5° (O2(y) + 28, 2r + 8, (y) — 28, p) ] 
where ô is a sufficiently small positive nuntber, p >'0, and R? is a fixed demain 
for which we have ©? 2 $f? 2 ge. 





wY 





x 


l 4, 
J (a0) +8, &ln)- 4,0) 


Fig. 8. 


An intersection of © with space yo = const. 


Remark. Note that Œ contains only points (41,22) with |argz,| <r. 
The transformation (6.7) is therefore a one-to-one transiormation. We may 
write ge come (ve toy ci == pi/tetó/e, 


MM Š 
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Before choosing the values of the parameters in (6.7) and (6.8), we 
shall prove some very simple lemmas. 


Lemma 3. For given N, N > 1, andt,0 < t< 1, and for 


(6. 9) | | o= N/(N +1), 

there exists a uo > 0 such that 
(6. 10) | [1——o2,¥#]7 |} > N 

for | 

(6. 11) p > Ho, aes 


Proof. We have 
(6.12) |1—oa%¥#|-* > | 1+ 0? — Rot cos (x/p) | ees ee 1)? 


as y> œ, 


LEMMA 4. For a fixed o, 0 < o < 1, and eœ 0, there exists p > 0 such 


that for w> ms, ; 
(6. 13) - | arg za — args", | < e 
[See (6.7)]. 


Proof. By Hypothesis 5. 2a, | zı | < 1/2. Hence 


(6.14) | arg(1—oz,%#)| S are tan [2¥# sin (m/p) / (1 — o2-¥4) |] > 0, 
as p ~> ©, 


Lemma 5. For fived values of o (0 < o < 1), è (è > 0), and p (p > 0), 
there exists a positive x such that 


(6. 15) | Os (2*2) — Ox(#2)| < 8/2 
for |a] <x - 

Proof. By (6.7), (5.9) and hypothesis 5. 2a we have 
(6. 16) | AEA G — o2,Ve) | — 6;,(22) | = Oxie, 


We shall now determine the parameters in (6.7 ) and o 8). We choose - 
a sufficiently small positive 6 and write 


(6.17) t= (1/2)m2(8), ©, (6.18) R= HLL + x(t)], 


(6.19) (1/N) = min R($), (6.20) o=N/(N +1). 


See Lemma 2, (5. = aa Hypothesis 5. 3. 


Next we determine a positive e which satisfies the conditions expressed in 
Lemma 1 with k = x(t). With these values of t, N, o and e we find numbers 
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po and p, which satisfy the inequalities indicated in Lemmas 3 and.4. Then 
we choose . 
(6. 22) u = MAX (fo, fa). 


With this value of a we determine x satisfying the condition of Lemma ð, 
and-such that 


(6. 22) O<Cx<l. 
Finally we write 
(6. 23) a p == y sin a. 


see Hypothesis 4. 2. 


With the parameters determined above we construct the domain & [see (6. $) | 
and:apply.to it the PT (6.7). We obtain a domain M for which we shall 
prove that 

(6. 24) WO Dd. 


Let (2,°,2,°) be a point of D. By (€:°, &°) we denote the point which 
we obtain from (4,°, 22°) by the transformation inverse to (6.7), i.e. let 


(6. 25) Cio == 2°, E = gP [I — o (21°) ]. 
We must show that (21°,'22°) « %. To this end we consider three cases. 
1°. |2°| >t. By (6.22) and (6.23), p <t. By (6.8) and (6.18), 


the intersection of @ with the plane z, = z,° is E[ 2, = 2,°, 2: ¢ $7(1 + 2«(t)) |. 
Hence it contains the circle E[z = 2°, | 22 | < min R(¢)]. By the trans- 
OShS2r 
formation (6.7) this circle has been expanded in a ratio greater then 
[ min R(d)]7 [see Lemma 3 and (6.19)]. Thus the intersection of YW 
0SpSer 


with the plane z, = 2,° contains the whole circle E[z, = 2:°, | z2! < 1]. Since 
| 22° | < 1, therefore (2,°, 23°) ig a point of M. 





2. xÆ lan st. By Hypothesis 5.8, z is an interior point of 
§?[1 + «(t)]. We obtain the intersection of Y with E[z- == 2,°] by applying 
to §*[14-2x(t)] the transformation z*, = 22.¢7'¢/p, pet? = 1 — a(2,°) 4. 
By Lemma 1 and Lemma 4, the rotation E == ez. applied to the domain 
H [1 -+ 2«(4)] furnishes a domain which still contains §?[1 + «(t)]. Since 
p < 1 the transformation z*, = ¢/p is a positive dilatation. Thus 
H- E(z,—=2,°) contains the domain [1 + «(¢)]. Thus (218, 22°) eM. 

8°, |z] <y. Again we have 22° $°{1-+ «(t)], and we can show in 
the same way as in case 2° that £.%« $?[1 + 2«(¢)]. In order to show that 
(21°, £o°) e Y, it will suffice to prove that 


(6. 26) 6, (£2) — 28 < arg £,° < ba(t?) + 28. 





Kh 


sar 
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, Since (21°, Z2) «D and 2,° = &°, we have by Lemma. 2- (A) - 


(6.27) 6, (22°) —8 < arg é" < Oa (2°) + ô, 
since x < 42(8). (6.26) follows immediately by Lemma 5. But (£,°, £°) ¢ ©, 


-therefore (21°, 22°)-e 9. The assertion (6.2) is thus proved. 


We have constructed an exterior domain of comparison Y. Note that 
it is determined by one positive parameter, ô. 


7. Limit relation for L.-points. In this section we shall complete the 
proof of Theorem TI. Let {(2:™,2.)}, (== 1,2,- °°), be a sequence of 
points which approach the boundary point Q = (0,0) in the A-sense (see 
p..686) as v—> ò. We must ae that the expression 


(7.1) | EA (v) s220; 52, Z0) 





possesses a non-vanishing limit for y — œ.. For the sake of simplicity. v we 


shall denote this expression by Ky(D). By Kv(%) we shall denote the analo- 
gous expression for some other domain 8%. We choose a sufficiently small 
positive 8 and construct the corresponding interior and exterior domains of 
comparison $ and Y.. For sufficiently large v, the points (21,2%) lie 


within <j. Since 

(7. 2) 7 3CDCH 

we have by Theorem B 

(7. 3) KVM) S KD) S K (3). 


X is a standard domain, and therefore 
OO 
exists and is a positive continuous function.of ¢, ġ == lim arg z,™. Thus 
i YOO ; i 


(7.4) ` lim Kv(X) Slim K,(D) Slim K, (3) Slim K, (8). 
IM has been obtained from Œ by the transformation (6.7). The Jacobian of 


_ this transformation converges uniformly to 1 as (4,22) —> (0,0). By Theorem 
_A (see ‘p. 680) 


(7. 5) lim K (A) = lim | zg 0) |? Ky (2%, (7), zt, ; gm z¥,0), 


Consider instead of © the domain 


(7.6) M= S Blz: =y, 1 ¢ 3° (G2(y) + 28, 7 + 0 (y) — 28, 0’) ], - 
ye Wt? (8 ; 
where ô and R? have the previous significance’ (see p. 695) and 

(7.7) ass pitti | 

Since M D G 


12 
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(7.8) |a 





2 Kg (1, Za P) ; Zz), Ža) ) = | z”) |? K (41; 2,60) i z0, ža) ) 


I? is a standard domain. Therefore the limit of the right hand side of (7.8) 
exists. Since arg z, is unchanged by the transformation (6.7), this limit is 
equal to Lgp (0,6). Thus we have 


(7.9) Ign (0, $) Slim K, (D). 
The PT 
(7. 10) f= z l1 Hp l, 2 = z 


maps Mt into an €-domaih 

(1.11) Gem S Else —y, 21. ¢S%(O.(y) —28, 62(y) +28) 
l yeg? ; 

The PT ' 

(7. 12) by == z / [1 — ciaj, és == 22 


maps sf into an S-domain 


Gi= S Ba =y, 2,65 (0 (y) +8, &(y) —8)]. 
yeX? A : 

The Jacobians of. the transformations (7.10) and (7.12) are both equal to 

1 at (0,0), and in both cases we have 


(7. 13) | arg z — arg é | —0, £270,240. 
By Theorem A, l ; 
(7.14) Lg (0, $) = IE, (0 4), Lg (0,6) = Le, (0, 4). 


By (7.4), (7.5), (7.9) and (7.14) we finally have 

(7. 15) Le, (0,¢) Slim K,(2) Slim Ky(D) S Le,(0, 4). 
Now we apply to ©; the PT 

(7.16) `’ bp att by = (1+ 2x) (1 — 2x) z, 


where 

(7.17) k=: x(t) 

and l , 

(7. 18) b = [88 + 40r (1) ]/[e — 28]. 

(We have then | 

(7.19) ` arg ĉ& = (1+ b) arg z.) l 
We denote by 6; the domain obtained in this manner, and state that 

(7. 20) nt 6D &. 


In order to prove this assertion we must only show that 


ay 


4 
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1—2 i ie 
(1.21) |(1-+) [He (FM a) — D] > | (ae) + 2(— 18 
1+ 2k 
(For, the transformation = = z maps &? into R?.) We have, say for 
k = 2, by the mean value theorem, 
(7. 22) z | 6. ieee) Zz -= Oa (2a) | <= 40x? 
AL -p ek $ ee : 


(see (5.9)) and therefore 


es e 1 — 2x 
(7.23) (1+ 6) [6 (Grea) 
= — 40k? + ba — bè — 38 


— b (a — 8) — (38 + 40K?) > b(a — 28) — (38 + 40x?) = 0. 





») — 28 


Thus (7.20) is proved. By Theorem B and (7.5), 


(7.24) - — Læ; $) S Ie, (0$) S Le, (0, 4). 
Since hs 
(25) AG) PE GEDA, 


0 (Z1, 22) 


we have by Theorem A, 


(7.26) Ke, (bn tz; n E2) 
= (1+ 3) (1— 2x) "(1 4 8) | & 





KS, (41, 225 215 Ze), 








and 
Cl 27) » 23 Lids ) 
= (1 — 2x)? (1— 2x)" (1 as b)? | z | KS, (21, Z2; Ži Ža); 
l. @. 
(7.28) | ot "Ke (4, o23 ĉi» £2) = | 21 Ke (21, Ze 5 Ži, Že). 


Hence it follows by (7.19) that 
(7.29) Ig, (0, $) = (1—21)? (1 + 2x) *(1 + b)*Le, [0, ¢/(1 + b)]. 


Since Læ, (0, ¢) is a continuous function of ¢, and since for sufficiently small 
8, b and x will be arbitrarily small [see (7.18), (7.17), (5.15a) and (5. 4)], 
the difference 

(7.30) | Le,(0,¢) —Le, (0, $) | 


can be made arbitrarily small. : The same is, therefore, true for 
[see (7.15) and (7. 24)]. Thus the limit 
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(7.32) lim Ky(D) = Lg (0, $) 


exists; and Theorem TI is proved. 

By using analogous methods we can formulate sufficient conditions in 
order that all boundary points (0, Z+) situated in a sufficiently small neighbor- 
-hood of Q be ZL-points of the second order. To each of these points we 
then associate the limit Lg(42, $), which we define for (0, Z2) in the similar 
way as before L3)(0,¢) for (0,0). It is then possible to prove that Lg (Z2, $) 
is a continuous function of Z, and’ ¢. 

I take the opportunity of thanking pee Bers for some ORE ENARE in 
connection with this paper. 
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PLANE SECTIONS THROUGH A POINT OF À NON. ere 
SURFACE.* 


~ By Bucury Sv. 


In a previous paper* we showed that if there are given two arbitrary ` 
non-asymptotic tangents ¢, and t, of a (holonomic) surface § at an ordinary 
point O and a plane m, through f we can always determine a quadric Q 
through the two asymptotic tangents of S at O such that the osculating conic 
of the section of S produced, by m, and that of the section produced by the 
corresponding plane r: through l, lie on Q. This quadric has at O a contact 
of the second order with S and forms a pencil when ~, turns about t. The 
present paper develops a similar theory for a non-holonomic surface in 
ordinary space. According to the non-holonomy we obtain some results dif- 
ferent from those in the holonomie case. Take, for example, a quadric Q of 
the type referred to; there exist in general four other tangents through each 
of which a: plane can be drawn such that the osculating conic of the corre- 
sponding section at O lies on Q. Moreover, we can determine certain lines 
and quadratic cones at a point of a non-holonomic surface by means of the 
neighborhoods of the third and the fourth order, which do not exist in the. 
holonomie case. Especially, a covariant line is constructed by means of the 
neighborhood of the third order and a new extension of the Darboux peneil 
of quadries is established. 


1. Let a non-holonomic surface V,” in sone apace be defined by an 
equation of Pfaff, namely, 


(1) | = p(T, y, ji + q (z, y, ż) dy, 


' where the functions p and g do not satisfy the condition of integrability. 


At a generic point O of V,* we can determine a projective system of reference 
in which the two asymptotic tangents, supposed to be distinct at O, are 
T == z = 0 and y= z = 0, so that the tangent plane of V}? at O is z=0, 
and such that the axis z and “the line at infinity ” of the tangent plane are 
in correspondence of the projectivity of cell due to Bompiani,? so that at 0 _ 


“ 


* Received June 1, 1942. 

Cf. B. Su, “ Osculating conics of the plane sections through a point of a surface,” 
American Journal of Mathematics, vol. 65 (1943), pp. 439-449. 

2 Cf, E. Bompiani, “ Sulle varietà anolonome, I. Alcuni teoremi generali; II. Le V, 


di 8; proiettivo,” Rendiconti dei Lincei, (6), vol. 27 (1938), pp. 37-52. 


701 


702 i BUCHIN SU, 


R) © Pp=q=0, pe= qu =0, p= q= 0, 
where the subscript denotes partial differentiation with respect to the indicated 
argument. i 


Consider the section of V? produced by a plane x through a non-asymp- 
. totic tangent f¢: 
(3) ) | Z == Y — NT == 0 ; 


if m be expressed by the equation 


(4) | z = p(y—ne), 


where p £0, £ œ, then the osculating conic of the section at O is given 
by the equations * 


2 > A A y > 
5 (y+ 96) ¥ = 2 (py + t (2 2 Aon ) a) 
p p p ` 





P 
(5) j — i o (4 Aen)" a ee (2. Cs i Pet) l F2 = | 
t qn? (py + qe)” V dame p . 120 (py + qz) + P T p? / 5 
| gem oY, 
where we have placed — 
(6). me  Y=y—ne 
and 


Ao = (Pu + qa) (Pu + qe), 
Az = Pes + (Pay T Qoan + (Raay + Pun) + quan’, 
í = (Pu + qe) (Pu + 2r) (Py + 34a), 
(7) Ca = Quy (YPy + Iq) 0? + (Pu (pu + 39a) + Qey(L1py + 15qe) Jn” 
+ {Pay (Spy + Iga) + 2qax(2py + Bge) jn + Paw (Bqe + Pu); 
Ba = Paza -t {8Pecy + Bpze (Py + qa) + Aran} 
+ {3 pew + BP (Py + qa) + 8qeey + 8qae (Py + Jo) Jn? 
+ {Punu + 8qayy + Bq (py + Ia) m4 QuyyĖn*. 


E} 


2. Let us now take a tangent quadric Q of F” at O and determine 
whether three or more osculating conics of V,* lie on Q. Since Q is given by 
an equation of the form . 


(8) > z = ag? -+ Bbey -+ cy? + z (kax + kay + kaz), j 


3 Cf. B. Su, “ On the projective differential geometry of a non-holonomic surface in 
ordinary space,” Annali di Matematica, (4), vol. 19 (1940), pp. 289-313. The author ` 
is much indebted to Prof. Enea Bortolotti for his valuable correction and supplement. 
Cf. E. Bortolotti, “ Sulla geometria proiettiva differenziale di una superficie anolonoma 
nello spazio ordinario,” Ihidem, vol. 19 (1940), pp. 315-325. 


<) 


we 
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a, b, c, ke, kz, ky being ones: the section of @ sib by the dine T 
is the conic 


: -iri 1 (a+ abn ona fa dhe y biha lay 


9 
(9) raria; g) vem, 
z = př. - 
A comparison of these equations with (5) shows that the latter conic kone 
an osculating conic of V,? at O when and only when 
f a -+ 2bn + en? = $ (py + Qe), 
b A 
(Pu + 4) ——— me -t ka + Kean} = § oa +4As), 


a n ka, €c 
EE E S 


1 Aon y 1 ( s 4 Pat) 
a es Seer |, | 
T qn? (py a aut : ary P 12n( py + Qa) z +% p 


For a quadric @ given by (3) hare are in general two tangents o satis- 
fying the first equation of (10), but no value of p can be obtained so as to 
satisfy the remaining two equations. Therefore we may conclude that no, 
osculating conic of the section of V,” at O can lie on a general tangent quadric 
Q of V at O.4 

There is, however, an exceptional case ‘where the first -equation of (10) 


is satisfied identically in n, so that 


a=0, b=} (p+ g), c—0. 
The corresponding quadric (8) becomes 
(11) z == $ (Py + qa) ty + 2(kot + key + kaz), 
which has at O a contact of the second order with V°; while the conditions 
(10) take the form 
A 

12 ka + kan = — 4 = 

(12) 2 F Ks ü (Py — qa) p  Bn(By Fae) ” 
3n (py + Ya) Bs — 4A? 
180? (py + qe)? 

3Ca —8 (Pu + 2qu)As _ (Pu 2ga) (Pu— qa) 


F 18n? (py + ge) p ` lSn (py + ge) p’? 


1 If we determine p from the second equation of (10), where n is a root of the 
first equation, and substitute it into the last equation, there is found a relation between 
a, b, c, ka k, and k, which does not hold in the general case. 
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3. As an analogue of the problem for a surface we propose to determine 
a quadric Q of the system furnished by equation (11) containing both the 
osculating conics of sections of. V3” produced by planes through two arbitrary 
non-asymptotic tangents ¢,, tz at O. Write the equations of t: (t= 1,2) as 
SEESE S = y— mg = 0 | 
and the ajuahon of i TE plane ri as 
. z = pily— nia) ; 
it follows from'(12) and (13) - four conditions 


(14) ka + kuni —=—4(Py— ae) 9, pT rr earn 


(5) kh4” Bu (p g Bu) = tAm) 


pi 18n? (py + qe) 
ii 3C'3(ni) —8 (Py + 2qz)As(mi) — (Pv + 2qe) (Py — Ge) 
| 184" (py + Qe) *pi | 18ni( py + qe) pi” 


(1 = 1,2) 
should þe satisfied for arbitrarily ME Y n, nz, where ds (ni), C(ai) and 
B, (ni) are given by (7), n being replaced by mi. 

Solving (14) for ke and k we have 


pin = Dollo 


ko = — 4 £ 
| 2 & (Py — fe) apm — a) 





1 {eco m } 
oe a (eT zr SDa re — Ran, 
ETETE NNa Pex + Poy a JyyM Ne | 
(16) ee we 
se aE Ce) 


afm Lait om. baa 20x j o, ; : 
3 (py + Ga) L. NyNe Pex *Qay T Puy -+ Guy (Na FoR ) 


In order that the two equations (15) should be compatible, it is necessary and 
sufficient that | 


1o 3 1 | | 
kes A eS ee pt E g 9 4 1 4 
(2-4) Bera ete 1a? (ms) — 2, Baas) | 


i ax doe 
—4 P , 4a (m) — -= Aa? (na) ; 


-+ 


Paes | is -Oa (m) — Ta Cafn) a1 


— 8 (pv + 2go) ES As( ne mf] 


— (eE g a f | 7 
18 (Py + qa) Pi na Pha 


-~ 





€ 


ye. 
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Substitution of k, given i (16) shows that the two planes 7, and T: are: 
in the following correspondence: 
y Pu — Jo.) (2m. + ne) Py + (nı t Be), es 
ok a lh My | Ny pi” l 6 (Pv + ga) 


5 +> Rna) Dy + (2n + Ne) Qe 
Naps” 





a ae se | | 
Sree | 8¢py + qe) { a — (qzy + Puy) — Juy (m + ne) l 


+ 3 = Ca (nı) E +2) 5 g As(m) Jè 0 








+- 3 a Ca (no) — 8 (P + 242) = x As (ma) = 
[amt o) Pd Setra, y 


4 f Gy — Az? (na) Jan 


Mm? na? 





a e 
U Gy Gey (py + qe)” 


Thus we have the 


THEOREM. , If two planes through a generic point O of a non-holonomic 
surface V? are drawn such that each of them passes through one of two arbi- 
trarily assigned non-asymptotic: tangents and the osculating conics of the- 
sections of V: produced by these planes lie on a quadric Q tangent to Va 
at O, then-Q must have at O a contact of the second order with V: and the 
correspondence between these two planes is (2,2). | 


In the holonomic case (17) becomes'a linear equation in 1/p: and 1/pz, 
and therefore the correspondence is a perspectivity, as we have shown before." 


4. It is natural to inquire whether other osculating conics of Va? at O 
belong to the same quadric Q thus determined. If there is such a conic, then, 
expressing the plane of the conic by the equation 


(18) g= pa (y — NT), 
we have : 
1 As (na) 
19) ka + kana == — 4 (Py — qe) — + = Fe. 
A ) -T Ks (Py q ) ae Sma (Dy + qe) 


5 Of. B. Su, loc. cit 
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_ 8m(py 4 mpn qa) Ba(na) — 4A (Nna) 


TBn? (Py + ge)? 
4 SCalm)—8 (py + 2ge)As(ms) _ (Put ?qe) (Pu — Ie) | 
181s" (Py + Yc) "ps 1813 (Py + Ga) ps” 


Substituting the value of k, given by (16) into (19) and reducing, we 
obtain 


ÈD (pg) (meas) È + (ne — ms) È + (mm) 


(20) y+ E 
l Ps 





2 

t Py + Qe 
As the coefficient of the term os™™ in the last equation is different from zero, 
we can express p,™ as a function of na. Further substitution of the latter 
into (20) suffices to demonstrate that the resulting eae is an algebraic 
equation of the sixth degree in ne! 

For each root of this equation we can find the corresponding p; from (20) 
and therefore obtain the osculating conic on the quadric Q in consideration, 
Hence we obtain the 


THEOREM. If a quadric Q contains two osculating conics of V? at O 
with distinct tangents, then it contains also four other osculating conics of 
F at O. 


For a holonomic surface the equation (21) becomes particularly simple 
and uniquely determines the third tangent.’ - 


Conversely, on a quadric which has at O a contact of the second order 
with Va” there are in general six osculating conics of V: at O. 


In fact, the equation of such a quadric is of the form (11), where 
ko, ks, k, are given a priori. If p be eliminated from (12) and (18), the 
resulting equation is evidently of the sixth degree in n and consequently gives 
six tangents of Va? at O. In-virtue of (12) we have the corresponding value 
of p and therefore the osculating conic of V,” at O. 


‘5. On account of the correspondence (17) between the planes r, and rz 
we can further find a line La; associated with the given tangents 7, and t» 
For this purpose, let us consider the two planes mz and ms” corresponding to 


*Two roots of this eyuation are evidently m and n; to these correspond the 


original conics. 
7Cf. Su, loc. citt 


(ni — ng) (na — 13) (Na — Tr) [Pow (MMos) * + Quy} = 0. 


i bat 


+” 
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- a plane m, under (17) and construct the harmonic conjugate 7, of the tangent 


plane z = 0 with respect to m2’ and m”; the equation to 72 is, obviously of 
the form i 
(22) à (1/e7 + 1/p2")2 em y = ot. 


where 1/p2’, 1/p2” are roots of the quadratic equation (17) in 1/pə. A simple 
calculation shows that, these planes m, and #2 are in perspective position, the 
line of intersection being on the same plane m2: 


(23) 2(py? — qe") [ (pu 1 2q2)y + (2py + qe) roe] 
— 2[ poo {6 (Py + qe) (1/n1— 1/n2) - (Pu — gz) (A/a) } (Pr + Sge) Pay 
+ 2 (2py + Qe) Qoa — 6 (Py Ja) Yyy (M — My) + (py — qe) que” 
F {5v + Qa) gry — 2 (Py > 242) Puy }n2] = 0. 
In å similar way we may define the plane mə, by interchanging m, and rz. 
From the equation (23) and that obtained by interchanging n, and nz in (23) 
it follows that the intersection Liz of a2 and m», is given by the equations 


2 (2py + ge) (py? — Ga?) @ +-.2[ (Vy + Sqr) Guu (ni + Ne) 

8 (py + qe) Puy —(Spy + Yo) Gey —(L1 py + 13q2) poo (Nz) ] = 0. 
2(2qe + py) (Qa — py’) y + 2 (Tga + Spy) pea (1/ni + 1/2) 

+ 2 (qa + 2 py) Qoa —(5q2 + py) Poy —(11ge +: 13py) quynins] = 0. 


(24) 


If we consider all the lines Lis corresponding to the tangents apolar with 
respect to the asymptotic tangents at O, then the locus is a quadratic cone, 
namely, 


(25) (A1py + 18gz) (11ge + 13 py) peaguy?” . E 
= [2(2py + q2) (P — qa") t + {2 (Py + 2ga) Puy — (SP + Qe) Gov}? ] 

» [2 (2ga + po) (q? — pr”) Y + {2 (Qo + 2Pu) qoa —(5qs + Py) Poy }z]. 

The polar line £ of the tangent plane z = 0 with respect to the cone (25) is 


determined by the neighborhood of the third order of V,” at O. From (25) 
we have the equations of £: ` 


_ 2(2py + de) Geo — (Py + Bge) Pan , 
2 (py + 2ga) (Py? — Ga") > 
p — Cge + Pr) Pow — (Qe + SPu)dey 


3 


2 (qe + Ppr) (Ga” — py”) 


y 
(26) 


6. We.are now in a position to investigate the line of intersecticn of two 
planes 2, mə in the correspondence (17). 
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In virtue of (7) and (17) there is no difficulty in determining the locus 
of the.line of intersection. The result of carrying out the computation is as’ 
follows: ' 


(27 ) l (Py — qe) j fe oe y? + (2Pu + Je) x" 


Ona ia e 


Py T fe Ni na? 








-- + { (Pu F 5ga) Poy — 2 (2py + Ge) Gee} 
+ (13py + 1192) quy] 
-+ 13q¢2) Pax + (qz + 5py) qay — 2 (qa + py) Pw 


ears Nine 
ar (Ypy i 5q) Juv (Ma + ne) ] 














+ (22! oo aw") + (my? F MN F No”) 
+ g Paz (R Pou H qoz) 


1 9 
N Nna 


— (2qey + Pyy) Quy (nı + n2) 
+ 4 (2pay + za)? + pae (qey + Pw) } Mana l 
— ${ (2qey + Pu)? + quy (Pey + es) | 


+ 3(py + Qe) — Pree pe a + Pury + 8qeyy 


N Nna 


+ 3qyz (Py T Qx ) + luu (m1 + ne) 
Ee (3peay i Spee (Py T qa) + Jass) > 1 | | (Py + qa) 2g2 = Î. 


This ia cone Kız associated with two non-asymptotic tangents ¢, and 
t» is evidently determined by the neighborhood of the fourth order of V? at O. 
It is easily seen that the polar of the tangent plane of V3? at O with respect 
to Kx» just coincides with the line Las associated with the same pair of tangents. 

In particular, we consider the three lines Lı» associated. with two of the 
Segre tangents | 


a Peat? — quy? = 0. 
Put i 
(2) A= (pee/qw), @= 1 (e41); 
then the lines in question are given by 
(30) : ` | T: y ` z i P, 
202 | 
are q. ETE IR 24x) Qyyre + )5py + Qa) Jey E, (Py 4- 2dr) Pyy} 
T i 2; s ! : 
oo = on {4(qe + Ipi) Pre | e + (8¢2 + py) Dey -— 2 (Ga + 2py) qes} 


: 2 (Py + gx) (qe + 2 py) i (r=1, 2, 3). 


mm 
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Consequently, the harmonic con jugate of the tangent plane z = 0 with respect 


to the trihedron formed by these lines is the line $, as may easily be derived 
from (30) and (26). 


The same resùlt holds for three tangents in the cubic involution 


(31) Peat" pnt = 0, 


= and especially for three Darboux tangents. 


7T. Itis worth noticing that the quadratic cone K,» associated with two 
Darboux tangents or two Segre tangents gives certain covariant lines. Take, 
for example, two Segre tangents: 
Z = Jj — nt = 0 (t= 1,2), 
nı = A", ng == Àc? 


(rs, set, EEr; r,s, i= 1,2,3) 


and substitute them into (27 ); we e easily arrive at the cone: 


(32) od 








(33) , (Py — Ga) ee ety? + (2m ge) | 
Eo ca [4 (2p + Ge) dm + +3 { (Pi + 5go) Pay — 2 (Bpr + Ge) Que }e] 
py Fo fit E A? ES (Spy + Te) qav 2 (Pv + Pga) Pow) 


. Pess 
T Oy Ty [3 (Pu + Qe) {bee 


— (rer + 8Peay + 3 Drz (Py + qe) P o Pas JA e f 
— 4{ (2qey + Pu)” + 4(2 Pey + Qas) Ras 
+ 4{(2pev + gee)? + 4(2gey + Pov) Per} Aet] = 0. 


Consequently the three quadratic cones Kas associated with two of three 





Quy F 8qeyy + Bge (py + qz) Tt Dyv 


` Segre tangents belong to a pencil and therefore determine four lines of inter- 


section, namely, the lines given by the equations 





(84) (Pr — qe) (By + qe) Y? + {(py F TEO E Qc) Qua} 


ETT 


a Pat tap | (pov + gaa) -+ (Paa Bip 





— 3 (Py + qe) {geze + 8pecy + 38pae (Pu + qe) + ri piew}] = 0, 
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(35) (Qc — Py) (qa + 2py) T? DET A EEN NE — 2 (Bge + py) Pw} 


ange + 2 py) 7 q 
— 4 M coven [ALR 16 (202 re 
Py F qe wt oo [4(2qay + Pu) + (2Pzy + j ) Quy 





— 8 (Pu F qe) {Paw + Bqoyy + Bque (Py + q) + — de) = 0. 


- The equations (34) and (35) represent the cones in the pencil touching the 
tangent plane z = ^ along the asymptotic tangents y = z == 0 and z =z = 0 
respectively. The polar plane of the tangent zr = z = 0 with respect to (84) 
and that of y =z = 0 with respect to (35) intersect in the line fp. 
Moreover, a ccvariant cone similar to (25) is found as the locus of the 
polar of z = 0 with respect to a cone in the pencil above quoted, namely, 


(36) | 16 peaQyy (Py + 29r) (Gz + py) z? 
= [2 (py? — ga”) (2py + qo) + {2 (py + qa) Poy — (Ga + Spy) Gey} ] 
© [2 (q: — py”) (qe + Pu) y + {2 (Ge + Py) dex — (Py + 592) Pey}#] 5 


the polar of z = 0 is also the line £. 


For the Darboux tangents we obtain similarly four other covariant lines 
determined by the quadratic cones: 


(37) . (Py — Ja) (Rpy + e)@? + 18qyyy2 





by zm a { (Spy + qe) Qoy — 2 (Py + qe) Puy} 


ef a) {Don : 

+ ea qa)? [3 (py + Pens l 
+ 3qeyy + 842 (Py -F Yu) — — quy} 

| EE 4(2ey + Quy)? bin 0, 


(38) i (qo — py) (Pgo + Pu) Y? + 18pe2%z 








Dy A i {(5qe ae Py) Day ee 2 (de T 2py) gas} 


oo or iet qe) {qeze + 3paey + 3pee(Py + qe) — ris Pze} 


eo Qos) = a o i 


Another quadratic cone is derived from the pencil of these cones, namely, 
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(39) © BR4proqu (Py + Gu) 22” 
= [2 (p — da") (Py + qe) + {2 (py + qae) Pyy — (Spy + Ga) aytz | 
- [2 (ga — py?) (qe + prdy + {2 (9s + Ppr) ges — (59s + Py) Pav}z]. 


The line £ may be defined as the polar of the tangent plane z = 0 with respect 
to the cone (39) or the intersection of the polar planes of y == z = 0 and 
x = z == 0 with respect to the cones (87) and (38) respectively. 

Further we remark one more relation between the line & and the cones 
Ky. associated with the Segre tangents: Let rr (r= 1,2,3) be the polar 
plane of a Segre tangent 8, with respect to the cone Ky. associated with the 
remaining Segre tangents; then the harmonic of the tangent plane z = 0 with 
respect to the trihedron {miror} ts the line P. 


8. As has been pointed out by E. Bortolotti, a line can be defined which 
is associated with a pencil of quadrics 


(40) = 2 (Py + Yo) ey + (ae + By + y2)2. 
It is given by the equations 


y=? Pay + Qaa — 34 (Pu + qo) 3 


py? — Qe” ‘ 
(41) 
o Clev + Pu — 8B (py + Ge) 
g == 2 P : Z. 
{ Qa” — py 


Conversely, a pencil of quadrics having at O a contact of the second order 
with V,* is determined provided that a certain covariant line through O be 
given. 
A comparison of (26) and (41) gives 
__ (25 py + 53ge) Pen + 2 (4 Pu + Wge) gag 
38 (py + ga) (Py + 3ga) ` ' 


pies Lodo T OIP) gov + 2 (Ade + Up) Bn 
36 (py + ga) (Ga + Py) 


Hence the pencil of quadrics associated with the covariant line p furnishes a 


(42) 


-new generalization of the Darboux pencil to a non-holonomic surface. 


NATIONAL UNIVERSITY OF CHEKIANG, 
XWEIcHow, CHINA. 


= 


eet 








° Cf. Bortolotti, foc. cit., p. 322. 
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THE PROJECTIVE THEORY OF SURFACES IN RULED SPACE, I.* 


By CHENKUO Pa. 


Introduction. The object of this paper is to study the projective proper- 
ties of a surface in ruled space. In this treatment certain asymptotic ruled 
surfaces play an Important role. The usual method for investigating these 
ruled surfacés requires, in general, some lengthy.computation. We can how- 
ever overcome the difficulty by means of a new process which seems simpler > 
than that we have so far used and is particularly useful in the determination 
ot equations of some geometrical elements associated with these ruled surfaces 
in the normal coordinates of Fubini. 

The contents of this paper are divided into two parts. The first part is 
devoted to the derivation of some.invariant quadric surfaces, invariant cones, 
and invariant curves projectively connected with a point of a general surface. 
In the last section of this part we further obtain a new definition for any ray 
in the second-canonical pencil such that it may be considered as the principal. 
line of Bompiani * for a pair of curves, suitably chosen on the surface at the 
point. The notions of the Darboux quadrics and of Bompiani-Lane’s principal 
quadrics *-have been generalized. 

In the second part of this paper the equation. of the osculating linear- 
complex of every asymptotic osculating ruled surface is first determined, some 
new invariant quadrics are then introduced as analogues of the Lie quadric 
and certain special surfaces are finally defined. Among other things we have 
improved a theorem of Sullivan. A general treatment of the asymptotic ruled 
surfaces and other ruled surfaces associated with a point such as the asymptotic 
chord surfaces * will be established in a sequel paper. Furthermore we remark 
that a certain quadric possessing many remarkable properties is defined in a 
simple way, and that.a new property of the Darboux pencil of quadrics has 
‘been added. By means of them we can give a simple characterization to the 


* Received June 1, 1942: 

+E, Bompiani, “Invarianti d’intersezione di due curve schembe,” Rendicoriti det 
Lincei, (VI), vol.-14 (1931), pp. 456-461. y 

2 E. Bompiani, loc. cit.; E. P. Lane, “Invariants of intersection of two curves on 
a surface,” American Journal of Mathematics, vol. 54 (1832), pp. 699-706. : 

30. T. Sullivan, “Properties of surfaces whose asymptotic curves belong’ to’ ‘Vinear 
“complexes,” Tr ansactions, of the American Mathematical Society,. Vol. 15 (1914), pp. 
167-196. ; 

t E. Bompiani,“ Sugli semen di 2° ordine delle curve di una superficie,” Rendi- 
conti dei Lincei, vol. 9 (1929), pp. 288-294. 
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surfaces whose asymptotic curves belong to linear complexes, the isothermal- 
asymptotic surfaces, the surfaces whose Lie quadrics all touch a fixed plane * ete. 


PART A. 
The Asymptotic Ruled Surface Q, or Q.. 


Let S be an analytic surface in ordinary space referred to its asymptotic 
net (u,v). It is well known that the non-homogeneous coordinates T, y, 2 
of a generic point P on the surface are solutions of the following system of 


differential equations, 


Cun = Gutu = Bi», 
Euy = Oty ~} You 


(1) 


and similar equations for y and 2. 
The integrability conditions of this system are found to be 


(2) (Buv -+ By) u —~ Gu (bun + By) a (Bo + BOv) ace B(yu +2y6u), 
(Guy T By)» ae Py (Guy + By) = (yu + yOu) x = y (Bo + BO»). 


For the sake of convenience we normalize the coordinates so ne at P 
(u = 0, v = 0) 


(3) T == y == 2 == By == Zy == Yu == Zy = Yuy = Tuy == 0, P ON EEE tl, 
Then the equation of S in the neighborhood of P can be expanded as follows ° 


(4) z = sy — $ (BE + yy?) + Iyl (286u — Bu) at — 4 (Bo + BOv)a*y 
— 66404? — 4 (yu + ytu) 0g" + (2780 — yo) y] + (5). 


Suppose that a curve Cat of the surface S passes through P and touches 
at P the asymptotic tangent fo (u = 0) ; it is evidently given by the expression 


(5) © © | w= (h/2)y + (8), (h= const.), 


where we have put k == 1—7, 7 being the contact invariant of C4* and the 


asymptotic curve u = 0 at P. 


aa the asymptotic ruled surface Q." “composed of the tangents to 








: These surfaces were first studied from a projective point of view by Buchin Su. 
Cf. his paper “On the surfaces whose Lie quadries all touch a fixed plane, Science 
Reports, Univ. of. Chekiang, vol. 2 (1936), pp. 53-61. e - 

€ Cf, Fubini et Cech, Intr puota à la Géométrie Pr ojective Différ entielle des seu 


faces, Paris (1931), p- 73. 


* Fubini et Cech, loc. cit., p. 56. 
13 
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the asymptotic curves v = const. at the points of the curve C'a’, and, similarly, 
the asymptotic ruled surface Q”. A generic point (Z) of Q.* has the coordinates 
(6) ar Cem Atu + T, ete. 


Since A = 0 at P, we can easily show that the orders of the neighborhoods 
of Q. (Q?) and the surface S at P are equal to each other. In what follows 
we shall give a process for investigating the geometry of these ruled surfaces 
associated with the point P. 


i. The fundamental form of Q,*. From (6), we have 


ae Z a 
Ey = Cu, T= 0, Dy == Cur + (Ouby + Biv) 


Ly a (*) 2, +- ALuy -+ ap 2 dv i 1) ty, Loy = ALy -+ Baw +- (*) xu, f 


where the quantities A, B are given by 
= A (Ouo + By) + 2A(Bo + Bh) Z +2 (4: ao) (Bu + Bx) +48 5% + 6 +B | 


B = y+ 200, SE + A£ aai oe 
Therefore 
DY = (ina) =0, D= (Este) = (Titulu), 


u 


= (SpExE vv) = [—)4 + (AB 7 ae 1)B] (Cetutuv) ,  Y 


so that the differential equation of the curved —? lines on Qu" is 


(7) | a? | Ou» + By + 28> H+ (Bu — pO.) ( ZE uy" 


gut -e (2) eate (SY 1-3 


Let “ d” denote differentiation along one of these curved asymptotic lines, then 


da 
~ ad lat, -+ MLy + Aun, 

where we have put A 
du du dx du 

(8) I= Ny a + A ak m = >B = 4-1. 


We denote, for brevity, the quantity dē/dv by Z,, although this notation 
~ has been already used in a different sense. 
Moreover, we put 
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€ = Sta, ; f = Sauz,. g == S2,", i= SLuluv, £ = SLrLuv, ‘t= Stn”, 
E’ = SEX = St = e, F= §% 2, = le + mf H Ar, 
G! = SZ? = Pe 4 m?g -+ At + 2lmf + 2r + mAs, 


and introduce a new asymptotic parameter w of Qx" instead of A such that at P 
AN G "4 
(>) — 1. 
On account of (7) it is readily seen that 


37A dn OPA 
(9) » \dwiv? )- °, (sas) a a a Lid (E) Mee: 


Therefore the generic point (%) of the surface Qu? satisfies the following 
differential equations: 


= CEN "A ES = = As = 
(10) Tow = yr an Bw, Ëy = On y + Yw, 
«Ow 
where 
Gy Re Ph Se pe, a 
aa 9 = 2H? gi SR 1 co YE 
and 
l 2 
(12) E= Sk? = (2) B’, FP = So: = (>) P, G=Si2 =, 


E? = AG — P. 
We notice that ° | 
fy = 1, Guy? = 0, Zp == 0, 2° =0, Jyp = l, 2° 0, Tov? = O, 
Yor == 0, Zot =l, P = 7 = = 0 
so that the coordinates of (z) also satisfy the relations (3) at the pomt P. 


That is, when Q4? is referred to the same coordinate system as S at the point P, 
its expansions in the neighborhood at P can be obtained by replacing in (4) 


the quantulres B, Y; Bu, Bo, Yu, YV Ou, Oy etc. by B, 7 Bu; B», Yw, Yos Ow, by ete., 
respectively. But a simple calculation, gives 7 

g’ = T Ge aa 1, pe == 0, E = 26 u, E? — 0, Gw? e 0, G,° == 261, ee cian 0, Fy g Yy 
(13) Powe = 1 -+ yu + Yus Foy = Yo + Yo + hw + (1 =, h) By, Cww = 2, 
Py = 2[ Ou» + (1 7 h) By], 





3 We put 2° = (#),, ete. to represent the value of %, ete. at P. 
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where we have taken A such that 
ar 
(2) as Gu. 


(14) B == 0, Y = y, Ov = Oy, P = bu, Yo = Yo, Yu = Yu; Bwv = fw + (1 — h) By. 

2. Certain invariant quadrics associated with Q,” and Q,*. In this 
section we shall give an application of.the above result to the determination 
of certain’ invariant quadrics associated with Qu” and Ọ,* such as the asymp- 
totic osculating quadrics, asymptotic chord quadrics * and the Moutard quadrics 
of these surfaces. The equation of the Moutard quadric belongmg to a tangent 
whose equations are z = 0, y — nv == 0 takes the form, 


[4(B + yaY + 8n( Bu + 4Bin + yun? + yont) Jz? -+ 36n? (2 — sy + 40u") 
— 12n (8— 2y") (J + 40uz)z— 12 (y? — 2P) (2 + 0rz)z = 0. 


Replacing B, y, Bu, Bes Yus Yes Fu, Ôv, Buv in the above equation by B, F, Bo, Bes 
Fws Yv, io, Oe, Bwv, respectively, and then using the relations (14), we im- 
mediately obtain the equation of the Moutard quadric of Qu" belonging to the 
tangent in question, namely, 
(15) [4y!n? + 8n(4yu + yen) Je? + 36[2 — ay + ${ Ou + (1—h) By}2"] 

+ 24ny(y + $uz)2— 12ny(a + 4052)z = 0. : 


Thus at P we obtain 


Interchanging v and y; | Band y; u and v; n and 1/1 in the above equation 
we have the equation of the Moutard quadric of Q,” belonging to the same 
tangent 


(15) [48 +-8n(4un + pJi + 36[z — ay + # {Buy + (1 — h) By} ln" 
+ 24n?B (x + $6.2)2 — 12nB(y + 46uz)2 = 0. 


For h == 0, the corresponding quadric has already been obtained by E. 
Cech? George Wu! has recently determined these equations In a more 
general form. 

If n—>0 in the equation (15), we have the equation of a pata 
quadric Da. Therefore the quadric Da in the Darboux pencil is ‘the limit 
of the Moutard quadric of Qe or Q. More generally, we have the following 
theorem : 


° Cf, E. Bompiani, loc. cit. 


1° Fubini-Cech, Geometria proiettwa differenziale, vol. 2, Bologna (1927), pp. 529- 


533. 
1t George Wu, “Systems of quadrics associated with a point of a surface,” 


£ 


# 


4 


`” 


PROJECTIVE THEORY OF SURFACES IN RULED SPACE, I. 417 


The osculating quadric of a non-developable ruled surface along a genera- 
tor ts the limiting position of the Moutard quadric belonging to a non asymp- 
totic tangent i at a point P on this generator when t tends to the tangent 
of the curved asymptotic line through P. 


One of the asymptotic osculating quadrics associated with the curve 
dv — Adu = 0 is given by the equation 


203 (2y n 2) +- RBAYZ — RBA EZ +- [— x (Ous . By) 
Spr egies c Shes ee a Hy be 
wW hen A == d?v/ du? while the P is given by 


a(S) (Ey —#) + By Ge a — Qy (Se) ve + s ey 
| (Ou + (1B) By) + y | By (u— e 


—(2 M+ 64) (2y i Fesh. 


By the method we have so far used there is no difficulty in finding the 
equation of the asymptotic osculating quadrics of the ruled surface Qu’ asso- 
ciated. with the curve Ch: dv — Adu = 0 on it.*? Plainly, one of them is the 
quadric D, of Darboux, while the other is given by the equation.** 


(16) e (2 ) ey) ay tt ay ng — By ($4) ve 


+[— (Y Uet @—M a +7 | Ta 


(r 9) & _ (9% mY t = 
(3 a) dv x y + fu) (= da 


Similarly, we obtain, for the ruled surface Ov", the quadric 


(16°) 2(2y —2) +26 (E) yo— 28 Mos + [— (Om + (2—0) 


. du du Bu du 
an aO 


Be gy lT, 
-0E +6) S t Te =o. 








17 Of course, the curve C, must be on Q,,", but each quadrie depends only on the 
curvilinear element of the second order of C, and Q,”" at P has contact of the second 
order with S. Therefore this condition is not necessary. 


13 Noticing that de (d'n + 6,du*) — au (d*o + 6,dv?) = 0 is intrinsic and 6, = 6,, 


|- 
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It is remarkable that the quadrics (16) and (16’) of the surfaces Q’. 
and Q» for a curve through P are precisely the asymptotic osculating quadrics 
of S for a curve of 8 which has a contact of the second order with the given 
curve at P. 


Since the residual conic of intersection of these two quadrics (16) and 
(16°) for Q. and Q," lies on the plane ma whose equation is 


d`u : (du Ņ\? ı{du\f, 2 E du 
Pu {4g (a sp (2) + + (ye — yh) y 


+ (Ryu + yOu) (#4) (Bu — bbu) ($1) + by C Yah) 


— (2B» + Bh) (2y ] A 


f 


and the osculating plane Pa of Cy at P is given by 


du yn dt [e (im) 4 dg, (Wor E] 
2 (%)y s e (2) E — (2) 0,— Tt |e 


we may conclude that they coincide when and only when the elements of Cy 
at P satisfy the following relation : 


du du \* {du n du 
e +e) =e (E) a ee E 
i l i duy duy 


For the sake of convenience we shall call a curve having this property 
the associate curve. Especially when h, == hs, these curves become pangeo- 
desies.™* Denoting a plane through P by the equation tt + wey + t2 = 0, 
we have for the osculating plane of the associate curve at P- 








ey 1e aN, pis = 2n*, 
pls = — Bn? + y — nb + 1°Oy 
1 A ae 
A 2(y + Bn?) Leyn (Az -— ha) -+ (yo — Bun’) n + 2 (yu — Bon”) n*] 


where n = du/dv. In consequence, this plane envelopes a cone Ts of class 6 


0 = 6, at P, we may obtain the required equation (16) by substituting (14) into the 
corresponding equation of the asymptotic osculating quadric of S at P and changing 
d’u/dv® into d*u/dv* —~§(du/dv)*, the other quantities being unchanged. 

%4¥For a new definition of pangeodesics cf. E. P. Lane, “ Quadriche aventi per 
generatrici le tangenti asintotiche in un punto di una SUpSEH ENS; ” Rendicontt det Lincei, 


(VI), vol. 5 (1927), pp. 100-104. 


a Gr (E Ee (fH) 
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when the tangent varies at P. The equation of this cone in Fubini’s normal 
coordinates is . 


® (17) Rustler, ae — yu") — Ut, i$ È (BU? — Ryui? ) U2 + l S (2Bu2® — yu" ) U. 


— (8° Ula? — y" °) PYA oa) ay, — 0, 


where we have placed *° 


(18) = 20, — G = Hoo ym 2 Y m B48, (0— log fy). 


3 Evidently, the cone (17) is that of Segre when A, == hy. 


dv dv \2 
be wy —2— By Ge Yt + bY (SY) a 4 bon + (5 a —h) By + 4 (yo — ybr) (= 


One of the asymptotic chord quadrics associated with a curve of S 
through P has the equation 


od . {du\? 
(19) ay—2—48 [ox + 3p (3) yz 
d d 
—4 | bwt By +3 3860) ($4) + (E+ $86) T+ 48 Fy f =o 
and the other the equation | 
dv 2 d 2 
(20) ay—e— iy Pye t by (Zya sear aya) (2) 
duy Pul , 
+ utie t (a) ee tO 


For the curve Cat (C+) the first (second) giad becomes a Darboux 


quadrie Dyn: 
(21) ry — z — $ {huv + (1— $h)}2? = 0. 


Tf C.#(C.) has a point of inflexion at P, we obtain the quadric D,; if 
C.* has a stationary csculating plane at P, we have the quadric Dije. 

By the method we have so: far used, we find the corresponding quadrics 
for the surface Qu. In fact, one of them is a quadric of Darboux and the 
other is given by the equation 


dv ` 


; d d 3 dèu 
+ (ya H 474) = —4y (=) = tla =) 


15 In fact, if an eas in our coordinate system contains only the quantities 
B, Yo bus Oy Bas Bays Yw Yos Bugs then it can be transformed to Fubini’s normal coédrdinate 
system by putting 6 = log By in the equation without changing other quantities. 
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Similarly, we obtain, for the ruled surface, the quadric 


(23) cy —2— 3p Man + ap ( 1) ye —4 | om + (%—W) By + A Bo 180) ) 





+ (Be+486:) 44 a “= 0. 





For h = 4, these quadrics are asymptotic chord quadrics of S at P. 


3. The- asymptotic curves of Q,* and Q.. The osculating quadric of 
Qu" (or Q”) at P is the Darboux quadrie Dr of S. As any Darboux quadric - à 
must pass through the asymptotic tangents of S at P, and Qu" (or Q.”") has 
at P, the same tangent plane as S, the two asymptotic directions of Quy (or 
Q+) at P coincide with those of S at the same.point. Consequently, the 
curved asymptotic line of Qu* (or Q.*) at P is tangent to the asymptotic 
curve w= 0 (or v= 0) of S. We can, however, show a more precise result, 
namely, | 


The curved as ymptotic line of Qu? (Qu) and the asymptotic CUTUE U = 0 
(v=0) of S havea common osculating linear complex at P. 


To prove this, let the Plticker coordinates of a line Joining two points z 
and (#) be denoted by 








Piz = LY — VY, Pis = TZ — U2, Pog = YZ —- Y2, Pig = T — I, Pog = Y — Y, Psi = 2 — 2 


then the asymptotic osculating linear complex ef asymptotic curves u—0 . ¥ 
of S at P is given. by the following equation : 


(24) Piz — Psa A (0. -|- zs) Dis = 0. 


In order to obtain the asymptotic osculating linear complex of the curved 
asymptotic curve of Q«* at P, we have to replace ĝu, yu, y in the above equation 
by Ow = ĝu, Yw = yu and y= y, respectively, which obviously leaves the 
equation unchanged. 

In a similar way we can establish the result for Q,*. 

We come now to consider the expansion for the curved asymptotic line 
of Qu’ (or Q") at P up to higher orders. For this purpose the fundamental 














quantities of the surface Qu” (or Q.") are required. . J 
Since 
x Gr diy dA ATu ATu d*A 
vow = a T at dy tO de dee T det T a ™ 


and ĝe? -+ Bex == 7,7 + Dov, 6, = b, at P, we have 


we 


sme 


SS 


k“ 


reat 


me 
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(25) vv TA Oev, 
and 


oe az du 
(Zovev) o mem (S — 3 do Turvy ), Te (Zyvv) 0» 


i (25) ‘ You == Yuu 


It is well known that the power series expansions. for the asymptotic curve 
u= 0 of S in the i i of P are of the form’ 


z = ay? + by® + byt + (6), 


(27) z = FY? + §y* + tyt + (6), 


where we have placed 


mr Â == $ b=} 
Aay § a 


Ja 
== BY; = %68 — Woy (yOu -+ Yu). 


An application of the preceding method to this case gives the result that the 
curved asymptotic line of Qu" has at P a contact of the fourth order at least 
with the asymptotic curve u = 0 of S. | 

More generally, we can prove the f ollowing theorem: 


If a curve Cy! has at P a contact of order-m with the asymptotic curve 
u = 0 of S,.then the curved as ymptotic line of the asymptotic ruled surface 
associated with Cy" has with the asymptotic curve u=0 of Sat Pa contact 
of order m +- 3 at least. 


In fact, denote the n-th derivative of a function «along the curved 
asymptotic line of Qu? by X and that along the asymptotic curve u == 0 
of S by Xi". As this theorem has been proved in the case m = 1, we can put 
m= n— 1 22 and from the given condition we have at P 


du d°u ata 








dv det yt 
so that at P: 
dà O ËA OOO ATA 9 ary = dtu Ya du 
do dv ~ dyt-t O dan ayn ? dyntt | dy" ` 


Since = g 4+- Av, we have at P 


yo —2ybr), E= Yaa {y (— 20v + 660? + yOu + yu) + Yo — 5Ovyv}, 
: i ` 
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=(n) cue pin) ) (n) du iii 
pn) se pin e (ATu Ja = gin) + Ma, = | Zu = de 
-+ Ty {n-1) -+ AMM gy = R (52 = + x0) -+ Ty (n-1) = To (2-1) ee Tp Ln- ee == gi, 


PHL) ae pan) -+ (Atu) {(n+1) K A) ý -+ Ey) + AMD ay, + (n + LAMM a, 


ditty d” u A u 
= Tu Tat +n Jgn T D F- Tuv 





on Top "H +. VHD, -+ “ |. LAM a, 


ntlay 
== Ly cat Ti - we + Lur(n -+|- 1) (i -+ ao) -+ yilni] =g, 


7 ; ; ‘du \ (n+) 
ANH) mem gr (42) + (Axu) (n+2) (x iy + Ly ist) . AD a, 


t 


+ (n + ZAM, (1) -t eet) AM Ty (2) 


‘ DOT it ant (atin a Tu 
Tu iaz dyn? Z+ (n T 1) tay e dunt n+l 2 Tu dy". 
detu d'u d'u 


F Tur o ntl F niuo Fon T T Puo Ton r 


2 
a aln-2] +- ACH a -+ (n+ 2AM Gay sot (et eet it) [x ii ig ip? -+ Tuv lA” 
As we have at P 
qru A d” uU du 


(nt+2) — (n) Ty S l 
dun? T A a T 1)a Ox (n a 1) FAT dv? Ou, y 
it follows that 
du d” Wa 
A ae PLAH] ou = 
zl £ (n—1)8 — ie IF 


For m Z2 i.e. nÆ 3, we have obtained 


(n+?) pms pint? 1, 


which completes the proof. 
Further, we can prove the following result 


If the asymptotic osculating linear complex of the asymptotic curve u = 0 
at P is stationary, so also is that of the curved asymptotic line of Qu° at P. | 
For at P we have - 
Trsow = Luvwv — - By? "hh -+ 2), 
(29) : Y wo == Yur - 2yh” B — By’, 
and therefore 
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A ; = 0 log y ne á 
(as Buby hi Aye 


à. where we have placed k, = By — (# log y/ðuðv). 


By means of these relations we have simultaneously found a geometrical 
meaning for the invariant k:/By, and similarly for h,/By, where h, = By 
— (0 log B/dudv). 


~- 4, . Generalizations of Darboux’s pencil of quadrics and Bompiani- 
\ Lane’s principal quadrics. Since 


z 92A 3 FA ar du 
Con = Tu, Lypwe SF DAT Cu wom (Tuu =— Tuv 
dw? Ovdw? = dw? ( dv + Tw), 





we have at P 


; gn E 
Lowry = PIETII | Ou ( Buyh Yu yu) 
du 


som : d'u d'u du 2e ee a 
ai (Puy + By)» +- BB» dy? + B dys -+ Boy ay? pag Ou dv? a bu ( buyh ~- Yu -+ Y 
gia Oo (Ouv + By) Ss (Yu ++ yOu) u oe ¥ (Be + Bo) ga 3Bvyh 


dëu 


+ B dy? — ByhOy + Ox’ yh + Ou (— Ouyh + Yu + yOu). 





But 
; (Tewo) eas Yaww -} yubu -4 +B + Ou (Yu + yOu) l 
f F Qo (bus + By) — ByhOs + Ou(— Buyh + yu + yOu). 
-€ It follows that at P 


. ; "du 7 
(30) You = Yau — y(By + Bê) =en 3Bryh S fj dy? -+ y (uu as Gww); 


where ww = 6°/éw*. For the following discussion it is not necessary to 
choose the value of @°A/dw* at P. . 
Let Q == + fay, + nto + CXuy be any point in space; then the conditions 
_ of immovability for Q are as follows: 


ge . oy | 
\ ag One — Bye — 1, a pe (Bo + BO) 6, Ju = — 7 — Îuć, 
7 (81) e j 
jy I (Ya + yha) b, jo = — bm — ByHt —1, inane ae 
a The equation of the osculating quadric of Q,* at P is 


Ey —_ E =< Brel? = 0, 
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‘When this quadric moves along the curved asymptotic line of Q," at P, ou 
characteristic curve is given by the equations 


ay saer 
ye + Yont +E Grovev — Owe) C= 0, (Fh = Fo + FO = yu + yOu). 


By virtue of the conditions of integrability it is easily shown that at P 
| Prove a 6.0.08 = (yw -+ 79.) w == Ywro T yOu oo Orw =T. 


Therefore the second equation of (32) can be rewritten in the form 
(33) E OE yn? + Font + ITE = 0, 


which shows that the characteristic -curve in question decomposes into one 
of the asymptotic tangents at P and two other straight lines R, and Re with 
the following equations : i 


Hi 1 +- SO wrt sexes ké, {j} = ké; 
R, : 1 -+ twrt sone kaé, n= kat, 
where l 
(34) kı = (~ 7e + (GA — 7T) *)/2y, ka= (— 76 — (FH — 27T )*)/2y. 
Making use of the relations (14) and (26) we may also represent R, and FA, 
by the equations 
4 diy: 1 T $| Ou» T (1 ace h) By le == ki, 4 = k$, 
(35) 
ka: 1+ F [Our + (1— h) Byli = k$, q= kab, 


where 


hey 9 . 
A pt = (a= È (r)i + 2gp 66h — È aeui Jy Ge 


In particular for k = 0 and d'u/dv? == 0 (35) re the equations of the 
sides of the quadrilateral of Demoulin. We notice that the points of inter- 
section of R, and Jt, withthe tangent plane of S at P are the flecnode points 
of Qu’. Denoting them by P, and Ps, we obtain 


Py: €=n=0, é= 1/k,, 
Ps: E = q = 0, E = 1/ka. 


- 





The conjugate point of P with respect to P, and Pa ts independent of the 
quantity h and is therefore a fixed point for all Qu’. In fact, it is the point 
of intersection of the second directrix of Wilezynski with the asymptotic 
tangent z == 4 = 0. Thus we have proved. the following theorem: 
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y The correspondence between the two flecnode points of each Qu" at P 1s 
an involution on the asymptotic tangent z = y = 0, and the double points of it 
are the point P and the point of intersection of the second directria with the 
asymptotic tangent. 


A. > 


When.’ = 0, this coincides with a theorem of Demoulin.™ 
Obviously, the straight lines R, and R. are the flecnode tangents of x" 
at Pı and P, respectively. Now, let Sı and S2’be the flecnode tangents of Qy? 
ES so that Rı, R: and Sı, Sa form a quadrilateral Q, in space. Then the line 
k joining the two points of intersection of the diagonal Lı, Le, respectively, of 
Q; with the tangent plane of S at P is the second directrix, and the common 

intersecting line of L, and L: through P is the first directrix.’ 
It is readily seen that the associate asymptotic ruled surface Qat of the 

~~ curve: Cau” defined by the equation 


‘ . 
(37) du = 3yh Bo 


has at P the same flecnode points as the asymptotic osculating ruled surface 

@u°. We now discuss some properties of this kind concerning the curves Ca’ 

and Cy", the latter being defined by interchanging the asymptotic curves 

u and v. 

. First we shall determine the power series expansión of this curve Ca* in 

the neighborhood of P. A curve C traced on the surface and passing through. 
À the point P can be expanded in the form | 


to a2(u(t),v(t)) =s + Art + FA + Age? + pdt + i 


similar equations hold for y(u(t), v(¢)), and z(u(t), v(t)). When the curve 
C is not tangent to the asymptotic tangent v0 we may take v fer the 
parameter ¢ so that i 


du 
A == Ty 7 Zy 
i t dv ~l- B> 


2 


(du ? du anu 
Ao = Tunu (F) -}- RTuv du + Tuv Ou dy? 3 
f du\8 du \? du du & LIN du 
DA: = Tuuu () + 3Tuuv (2) T 3Luvv dy F Tow + 3 | aa Fy dv dv? Tuv y? 





16 A, Demoulin, “ Sur Ja quadrique de Lie,” Comptes Rendus, vol. 147 (1908), PP- 
493-496. 

17 For the quadrilateral of Demoulin the result has been pointed out by Bompiani 
and Godeaux. ; 
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On account of the relations (3), we obtain the required expansions for the 
curve Cy", namely, 


z= 5 (1—h)v* +4 [r+ yot 5% v + (4), 7 


(38) Ay — 0+ Ose" + HOw +: Gato H o 


=E (13h) + ae | y0(1—3h) + ye +2 ot t4 (6), 


or 


| m 
g = i (1—h)y? + |- 7 (1—h)6,+4 pets oe) e+. (4), 
38’) | 
z == is (1— 3h)y* + [A yOv(1— 3h) + yo + 2 <b — 476 (1— 3h) ly’ + (5 


When 4 = 1 this curve has a point of inflexion at P; when == 4 the osculating 
plane at P is stationary; when A = 0 this curve has a contact of the second 
order with the asymptotic curve v = 0 at P, and when k —2 this curve has 
a harmonic contact with u==0 at P. It is easy to show that for any pair of 
curves Cu” and Ort the three principal points of Bompiani ° are collinear. In 
order to determine the line on which lie the principal paints, we rewrite the 
expansions (38°) for the curve (37) in the normal coordinate system of Fubini: 


fem Lay + MER) oE a (4), 
i Aiet By os 
Be eR gg ge P 
Interchanging the pairs x,y; B,y; u,v we have the expansions for the curve 
Cy". The line under consideration is given by the equation 
ima) wet man) TIO 


Hence we obtain the following theorem: 


(40) 





The principal points for any pair of curves Cu® and Cy lie on a canonical 
line In of the second species. In particular, for the four cases we have so far 
quoted, the lines are | 

‘In: The edge of Green; *9 7 
Laza: The canonical tangent; 

_£,: The line C(— %); 

‘Le: The canonical line C(— 14%9).” 


18 KE. Bompiani, loc. cit. 2° Cf. E. Bompiani, loc. cit. 
20 Cf. Buchin Su, “Osculating conics of the plane sections through a point of a 
surface,” American Journal of Mathematics, vol. 65 (1943), pp. 439-449. 
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* The quadric which has at P a contact of the fourth order with both Cy" 
and Cy" can be determined as follows: | 
4. The equation of this quadric must necessarily be of the form 


(40) ry + kız -+ kaz + kyz -+ kz? = 0. 


Substituting the expansions (39) into (41), and demanding that the coeffi- 
cients of y°, y, y°, y*, y* in the result must be equal to zero, we have ) 


E 3h —1 6h —~1 
3 Z (1—h)—¥ (1—3h)k = 0, X (1—3h)ks + LTD yp UED hym. 


Similarly we obtain the conditions for another asymptotic curve: 


E (1—h)— § B (1 sh) bi 0, £ (1— 8h) kp +E p beh. ligt 
Therefore there exist co* quadrics in question, each of them being given by 
the equation 
Shj . Ses 
e amar a ey ar Ot a =i, gee eer may 
When k == 0 the corresponding pencil consists of the principal quadrics.™ 
If the curve Cy,’ and Cat have P for a point of inflexion, the corresponding . 
y quadrics belong to a pencil of cones: 
‘\, , : i i 
(43) ry + prz + wyz + kz = 0. 
The polar line of the tangent plane at P with respect each of these cones 
is the first canonical line C(— 1). 
The common polar reciprocals of the quadrics and the quadrics of 
Darboux are the line 
hes 1 — 9h 1— 9h S 
(Aa) Aen) Aen) 
and its conjugate with respect to any quadric of Darboux. In particular when | 
h == 0 the corresponding lines are the edges of, Green.” 
Consider the linear complexes each of which has at P a contact of the 
third order with Cu*; they are given by the following equation: 
(45) (1— 8h)? pia —A(1 + 3h) ypos— (1 — h) (1— 8h) pos + kps = 0, 
i where & is an arbitrary constant. | 


21 Cf. E. P. Lane, loc. cit. = Cf. E. Bompiani, loc, cit. 233 E. P. Lane, loc. cit. 
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Interchanging the indices 1, 2 and ¢, ý we have the corresponding linear 
complexės of Cy" at P, namely, 


(46) (1—8h)2p.24+ (1 i 3h) pis + (1 — =a 14 — 3h) pas + k’ pes = 0, 


k’ being an arbitrary constant. 

l We come now to a generalization of the notion of the Darboux pencil, 
Às any quadric passing through the asymptotic tangents at P may be repre- | 
sented by an equation of the form (41), the Pliicker coordinates of a generator 
Lı in one'regulus are ** 


Piz = k, (k; -+ kan), pis =0, Pr == k, 
k -O 
Piu = > (k: + kay), Pes = Kea (Ios + kan) i kean, Pua == — key. 


and those of 2 in the other regulus are obtained by interchanging the indices 
1, 2 and the pairs of values kz, ks; é n. 

Tt can be shown. that there exist oo? quadrics passing through the asymp- 
totic tangents such that each regulus belongs to one of the linear complexes — 
(45) and (46) respectively. Each of them i is found to be | 


1—h , 1+ 3h 1+43h a 
(47) TY — sa, th agat +” a aomp ert == 0, 


where & denotes a parameter. In particular, when k = 0, we obtain the Dar- 
boux pencil of quadrics. This generalizes the definition of the Lie quadric, as 
was shown by Calapso.* Moreover, we obtain the pencil of cones (43) by 
putting h = 1. 

The common polar reciprocals with respect to the pencil of quadrics (47) 
and the quadric of Lie are the line 


1+ 3h 1+ 3h 


(48) Sas e = my +10, z == 0, 


and its conjugate. Especially we e obtain 


The canonical line C (4), if h = 0, 

The edge of Green, if h = 1, 

The canonical line C(— o), if h =2. 

We can further prove the owg theorem: 


^ Compare my paper: “An adeti of Darboux pencil of uae Science 
Record, Academia Sinica, vol. 1 (1942), no. 1. 

25 R. Calapso, “ Sui sistemi nulli osculatori alle asintotiche di una data superficie,” 
Rendiconti det Lincei (VI), vol. 13 (1931), pp. 183-185. 


eal 


Ñ 
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The linear complexes which have at P a contact of the fourth order with 
the curve Ou® (h0) defined by (5) and (37) and the asymptotic curve 
u== 0, respectively, have common lines in two planes, namely, the tangent plane 

1 + 3h ) 
(1 — T) l 
` In fact, the common lines of these linear complexes also belong to the 


and a plane through the first canonical line c ( 


following ` three linear complexes : 


( (1—3h)? (cý — ty} +ho(1+ 3h) TEE (1 — 8h) ai= 0, 
yz — zj = 0, ` 
ty -— ïy — z + z = 0. 
Let A be the determinant formed ‘by the coefficients of z, Y, Z in these 


equations; A = 0 gives the required piane z= 0 ane 


1 oe 3h 
(49) oe Bh) AT 
A dmi result is dual on ET the curve C,” ‘and the asymptotic 
curve v= 0, In this case we obtain the plane — 
1 a ah 


_ In consequence, the lines of the first ae pencil are completely determined. 


On the contrary, if we.combine the linear complex of Cy" in question with 
the asymptotic osculating linear complex of the asymptotic curve v = 0 at P, 
there is obtained a similar result. The canonical line in’ this case is 


(— 6h? — 3h +1 ) 
i 2(1— 3h) (1 —2h) /]° 
PART B. i 


The Osculating Linear Complexes Associated with the Asymptotic 
Ruled Surface. 


“We now proceed to consider the equation of the osculating linear com- 


~ plex of the asymptotic osculating, ruled surface Qu’ (or Q?) along the genera- 


tor through the point P, that is, the linear complex’ which has at P a contact 
of the fifth order with Qa? along the generator. 


-l. The osculating linear complexes. It is of some interest to imn 
the equation of the required linear complex by the method stated in 4 of 
Part A.- We shall however give a direct computation. For this purpose, we 
first notice the following results i 


14 
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(Piz) o = (j, (Ps) o = Ù, (Des)o == 0, (Pris) o == 0, (Pes) o = — Í, (Ds4)o == 0; 

Opre l Ô Pis. ; ‘pss | (e), (2) (5) 
( ĝu 1, ( ĝu ), °, ( du Jo 9, ĝu ? \2u Jo ° \ ôu Jo 

O° Dr» S Ee) me (“ee ) Moe A Pis ) = — (4 bss) _. 
( Ou 3 Pus ( du? Jo á du2 Jo 2 ĝu? ooo (Guo + By); noe 

Tey “ 

ae eae Bun ~~ Ou? F 3(Bu + Bor), == fu, 


(Se ),- = 2B, (es rA rr) nous (Buv F By) a — 20u (Buv By) ? 


























ĝ* 8 2 
(3 bun Be — yt 2 ( n )- Shuu + 146% T 4(Be on Bo), 
(Hepp) ap 2th —26"y + 84yB0+ 8800, 


(St j ail “(Bue + By) (36ux + at ++ Bs) — (buv i By)un 7 BPa (Ouv a5 By) 
S 


ubstituting these values into the determinant 


Ape >) ps) 9) = 
Piet Pra)o E ), C o o \dut Jo u 
and reducing, we obtain 


| Pie + Psa Poa — Pra — (Our + By) pis 
Bu + Be B' (Our + By) — u(Bav + By) 
Bur + Buby — By Bu (Pup + By) uu — Oy (Pup + By) ` l 
— Fun (uv + By)— (buv + By) (B» + Bhe) 











Put 
(51) | ByH = Quv -f By; Bo = Ph: Ba By, Yu -+ Gu ssi y$, 
” ~ Plog Bp Plogy 
(5R) ae dudv I, By — ðuðv Is, 
so that 
(58) ByH = hy + Yu = bs + $0, 


(BY) we — p (yb) « BY CK F bu) = Buro + Buber + Burbe — 3ByBr— B*y9u — By; 
the required equation of the linear complex L, is 
0 108 og Aha | ' ‘ f ; 
(54) (y+ — (Piz + Paa — Ypes) + (Bw) epes + (pis + ByH pis — ype 


By e the pairs of quantities 8, y; u,v; hi, kı and the indices 
1, 2, we obtain the corresponding linear complex L. of Q," at P, namely; 
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0 log yka 


ðu ) (Pas — Pas epis) + (yb) apis + y (2ps + ByH pos — Bypis) == 0. 


(55) ( $+ 

2. A theorem on surfaces whose asymptotic curves belong to linear 
complexes. If a non-developable ruled surface S be not a quadric and be 
defined by the equation B==0 (y0), then the osculating linear complex 
L, is indeterminate, while the other linear complex Lz is given by the equation 


. (55’) (+ F Bhs ) (Ps4 — Piz — Ppisa) + (yb) upis + y (Pes + Puvpos) = 0, 


~: where we have put 
yu l 
b — = -+ Ou. 
Y 


lf one curved asymptotic line (u == uo) of this ruled surface belongs to 
_a linear complex, then &, == 0 at u = uo, and the quantity 0k,/0u = 0 or ~& 0 
“according as all the asymptotic curves belong to linear complexes or not. In 
the latter case, the osculating linear complex of this ruled surface is stationary, 
“and coincides with the osculating linear complex of the asymptotic curve 
; U= uo In the former case where all curved asymptotic lines belong to linear 
-complexes (k,==0, ĝk,/ðu == 0), the osculating linear complexes are in- 
determinate. Thus we have the following theorem: 


If a curved asymptotic line on a non-developable ruled surface belongs to 
a linear complex, then the ruled surface must belong to a linear complex. 


We can now improve a theorem of Sullivan ** in the following form: 


If the asymptotic curves of a surface of one system (u = const.) belong 
_ to linear complexes, then all the curved asymptotic lines'on any asymptotic 
, osculating ruled surface Qu? must necessary belong to linear complexes, and 
f converselt y. 


In fact, if the asymptotic curves u = const. belong A neat complexes, 

. we have kı = 0 identically for u and v and it follows from (55) that all the 
osculating linear complexes of the asymptotic osculating ruled surfaces Qu° 
are indeterminate. On account of (55’), we conclude that all the curved 
asymptotic lines of Qu° belong to linear complexes, which completes the proof. 


3. Certain invariant quadrics. The purpose of this section is to prove 
the following theorem: 


s 233 C, T. Sullivan, loe. cit. 


732 CHENKUO PA. - 


At a point P of a surface there exist œt tangent quadrics such that both 
reguli of each quadric belong to the osculating linear complexes (54) and (53) 
‘vespectwely. Each quadric of the family is completely determined by the 
contact invariant of the quadric and the. surface at P. The quadric of Lie is 
characterized by the contact invariant I. 


To prove this, let us consider any tangent quadric of the surface S.at P: 
(56) (e-bay) (ue +1) the tl (a+ ay)e thar + yhe + Lat 0, 


where A, u, hs X ls, l4 are aoa constants. 


The Plücker coordinate of a generator l, or ls in each regulus of thi 
quadric are 


| pom=h(h+hY), psx=—haY, ps =hY, 


[pum (+h ) (hab) HALF, 


(67), TT, i 
: ay oe (Bts) Ce (aY — hn) me ee 
; Pas = lı (An — 1) ; 
i Pie = —h (1 -+ 1X), Pig == h£, Pag == | Luž, 
| r 7 
w oeth ( =) ug, 
(Sie L | 


m (B — ts ) + ox, 
Pas = lı (Àp Bi 1), 


where X and Y denote parameters. 

By means of the equations (54), (55), (57), and (57)2, we can easily 
determine the required quadrics. In fact, in order that the quadric (56) ` Š 
have the X operty in question, it is necessary and sufficient that 


E = EET (y p Megat) tly v, 
| . . w 
ao -Łt1( ô log kı ack 
(58) } ` h = 2 p -+ av aaa 9 P, 
where 
i 0 log BI ð log yk 
(58) | &= $+ eia, Way + a a 


Jims: PROJECTIVE THEORY OF SURFACES IN RULED SPACE, I. T38 


Therefore the quadries are given by the equation 
0 2 2. 


Plainly, — l, is the contact invariant .of this quadric and the surface at P, 


aaa nd on that account we denote this quadric by Q(1,). Thus the — 
4(—1) is the quadric of Lie. 


There are two distinct quadries Q(t) passing diriu. a generic point 
(x,y,z) in space. They coincide when and only, when the point P lies 


the following quadric 
30) [1+4 lör + dey + 4( by + a — 260f ay y + rz + Aya + ptz |=. 
Ye note that this quadric Q is the envelope of the quadrics Q(1,). 


4. Some special surfaces and a pencil of invariant lines. 


Noticing 7 
iat the discriminant of (60) is | 
g? — 8d @( ByH + PY) 20 
~— 360 © | vo Y(ByH +Y) 2Y soa 
P(ByH + &¥) U(ByH +08) (BH + 36¥)?— y(¥)* 2(3P + ByH) | 
2 | QW 2(3@% + ByH) 4 


We obtain the following result: 


The quadric is never singular unless it decomposes into a double plane. 


The equation of this plane is 


61) 1+ 4r + d0y+-4(ByH + 36%)z=—0, (®t =0), 
nd the surface is characterized bg y oy — 0. 


k Let us now determine a class of surfaces whose quadrics Q (2) all touch 

, fixed plane. In this case the plane (61) must be stationary. Hence the 

‘equired surfaces are defined by 2—= Y =— H = 0. Consequently, the surfaces | 
‘sf this class are characterized by the fact ‘that all quadrics of Lie touch a fixed - 
olane #? and the two projective normals coincide with the two directrices of 
"he two osculating linear. complexes (54) and (55). 
normals lie in the same fixed plane. 

Differentiating (61) with respect to u and using the conditions of im- 

“movability (81), we obtain the relations 


The second projective 


“7 Buchin Su, loc. cit. 
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3p l Ow 
ee 1g? sees Bi, 
a Out + BY — 4167, ju ByH + jo oY, . 


— (PYH + 3%) = by (BYH + 38V) -+ V (Be + 80s) + ByH® — 40 (ByH + 3 
Ina sirnilar way we have 


0D OW 
m = eyr + %8V, g TOY + yb — 30’, 


= Fy (Blt + 860) — 6,(ByH + BY) + B(yu + yOu) + ByH¥ —4%(ByH + 34 


Since oy = = 0, the unique solution of this system of differential equation is 
t = wv = H = 0. l 

The directrices of ihe two osculating linear complexes (54): and (55) 
are given by the equations 


(62) = h: @ ghz = 0, y+46z—(; 
i i La: 48e + 4ty + 1 =0, 2 = 0, 

respectively; and are polar reciprocal with respect to the quadric of Lie. Fo 
the sakejof convenience they are called the first and the second directrices 
For the surface = Y = 0, these lines coincide with the first and secon¢ 
projective normals. As the plane (61) intersects the tangent plane in th: 
second directrix l, we may conclude that if all the quadrics Y(/) for a surfac 
touch a fixed plane, the first and second projective normals coincide with th 
first and! the second directrices 1, and lz, respectively, and all the secon 
directrices lie on a fixed plane. 


By virtue of the conditions of integrability we have. 
7 





| l 
| b — 1 ôA’ 1 ôB? 
Os om ay = Pr a? 
where | | 
2 ; "A 
Lie B? =—ł} (erpe te — 1 
and ; 


| 
L = Gun an 46, eo BOy a= Be, M = Ouo — 46," — yôu — Yu. 


If all the directrices of the two osculating linear complexes (54) and (55). _ 
coincide with those of Wilczynski, then the surface must satisfy the following’ - 
conditions : | 


(63) 





ens — = -- -= 


. 
a 
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; is evident that the surfaces of Demoulin and Godeaux* _ defined by 
= B= 0 belong to this class. 

Now consider ‘the congruence formed by the first directrices 4; it is con- 
agate to the surface if and only if 





4) | ° log hi _ @ log y*hy 
E l dudv - ĝuðv ` 
he surfaces of this class may be seen ‘as generalizations of the isothermally 
symptotic surfaces. | 
Let us determine a pencil of invariant lines. By a method used by R. 
‘alapso ° we make use of the quadric Q(1,) instead the quadric of Lie. The 
corresponding line here obtained is ‘given by the equations 
y+ (h+1)¥ bot De. 5 
(5e) t+ $4 2h, =A SU a ea 


All these lines corresponding to various values of J, lie in the following plane: 
66) (26 — 46) a— (2y — 4%) y + (pt — y) = 0. 
For l == — 1 we obtain the edge of Green. This pencil coincides with the 
frst canonical pencil for the surface (63). 
5. Further results on the linear complexes. This section is devoted to 


: demonstration the following two results : 


(i) A necessary and sufficient condition that a space ‘curve should belong 
oa linear complex is that all the osculating linear complexes have a straight 
ine in common, 


a gt Pn 








GQ 


j (ii) Fach regulus of any quadric passing through the quadrilateral of - 


Demoulin of a surfuce at a point P belongs to one of the two asymptotic 
= -sculating linear complexes at P. . ; 


© There is no difficulty in proving (i). We proceed, therefore, to establish 

he result (ii). : | 

, To this end we remark that each regulus of the. quadric of Lie belongs to 
¿ne of the two asymptotic osculating linear complexes at the point P. Let 


2 Of, L. Godeaux, “Sur les surfaces ayant mêmes quadriques de Lie ( Première 
l ate), Academie Royale de Belgique (5), vol. 14 (1928), pp. 158-173. 
* R. Calapso, “Un tecrema sullo spigolo di Green,” Rendiconti dei Lincei (VI), 
3l. 13 (1931), pp. 266-268. i 


e R, Calapso, loc. eit. 
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us denote the; four characteristic points, other than P, on the ‘correspondin 
quadric of Lie by A, B, C, D so that {ABC} is the quadrildteral of Demoulit 
AD, BC being the diagonals. — Let Pp: and £: be the two asymptotic osculatine 
linear complexes such that AC, BC and: AB, CD belong tof, and Pz», respec 
tively: It is required to prove that the lines. P and Pe | passing through + _— 
generic voint P’ in space and intersecting AB, CD and AC, BD, _respectivel il 
must belong to J; and P, respectively. 

As shown by Bompiani** and Godeaux,** the diagonals. AD, BC intersec 
the directrices of Wilczynski and therefore AD,.BC are common lines o: 
pı and 2. Denote the point of intersection of pı with CD by 1 and the nul 
systems defined by J and Pe by {Pi} and {£z}, respectively; then- the nul 
plane of A in {1} is the plane AOD and consequently AL belongs to L: The 
null plane of 7 in {P:} is the plane ABL. Hence .p, belongs to £, and 
similarly pz belongs to ə. This proves the theorem. ,; 

From the above results follows immediately a theorem of Su.** If all the 
quadrilaterals of Demoulin of a surface lie on a fixed quadric then all the 
asymptotic curves of the surface must necessarily belong to linear complexes 
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